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ON (o, 7) DERIVATIONS WITH MODULE VALUES

M. Soytiirk

Abstract

Let R be aring, X # (0) an R-bi-module, d : R — Xa(o, 7)- derivation with
module value such that do = od,dr = 7d and U # (0) an ideal of R. Furthermore
the following properties are also satisfied.

Forre X,a€ R zRa=0impliesz=0o0ra=20...... (G1)
Forae€ Ry € X aRzx=0impliesa=0orz=0...... (G2)

In this paper we have proved the following results; (1) If (G1) (or (G2)) is satisfied
and for a € R,d(U)a = 0 (or ad(U) = 0) then d = 0 or a = 0 (2) If (G;1) is
satisfied and [X,U] C C(X) or [X,Uls,r C Co,~(X) then R is commutative (3) Let
X be a2-torsion free R-bi module, di : R — Xa(o,7)-derivation, dz : R — R a
derivation such that d2(U) C U. If (G1) is satisfied and did2(U) =0 then d; =0
or d» = 0 (4) Let X be a2-torsion free R-bi-module. If (G1) and (G2) are satisfied
and for a € U,[d(U), a]o,» C Co,r(X) then a € Z or d =0.

1. Introduction

Let R be aring, X be aleft R-module and d: R — X an additive mapping. The
definition of left derivation was given in [2] as fallows.

d(zy) = zd(y) + yd(z), for all z,y € R

Let X be an R-bi-module, d : R — X an additive mapping and o,7 automor-
phisms of R. d is called (o, 7)-derivation with module value, if for all z,y € R

d(zy) = d(z)a(y) + 7(x)d(y)

The following results have been proved in ([6], [8], [1]) respectively.

(1) If Char R # 2 and d # o is a derivation of R such that d(R) C Z then R
is commutative. (2) If a € R and ad(R)=0 then a=0 or d=0 (3) If d # 0 is a (0, 7)-
derivation of R, a € R and [d(R),al,r C Cyr thena € Z.
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In this paper we have generalized the above reslts for a (o,7)- derivation with
module value of R and an ideal of R.

Throughout R will represent a ring, X, R-bi module, U a nonzero ideal of R,
C(X)={zx € Xl|er=rz,Vr € R} and C,.(X) = {z € X|azo(r) = 7(r)z,Vr € R}.
Further d : R — X will represent a(co,7)-derivation and o, automorphisims of R such
that do = od, dr = 7d. We shall often use the relations,

[2y, 2]o.r = 2[y, 2]o,r + [2,7(2)]y = 2y, 0(2)] + [z, 2]5,7y
[z, 9], 2] = [z, [y, 2] + [, [2, 2]
([#,Ylo,r.2lo,r = [, [ys 2llor + [[2, 2]0, 7, Y]or

Let us consider the follolwing properties.

IfreX,a€eR zRa=0thenz=0o0ra=0...... (Gy)
faeX,zeR aRr=0thena=0o0rz=0...... (G1)

2. Results

Lemma 1. [3, Remark 5] let R be a ring and X # (0) an R-bi-module. (i) If (G1) is
satisfied (or (G2)) then R is prime. (4) If (G1) is satisfied (or (G2)) and X is 2-torsion
free R bi-module then R is too.

Lemma 2 Let R be a ring, a € R, X # (0) an R-bi- module and U # (0) an ideal
of R. If the condition (G1) is satisfied (or (G3)) and 2Ua =0 (or a Uz = 0) for all
z€ X thenx=0 or a=0.

Proof. Let xUa =0 for al x € X . since U is an ideal of R,zRUa C xUa = 0 and so,
xRUa = 0. It gives x =0 or Ua =0 by (Gy). since R is prime by lemma 1(i), we get
a=0 (]

Lemma 3. Let U # (0) be an ideal of R, X # (0) a 2- torsion free R-bi-module and
(G1) is satistied. (i) If [X,U] C C(X) then R is commutative (i) If [X,Ulsr C Cy (X))
then R is commutative

Proof. (i) Let [X,U] € C(X). Then, 0 = [[z,u],v] for all u,v € U,z € X. Using
Jacobi identity and hypothesis we obtain 0 = [[z,u],v] = [z, [u, v]] + [u, [v, z]] = [z, [u, v]]
that is

0=z, [u,v]],Ve e X,u,velU...... (1)
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If we take zr,r € R instead of z in (1) and using (1) we obtain,

XR[R,[U,U]] = (0)...... 2)

Using (G1) in (2), since X # (0), we obtain [R,[U,U]] = 0 that is [U,U] C Z. Thus by
the [7, lemma 1.1.6] R is commutative.

(ii) 0 = [[z,u)o.r, V]o,r = [, [, V]]o,r + [[2, V]o,r U)o, r = [z, [u,v]],.r forall z € X,
u,v € U. That is

[z, [u,v]]o,r =0,Vz € X,u,v€U...... (3)

Replacing, = by zr,r € R in (3) we get, z[r,o([u,v]) = 0,Vz € X,r € R,u,v € U.
Again, if we take rs,s € R instead of r, in the last equation we get

XRR,o([U, U] =(0)...... (4)
Using (G1) in (4) [U,U] C Z is obtained. Thus, R is commutative by [7, lemma 1.4]
and [5, lemma 1.1.6] respectively. O

Lemma 4. Let R be a ring, U # (0) an ideal of R,X # (0) an R-bi-modul d :
R — Xa(o,7)-derivation and (G1) is satisfied. (i) If d(U) = 0 then d = 0 (ii) If for
a€ Rd(U)a=o0 thena=0 ord=0

Proof. (i) By, the hypothesis 0 = d(ru) = d(r)o(u) + 7(r)d(v) = d(r)o(u) for all
u € U,r € R that is,
d(r)o(u) =0,Yr € RbueU (5)

If we replace r by ro~!(s), s € R in (5) we get

d(R)Ro(U) = (0) (6)

Since U # (0), using (G;) in (6), d = 0 is obtained.
(ii) By the hypohtesis o = d(ru)a = d(r)o(u)a + 7(r)d(u)a = d(r)o(u) a for all
u € U,r € R and so

d(R)o(U)a =0 (7)

Since o(U) # (0) an ideal a € R using lemma 2, in (7) we get a =0 or d =0
If (G) is satisfied and ad (U)=0 then with same operations we obtain a = 0 or
d=0 O
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Lemma 5. Let R be a non-commutative ring, X # (0) a 2- torsion-free R -bi-modul,
U # (0) an ideal of R and (G1) is satisfied. If dy : R — Xa(o,7)-derivation, dy : R — R
a derivation such that do(U) C U and did(U) =0 then dy =0 or dy =0

Proof. Let did2(U) = 0 Then for all u,v € U, 0 = dyda(uv) = dy(do(u)v + udy(v)) =
didz(w)o(v)+7(da(u))d1(v)+dy (u)o(dz(v)+7(u)dida(u) = 7(da(w))dy (v)+di (w)o(d2(v)),
that is

T(dg(u))dl(v) + dl(u)U(dz(U)) = O,VU, veU (8)
If we replace v by d(v) in (8) we get

dy (U)o (d3(U)) =0 (9)
We use Lemma 4 (ii) in (9) to get d; =0 or d3(U) =0 If d3(U) = 0 then dy = 0, by [4,
Theorem 1] a

Lemma 6. Let R be a non-commutative ring, X # (0) a 2- torsion-free R-bi-module,
U # (0) an ideal of R and (G,) is satisfied. If d: R — Xa(o, T)-derivation, a € R and
[d(U),alsr =0 than a€ Z or d=0

Proof. Let [d(U),al,r =0 Then for all u,v € U,

0 = [d(w),alsr = [d(u)o(v) + T(u)d(v), a]s
= d(u)[o(v),0(a)] + [d(w), alo.r0(v) + T(w)[d(v), dlo,r + [7(u), (a)]d(v)
= d(u)o([v,a]) + 7([u, a])d(v). From the last equation we obtain

d(u)o([v,a]) + 7([u,a))d(v) = 0,Vu,v € U (10)

If we replace u by au in (10) we obtain
d(a)o(U)o|U,a] =0 (11)
Using Lemma 2 in (11) we obtain d(a) =0 or [U,a] = 0. If [U,a] = 0 then a € Z by [7,

lemma 1.4]. Let d(a) = 0. Then, d([u,a]) = [d(u),a]s, — [d(a),u]sr = 0 for all uw € U
and so

d([u,a]) = 0,Yu e U (12)
Taking vw, w € U instead of v in (10) we get

d(u)o(v)o([w,al) + 7([u, a])7(v)d(w) = 0,Vu,v,w € U (13)
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If we take [w,a] € U instead of w in (13) and use (12) we obtain

d(U)o(U)a([[U,a],a]) =0 (14)

Using Lemma 2 in (14) we obtain d(U) =0 or [[U,a],a] = 0 If d(U) = 0 then by lemma
4 (i) we get d = 0. Let [a,[a,U]] = 0. Since the mapping I, : R — R defined by
Io(z) = [a,z], is an inner derivation and IZ(U) = 0. It gives a € Z by [4, Theorem 4].
Thus we obtain d =0 or a € Z by (14). |

Remark Let R be aring, X # (0) an R-bi-bodule

(i) If ae Rbe Cyr(X),ab € Cp-(X) and (Gy) is satisfied then a € Z or b =0

(i) If a € Cpr(X),ab € Cy(X) and (G;) is satisfied then a =0 or b e Z

Proof. (i) Since b,ab € C,,(X), for all r € R,0 = abo(r) — 7(r)ab = ar(r)b— 7(r)ab =
[a,7(r)]b that is,

[a, 7(r)]b=0 (15)

If we replace r by rs,s € R in (15) we get [a, R]JRb=0. Thusa € Z or b=0 by (G>)
(ii) We denote this as in (i) O

Theorem 7. Let R be a non-commutative ring, U # (0) an ideal of R, X # (0)a2-
torsion-free R-bi-module and (G1),(G2) are satisfied. If a € U and d : R — X is a
(0,7)- derivation such that [d(U),ale,r C Cy(X) then a € Z or d =0

Proof. By the hypothesis we obtained, C, -(X) 3 [d(a?), alo,r = [d(a)o(a)+7(a)d(a), a]s
= [d(a), aly,ro(a)+7(a)d(a), a]s - . Since [d(a),alsr € Cyr(X) this implies that [d(a), a]y.,
o(a) = 7(a)[d(a)l,r and so from above we get 27(a)(d(a),als,r € C,,(X). On the
other hand X was 2-torsion free and so we obtain 7(a)ld(a),al,,r € Cyr(X). This
implies that a € Z or [d(a),alor = 0 by Remark (i). If [d(a),a],, = O, then
Cor(X) 3 [d([a,u]), a]o,r = [[d(a), ulo,r,alo,r — [[d(u),a]o,7,0alo,r = [[d(a),ulsr,als- for
all u € U that is

[[d(a), u]s,r,alo,r € Cor(X), forall € U (16)

If we replace u by au in (17) and use [d(a),alsr = 0 we get

7(a)[[d(a), U],r,alo.r € Cor(X),Yue U (17)
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This implies that a € Z or [[d(a),u]s.r,als,r = 0,Yu € U, by Remark (i). Let
[d(a),u]s,r,ale.r = 0,Yu € U. Then 0 = [[d(a),ulsr,alo.r = [d(a), [u,a]]lor +
[[d(a), als,r, uls,-[d(a), [u,a]]ls,r, for all uw € U and so,

[d(a)7 [a’ UHU,T =0 (18)
Since I, : R — R defined by I,(x) = [a, ] is an inner derivation such that [,(U) C U
and I,y : R — X, defined by r — [d(a),r],r,Vr € R is a (0,7)- derivation with
module value, (18) becomes Ig(q)[.(U) = 0. It gives Iy, = 0 or I, = 0 by lemma
5, that isa € Z or d(a) € C,-(X). If d(a) € Cr-(X), Cor(X) 3 [dlau),a]sr =
[d(a)o(u) + T(a)d(u),alsr = d(a)o([u,a]) + 7(a)[d(u),als, for all u € U that is

d(a)o([u,al) + 7(a)[d(u),a]sr € Cor(X),Yu € U (19)

Using the definition of C, .(X) in (19) we get 0 = [d(a)o([u, a]) + 7(a)[d(u), als.r, alo +

= d(a)o([[u, a],a]) +[d(a),a]sro([u, a]) + 7(a)[[d(u), alo.-, ]or = d(a)o([[u,a], a]), for all
u € U. This implies that, d(a)o([[u,a],a]) = 0. If we use that d(a) € C’U,T(X) and
o : R — R is onto we obtain

d(a)Ro([u,a],a]) =0 (20)

Using (G1) in (20) we obtain d(a) = 0 or [a,[a,u]] = 0. If [a,[a,u]] = 0; then since
I, : R — R, defined by, I,(z) = [a,z] is an inner derivation and I2(U) = 0 by the last
equation and so a € Z by [4, Theorem 4]. If d(a) = 0; then we obtain, by (19),

T(a)[d(u),alsr € Cor(X),Yu e U (21)

If we apply remark (i) to (21) we obtain, a € Z or [d(U),als,r = 0. If [d(U),a]s,r = 0;
then we get a € Z or d =0 by lemma 6. Consequently a € Z or d =0 is obtained. O

Result 8 Let 0 #d: R — X be a (0,7)- derivation, X # (0) a 2-torsion-free R-bi-
module and (G) 1is satisfied. If [d(U),U],,» =0 then R is commutative.

Proof. Let [d(U),U],,r =0. using Lemma 6 we obtain U C Z and so R is commutative
by [5,lemma 1.1.6]. O

Results 9 Let 0#d: R— X a (o,7)- derivation X # (0) a 2-torsion-free R-bi-module
and (G1),(G2) are satisfied. If [d(U),Uls.r C Co(X) then R is commutative

Proof. Let [d(U),Ulsr C Cy-(X), then U C Z by Theorem 7 and so R is commuta-
tive by [5,Jemma 1.1.6] ]
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MODUL DEGERLI (c0,7)-TUREVLER UZERINE

ézet

R bir halka, X # (0) bir R-bi-modiil, U # (0), R’nin bir ideali o,7 R nin iki
otomorfizmi ve d : R — Xdo = od, dr = 7d olacak sekilde bir modiil degerli (o, 7)
tirevi olsun. Ayrica: a € R,z € X ler igin

zRa=0isez =0veyaa=0...... (Gh)
aRr =0isea=0veyaxz =0...... (Gh)

ozellikleri bulunsun. Bu makalede agagidaki sonuglar ispatlanmigtir.

(1) (G1) ozelligi var ve d(U)a =10 ise a =0 veya d =0 dur.

(2) (G1) ozelligi var ve [X,U]o,r C Cy(X) ise R komiitatiftir.

(3) (G1)(G2) ozellikleri var olsun. X # (0}, 2-torsion-free R-bi-modil ve
a € Uld(U),als,r C Cor(X) ise a € Z veya d =0.
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