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ON A GENERALISATION OF LIE IDEALS IN PRIME
RINGS*
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Abstract

Let R be a prime ring of characteristic 3, & and 7 automorphisms of R, U a
nonzero (o, 7)-Lie ideal of R,d a nonzero derivation of R such that od = do,7d =
dr,d(U) C U, and d*(U) C Z, the center of R. Then we prove that U C Z. This
provides a proof of the Theorem in (4], when char R = 3.

1. Introduction

Let R be aring, U an additive subgroup of R, and ¢ and 7 two automorphisms of
R. For each pair z,y in R, we set [2,3],, =z0(y) — 7(y)z and Z, . = {r € Rlro(z) =
7(z)r, for all z € R}. U is called a (o,7)-Lie ideal of R if both U, R],,r and [R,U}, .
arein U.

In this paper, we will prove the following theorem, which will provide a proof of [4,
Theorem] when char R = 3.

Theorem. Let R be a prime ring of characteristic 3, o and T two automorphisms of
R,U anonzero (o,7)-Lie ideal of R. If Z is the center of R and d is a nonzero derivation
of R such that od = do,7d = dr,d(U) CU, and d*(U) C Z, then U C Z.

In what follows, R, Z,U,o,7 and d : £ — 2’ have the same meaning as in the
above theorem.

We need the following lemmas.

Lemma 1. Let § be a prime ring of characteristic not 2, D : x — z’' a nonzero
derivation of S with D3 = 0, C the center of S, and A a nonzero subset of S such that
AT CC.

(a) If A is a right ideal of S, then S" CC or A’A=0.
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(b) If A is an ideal of S, then S" C C.

Proof. (a) Assume that S” ¢ C. For any a € A and s € S,a” and a"s"” = (as”)"” are
central, so A” = 0 and hence

0=(as')" =a's". (1)
Replacing s by s'r in (1) we get a’s'r” = 0 and substituting ar’ for a in (1) and using
the last equation we obtain ar’s” =0 for all a € A, r, s € S. Since A is a right ideal,
follows that r’'s” = 0. Taking ra in place of r here and noting that a’s” = 0, one has

r"As” =0 for all r,s € S. Thus, r"A =0, so 0= (ra)’b=r'a’b and hence

0= (rs)a’b=r'sa’b for all r, s, € S,a,b, € A.

Therefore A’A = 0.

(b) Suppose that S” ¢ C. We have seen in part (a) that 7’4 = 0 for all r € S,
which implies that S” = 0, a contradiction. O

Lemma 2. Let S be a prime ring with center C and D : x — z' a nonzero derivation
of S.
(a) If v"'S's" =0 for all r,s € S, then there is no u € S such that 0 # u” € C.
(b) Let A be a nonzero ideal of S, char S # 2, and D® =0. If A”b =0 for some
b€ S, then either there is no u € S such that 0 £ u” € C or b=0.

Proof. (a) If there were u € S such that 0 # u” € C, then by hypothesis we would get

0 — u/lslull — uI/S/SuI/ — u/IS/ — uI/SS/ — S/
contradicting D # 0.
(b) For any r,s,t € S,a € A,0 = (r'a)’b = r''a’b and hence 0 = 7''(ts"a)'b =
r""t's"ab. Thus, either r/S’s” = 0 for all r,s € S or Ab = 0. The former case implies,

by part (a), that there is no u € S such that 0 # u” € C. The latter case forces b to be
Z€ero. o

Lemma 3. Let S be a ring with center C and D : x —— 2’ a nonzero derivation of S
with D3 =0. Let b€ S and c € C. Suppose that

[[¢',6'],b] + c[s','] =0 for all s € S, (2)

then
(a) 2[s",b')2=0 forall s€S.
(b) If S" is commutative and
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[r",[s",¢']] = 0 for all r,s,t € S, (3)
then

[, [r",b]]" =0 for allT € S.

If " is not a zero-divisor and S is semiprime, then 25" C C.
Proof. (a) By (2), we write

[[s”,b],b'] + c[s",b'] = 0 for all s € S. (4)
For this and (2) we get

O — [[(rlsll)l’ b/], bl] + C[(T’S”)’, bl]
— rl/([[sl/’ bl]7 b/] + C[S”, b’]) + ([[7'”, bl], b/] + C[T”, bl])s/l

—J{‘Q[T”, bl] [S”, b,],
SO

2[r" V][, ¥ =0forall r,s € S.

In particular, 2[s”,b']2 =0 for all s € S.
(b) Now by (3) and by the commutativity of S” we have

O — [7‘”, [T!I’ (stl)l]] — 2[7‘!/’ S/][T”, t/] + [7"”, [7"”, 3]]t” (5)

for all r;s,t € S. We substitute b for s and ¢ in the last equation and employ part (a)
to obtain

[, [, b]]b" = 0 for all 7 € S.

If ¥ is not a zero-divisor, then [r”,[r”,b]] = 0 for all r € S. Next, by (3) and by
the commutativity of S” we can write

0= [T‘", [7_//, (Slb)l]] _ 2[7,//7 SI][TH, b/] for all rs € s.
Hence (5) implies that [r”,[r",s]] = 0. Thus

0=1[r"[r", st]] = 2[r", s]][r", 1],

S0,
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0 =2[", st][r",s] = 2[r", s|t[r", s] for all r,s,t € S.

Since S is semiprime we obtain 2[r"”,s] =0 for all ,s € S, that is, 25" C C. a

After these general lemmas, we consider our ring R, and collect some facts in a
lemma for convenience.

Lemma 4. If char R#2 and U € Z, then
(a) U" and Z are not zero.
() |R,U]o,r,U’, and R" are not contained in Z.
(¢) There exists a nonzero ideal M of R such that

(R, Mo, CU but [R,MlorZ Zor

(d) [U,a) =0 implies that a € Z for each a € R.

Proof. (a) follows from [3, Theorem 3.5.7] and the fact that U” C Z, (b) follows from
Lemmas 1 and 2 in [4] and from Theorem 3 in [2], and (c) and (d) follow from Lemma
3.5.2, Theorems 2.6.7 and 2.6.8 in [3]. O

In the sequel, M will stand for the ideal guaranteed by Lemma 4(c).
We note the important identities in R.

[.’E, yz]a,r = T(y)[l', Z]o,‘r + [LL‘, y]U,TU(z)7

[zy, 2]o,r = zly, 0(2)] + [z, 2], Y.

Lemma 5. Let char R=3 and U € Z.

(a) If U" =0, then d® = 0.

(b) If & =0, then Z' = 0.
Proof. (a) It is well-known ([1]) that d® is also a derivation of R, so [r,u],r € U implies
that [r",u)g, = [r,uly, =0, that is [r"”,u],,, = 0 for all 7 € R,u € U. Replacing r by
rv,v € U, here we obtain r"”’[v,0(u)] = 0 and replacing r by rs,s € R, we get

n

r"'slv,o(u)] =0forallr,s € R, u,veU.

Since R is prime, either d®> = 0 or [U,o(U)] = 0. The latter implies, by Lemma 4(d),
that U C Z, a contradiction.
(b) We first show that Z” = 0. Suppose not. For any r € R,m € M, we have

Z 3| m]g,.,_ = [r",m]or + 2["',’ml]0,r + [r,m"]o,r- (6)

’
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Replacing r by rc’,c € Z, and noting that d*> =0 we obtain [r, m], .¢" € Z and
since Z" # 0, it follows that [r,m], = € Z. Again by replacing r by rc’,c € Z, here
we have [r,m],, € Z for all r € R,m € M. We now substitute ro(m) for r in the
last relation and obtain [r,m], r0(m) € Z which implies that either [r,m],, = 0 for all
r € R or o(m) € Z. We set

K = {m € M|[r,m],, =0forallr € R} and L = {m € M|o(m) € Z}. Then
M = K U L, so by Brauer’s Trick, either M = K or M = L. In the letter case, M C Z
which forces R to be commutative, since a prime ring having a commutative one-sided
ideal must be commutative. This is impossible because U ¢ Z. In the former case,
[R,M],,=0C Z,,, a contradiction to the choice of M. Thus Z” = 0.

Next, we show that Z’ = 0. Suppose not. For all r € R,u € U,

Z3 [l =" o + 20, W] r + [, u"]or (7)
and for any c€ Z,

Z 3 [re, u]g,‘r = ([r",u](,,f +2[r, ul]a,f + [, UH]U,T)C + 2[r, u];,-rc,

imply that

[r,ul,,. € Z, and so Z 3 [re,u], ., = [r,ul, .c+ [r,u]g

gives us that [R,U], . C Z, which contradicts Lemma 4(b). Therefore Z’ = 0. O

Lemma 6. Let char R=3,d> =0, and U € Z. Then
(a) o(c) = 71(c) for all c € Z, hence [R,Z],, = 0.
(b) [ Z,M"],r=0.

Proof. By Lemma 5(b), Z' = 0.
(a) Replacing r by ¢ € Z in (6) we get

[e,m")gr €Z forall c€ Z, me M. (8)

Since Z # 0 by Lemma 4(a), it follows that o(m”) — 7(m") € Z for all m € M. Hence

o(m"c) —r(m"c) = o((me)”) - 7((me)") € Z

implies that o(m”)(c{(c) — 7(c)) € Z. Thus either M" C Z or o(c) — 7(c) = 0 for all
¢ € Z. The former case, together with Lemma 1(b), yields a contradiction to R ¢ Z
(see Lemma 4(b)). Thus o(c) = 7(c) for all ¢ € Z, from which we deduce immediately
that [R,Z],, =0.

(b) By (8)
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[C, m”]O,T(T(mH) + U(m”)) = [Cv (mm" ”]U»T € Z’

so either [c,m”],, = 0 for all ¢ € Z or o(m”) + 7(m") 4+ 7(m") € Z. Suppose that
[co,mys,r # O for some ¢g € Z and mg € M. Then

a(mg) + 7(mg) € Z. (9)

Also by (8), [co,m{]s.» € Z, which implies that co(c(mg) — 7(mg)) € Z. Since co # 0,
it follows that o(m{) — 7(mg) € Z. This, together with (9), gives us that mg € Z and
hence by part (a), [co,m§]s,- = 0, a contradiction. Therefore, [Z, M"], , = 0. O

Lemma 7. If char R=3,d> =0, and U € Z, then
(a) [r,8")o,r = [r,0(s")] forall r,s € R.
(b) o(r"") =7(r") for all r € R.

Proof. (a) By Lemma 6(b),

0= [e,m"]o,r = c(o(m”) — 7(m")) = o(m") — 7(m")

for all c € Z and m € M. Hence [r,m"], . = [r,o(m’)]. Thus,

[r, (ms")"]o,r = [r,o((ms")")]

which implies that

a(m")([r, "o, = [ryo(")])=0forall r,s € R, m € M.

We fix r and s and set b = o= ([r,s"]5,- —[r,0(s”)]). Then M"b= 0. Since 0 #U" C Z,
it follows from Lemma 2(b) that b= 0.

(b) Substitution 0 # ¢ € Z for r in part (a) yields immediately the required result.
O

Lemma 8. Let char R=3,d%> =0, and U € Z. Then
(a) R" is commutative.
(b) [ry,uglo,r #0 for some ro € R, up € U.

Proof. (a) By (6) and by Lemma 7(a), [r"”,o(m"”)] = [r",m"]s+ € Z, so [r",m"]) € Z
forall r € R, m € M. Hence,

[T’, (mrll)ll] — [T’I,m"]T'N c Z7
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which implies that either [r”,m”] = 0 for all m € M or v’ € Z. In either case,
[r",m"] =0 for all r € R and m € M. Thus,
0 — [,r‘//7 (msll)//] — [r/l’mlls//] — m/l[rll, 8”] ,T’S e R’ m e M.
Since 0 # U” C Z, it follows from Lemma 2 (b) that [r",s"”] =0.
(b) Suppose, to the contrary, that [r”,u'],, = 0 for all » € R, u € U. Since
U’ CZ, [R,U"]s,r =0 by Lemma 6(a). So,
Z 3 [r"o(u),u]; , = [r", ulgro(u”) forall r € R, u € U.

Hence either " = 0 or [r",u],. € Z for all r € R. Let K = {u € Ulu” = 0} and
L={ueUl|lr", ul,, € Z for all r € R} then U = K UL and Brauer’s Trick shows that
either U = K or U = L. The former case is impossible since U” # 0 by Lemma 4(a).
Thus, U = L and hence [r",u],r € Z for all r € R, u € U. Now we deduce from (7) and
[R,U"],,» =0 that [r',ul,, € Z. Hence,

Z3[(r"s) ,u)or =7"[s',0(u')], thatis, r"'[s',u'] € Z (10)

for all r,s € Ryu € U. Since U"” # 0, letting r be in U we get [s',u'] € Z, so that
(10) implies that either R” C Z, which contradics Lemma 4(b), or [s',u/] = 0 for all
s € R and u € U, which yields that U’ C Z, contradicting Lemma 4(b) again. Therefore,
[r4, uGlo,r # 0 for some 1o € R and ug € U. O

Lemma 9. Let char R=3 and & =0. Then U C Z.

Proof. Suppose, to the contrary, that U ¢ Z. We first show that o(u’) = 7(u') for all
u € U. Recalling here the fact that [R,Z],, = 0 and that o(r”) = 7(r") for all r € R
(see Lemmas 6 and 7) we get

Z 3 [u,v']y , = u"(o(v') = 7(v")) for all u,v € U.

Hence

o(v')—r(W') € Z forallv e Z.

On the other hand, since U’ C U we can write

Z> [T7 u/]g,r = [TII’UI]U,T' (11)

We fix u and set ¢ = o(u’) — 7(u'). Then

Z 3 [(vs")" W]or =0"[s",0(t)] + cv'’s” for all s € R, v € U.
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Since R” is commutative by Lemma 8, it follows that

0 — [T”, UH[SH, U('U;l)] + Cvllsll — 'U”[T‘”, [5,/, U(u/)]],

that is,

[, [s",o(u")]]=0forallr,se R, uel. (12)
We fix s and u and set a = [s”,0(u’)] in (12), then [r”,a] =0 for all 7 € R and

0 = [(yo(u')",a] = y"[o(v),a] + 2[y, alo(u"),

that is, y"'[o(u'),a] = [y, alo(u”). Substituting o(u’)y for y here we obtain

a(u")([y,alo(u”) + [o(u'),aly’ + y'[o(u'),a]) = 0 for all y € R.
Let o(u") # 0. Then

[y,alo(w”) + [o(v'),aly’ + y'[o(uv’),a] = 0 for all y € R. (13)

Since, for any r € R,

[r,u]pr = [r,0(u')] + cr, (14)
it is easy to see, by (11), that [o(u’),a] = ca. Hence, by (13)

o(u")]y,a] + cay’ + cy’'a = 0.
Taking 3’ in place of y and recalling that ay” = y”a, we have
2cay” + o(u")[y',a] =0 or cay”’ = o)y, al.

Now, substituting [s”,o(u’)] for a and employing (14) and (11) one obtains

o(u")[s", o(u)]] = o(u")ly', (s",v]o,r — cs”]

_Ca_(ull)[yl, S”],

Cy”[sl’, o_(u/)]

hence

c(y"[s", o(u)] + o(u)y', s"]) = 0. (15)
Let ¢ # 0, then

y'[s" o)) +o(u)[y,s"]| =0 forall y,s € R.
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Commuting this with " and using the fact that R” is commutative we obtain, by (12),
that o(u”)[r",[s”,y']] =0, and since o(u”) # 0, it follows that

[r",[s",4']] =0 for all ,s,y € R. (16)

Furthermore, [R, Z]s» = 0 by Lemma 6(a), so

Z >3 [r"o(u), ), = [r" uleo(”) = [r" vl o).

We commute this element with o(u’) and use (11) to obtain [[r”,u]s -, (v )]o(u”) =0
for all » € R, and since u” # 0 we get [[r",u]or,0(u')] = 0. Set b = o(u). Since
[R,U"],r = 0, it follows from [r,u]; . € Z that [r",u]s, — [I/,u'],» € Z. Hence, by
(14),

0=[r",ulo,r — [r',W]o V][[r, & ]6r, ¥ ] = [[r', 8] + ', V],

which implies that [[r’,d'],b'] 4+ c[r’,b'] = 0 for all 7 € R. This, together with (16), and
Lemma 3(b) give us that R” C Z, which contradicts Lemma 4(b). Consequently, when
o(u”) # 0 in (13), then ¢ in (15) must be zero, that is, for each u € U, either u” = 0
or o(u') = 7(u'). Let K = {u € Ul =0} and L = {u € Ulo(v/) = 7(v')}. Then
U = KUL and by Brauer’s Trick, either U = K, which gives us a contradiction: U” = 0,
or U = L, which means that o(u') = 7(u') for all u € U, as claimed.

We can now complete the proof of this lemma. By (11),

Z > [TII,U/]U,T = [Y'Ilyg(ul)]a that i57 [,,./’,u’] €z

forall r€ R,ue U, so

Z 3 [(rr")" '] = 27" [r",4'], hence r"'[r" 4] € Z.

This means that either " € Z or [r”,u/] = 0. In either case, [r",u'] = 0 for all
r € R, u € U. Hence [r",u']y, = [r",0(u’')] =0 for all » € R, u € U. This contradicts
Lemma 8(b). Therefore U C Z. a

We are now ready to prove our theorem.

Proof of the Theorem. Suppose, to the contrary, that U ¢ Z. By Lemmas 5 and 9,
it is sufficient to show that U = 0. But this follows from the proof of [4, Theorem]. We
give that proof here for convenience. For any r € R, u, v € U, [r, v]g,T € Z implies that

Z> [TU”,U]Z’T = [T7 U]G,Tu(iv) - ([TI7U]017' + [T‘, v,]”ﬂ')u”'

Hence, from
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Z>3 [rw",v]g,fu(i”) — ([(rw") 0] g,r + [rw”, v')o - )u",

it follows that u"'w”'[r,v],, € Z for all u,v,w € U,r € R. So, if U"” # 0, then
[R,U], - € Z, contradicting Lemma 4 (b). U" = 0.
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Asal Halkalarda Lie ideallerin Bir Genellesmesi Uzerine

Ozet

Bu galismada, R karakteristigi 3 ve merkezi Z olan asal bir halka, o ve 7 R
nin iki otomorfizmasi, U R nin sifirdan farkh bir (o, 7)-Lie ideali, d R nin do = od,
dr = 7d,d(U) C U,d*(U) C Z olarak gekilde bir tiiremesi olmak iizere U C Z
oldugu gosterilmigtir.
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