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ON ONE SIDED (o, 7)-LIE IDEALS IN PRIME RINGS

Neget Aydin

Abstract

In this paper, we proved some results for one-sided (o, 7)-Lie ideals in prime
rings.

1. Introduction

Let R be aring and U an additive subgroup of R,o and 7: R — R two mappings.
In [5] the following definitions were given: (i) (U, R, C U then U is called (o, 7)-right
Lie ideal of R (ii) U is (o, 7)-left Lie ideal of R if [R,U],, C U (iii) U is said to be
(0, 7)-Lie ideal of R if U is both a (o, 7)-left Lie ideal of R and a (o, 7)-right Lie ideal
of R, where the commutator [z,y], . = zo(y) — 7(y)z for z,y € R.

In this paper the following results are proved. Let R be a prime ring and o,7 €
AutR, the set of automorphisms of R. (1) Let U be a (o, 7)-left Lie ideal of R. If
[R,Uls,r C Cyr then o(u) = 7(u), for all u € U or R is commutative. (2) Let U be a
(o, 7)-left Lie ideal such that [U,U],, =0 and [U,U] =0.Then U C Z. (3) Let U be a
(o, 7)-left Lie ideal of R such that 7(u) # o(u) and 7(v) 4+ o(v) € Z, for some u,v € U.
(a) There exist a nonzero left ideal A of R and a nonzero right ideal B of R such that
[R,Als,r CU and (R, B, CU; but [R,A),, ¢ Z and [R,B|, ¢ Z. (b) Suppose a,
b € R such that aUb =0. Then a =0 or b = 0. (4). Let R be of characteristic not
2. Suppose U is a nonzero (o,7)-right Lie ideal of R such that U C Z. Then o = 7
or R is commutative. (5) Let R be of characteristic not (2). Suppose U is a nonzero
(0,7)-Lie ideal of R such that U C Cy ;. Then o =7 or R is commutative.

Throughout this paper R will be a prime ring, 0,7 € AutR, and Z, the center
of R, Cory = {¢c € R: co(z) = 7(z)c,Vz € R} and C the extended centroid of R
(See [7] and [4,p20-31] for the notion of the extended centroid). We will often use the
identities: (1) 2y, 2lovr = 2ly) Zlovr + 2, 7(2)]y = [y, 0(2)] + [2, 2Jorry and (i) [z, y2]orr =
7(Y)[z, 2]o,r + [T, Ylo,r0(2).
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2. Results

Lemma 1. [6, Lemma 3] Let R be a prime ring. If ab,b € C, . for a,b€ R thena € Z
orb=0.

Lemma 2. [I, Lemma 4] Let R be a prime ring and (0) # U a (o,7)-left Lie ideal of
R such that U C Cy r then U C Z.

Lemma 3. [2, Lemma 3] Let R be a prime ring and a € R such that aU = (0) (or
Ua=(0)). (3) if U is a (o,7)-left Lie ideal of R then a =0 or U C Z. () if U is a
(0,7)-right Lie ideal of R then a =0 or U C Cy ;.

Lemma 4. [3, Lemma 2.3] Let R be a prime ring and d, f,g and h be derivations of
R. Suppose that

d(z)g(y) = h(z)f(y) for all z,y € R.

If d #0 and f # O then there exists A € C such that g(z) = A\f(z) and h(z) = \d(z)
for all x € R.

Lemma 5. Let U be a (o, 7)-left Lie ideal of R. If U C Z then o(u) = 7(u), for all
u € U or R is commutative.

Proof. For all z € R,u € U,[z,u],r € U. Therefore o(u) — 7(u), [z,uls,r € Z. Then
[z, ulo,r = zo(u) — T(u)z = z(o(u) — 7(u)) € Z. By the primeness of R, we conclude
o(u) = 7(u), for all w € U or R is commutative. O

Theorem 1. Let R be a prime ring and U be (o, 7)-left Lie ideal of R. If [R, U], . C
Co,r, then o(u) = 7(u), for all u € U or R is commutative

Proof. Forall z € R,u € U, [r(u)z, uls, = 7(u)[z, U)o, + [T(u), T(v)]z = 7(u)[z,u]sr €
Cs,r. By Lemma 1 we have for any u € U,u € Z or [z,u], . = 0. That is, U is the union
of its additive subgroups L = {u € U : v € Z} and K = {u € U : [R,u],, = 0}. Since
a group cannot be the union of two proper subgroups we arrive at U = L or U = K. If
U = K then 0 = [zy, u)y,r = z[y,o(u)] + [z, u]s,ry = z[y,o(u)], for all z,y € R and all
u € U. Since R is prime we have U C Z. By Lemma 5 we prove the theorem. O

Example. In [2], N. Aydin, and H. Kandamar, proved that if U is (o,7)-Lie ideal and
a € R,[a,U] =0 then a € Z or U C Z. The following easy ezample shows that this is
not the case when U is a (0,7)-left Lie ideal of R.
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Ty _ Ty
LetR:{( : ):x,y,z,té], thesetofmtegers} andU:{(O >:x,y€I}.
z T

1 -1
Let 7: R — R,7(x) =bXx b, whereb:(o 1

) € R, then 7 is an automorphism of
. .. 1 2
R.U is a (1,7)-left Lie ideal of R such that U ¢ Z. If a = ( 0 1 ) €ER, thena¢ Z
and [a,U] = 0.
From now on, we will assume that o # 7 on (o, T)-left Lie ideal U of R.

Lemma 6. Let R be a prime ring and U be (0,7 )-left Lie ideal of R. Suppose there
erists a € R such that [a,U] =0, then 7(u) +o(u) € Z, forallue U or a € Z.

Proof. Assume that a ¢ Z. From the definition of U for all x € R and all u €
U. [r(uz,ulo, = 7(u)[z,ulsr + [7(w), 7(u)]lz = 7(u)[z,u),» € U. Therefore 0 =
[7(w)[z, ulo,r, a] = T(u)[[z, u]s,7,a] + [T(u), a][z, u]sr = [7(u),a][z,u],,. Consequently,
[7(u),a][z,u]or =0, for all z € R and all u € U. (1)
Taking zy for z in (1) we get [7(u),alz[y,o(u)] =0 for all z,y € R and all uw € U. The
primeness of R implies that for any u € U, either [r(u),a] =0 or v € Z. It implies that
[7(u),a] = 0. That is,
[7(U),a] = 0. (2)

On the other hand, for u € U, z,y € R, expanding 0 = [[z, u],,-, a] and using (2) we have

7(u)[z,a] = zo(u)a — azo(u) for all z € R, and all u € U. (3)
Replacing zby v, v € U, in (3) we arrive at U[o(v),a] =0, for all v € U. By Lemma 3(i)
we obtain
[0(U),a] = 0. (4)
Considering (3) together with (4), one obtains

0 =[z,a]o(u) + 7(u)[a,z] for all z € R, and all u € U. (5)
Replacing = by xy in (5) and using (5) we have

[z, 7(u)]ly,a] = [a,z][y,o(u)] for all z € R,all u € U. (6)

Now let d(z) = [z,7(u)],9(y) = [y,a], h(z) = [a,2] and f(y) = [y,o(u)] be derivations
of R. Moreover, d(z)g{y) = h{z)f(y) by (6). If d = 0 and f = 0 then it is clear that
o(u) + 7(u) € Z for all u € U. Therefore we may assume that d # 0 and f # 0. Then
by Lemma 4, (6) implies that there exists A € C' such that
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Mz, o(v)] = [z, a] = A[7(u), 7] forallz € R | )

Therefore, from (7) we have T(u) +o(u) € Z, forall ue U. O

Lemma 7. Let R be a prime ring and U be (o,7)-left Lie ideal of R. Suppose there
exists a € R such that [a,Ul,» =0 and [a,U] =0, then 7(u) +o(u) € Z for all u € U
ora=20.

Proof. By assumption, there exists a (0 #)up € U such that o(uo) # 7(ug). That is,
o(ug) — 7(up) # 0. By Lemma 6, we have a € Z or 7(u) +o(u) € Z, forall u € U. If
a € Z then 0 = [a,u0)s,r = ao(ug) — T(uo)a = a(o(uo) — 7(uo)). Since R is prime we
have a = 0. a

Theorem 2. Let R be a prime ring of characteristic not 2 and U be a (o,7)-left Lie
ideal of R such that [U,U]s, =0 and [U,U] =0. Then U C Z.

Proof. Suppose U ¢ Z. Then by Lemma 7 we get 7(u) + o(u) € Z for all u € U.
[#v,u]sr = z[v,ulor + [z, 7(u)]v = [z,7(u)lv € U. By hypothesis we also have 0 =
[w, [z, 7(w)]v] = [w, [z, 7(u)]]v, for all £ € R and all u,v,w,€ U. Therefore we have
[w, [z, 7(w)]]JU = 0. By Lemma 3 (i), we obtain [w,[r(u),z]] = 0, for all u,v € U and
all x € R. Now let I, and I,(,) be two inner derivations determined by w and 7(u)
respectively. Then it implies that I,,1.(,)(R) = 0. By [8, Theorem 1] we arrive at U C Z.
A contradiction. a

Lemma 8. Let R be a prime ring and U be both a (o,7)-left Lie ideal of R and a
subring of R. Then either T(u) + o(u) € Z, for all wu € U or U contains a nonzero left
ideal of R and a nonzero right ideal of R.
Proof. Suppose that for ug € U,o(ug) + 7(uo) € Z. Then for z € R,v € U, [zuo, v)o,r =
z[ug, 0(v)] + [z,v]sruo € U. Then second member of this is in U (since U is both (o, 7)-
left Lie ideal and subring). And os we have

z[up,0(v)] €U forallv e U and all z € R

We have shown that the left ideal R[ug,o(U)] isin U. If R[up,o(U)] = 0, by the primeness
of R we obtain [07!(ug),U] = 0. By Lemma 6, we have ug € Z. And so, o(uo)+7(uo) €
Z gives a contradiction. Similarly, using the identity [uz,v]s,r = ulz,v]o,r +[u, T(u)lz € U
one can obtains that U contains a nonzero right ideal of R. O
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Theorem 3. Let R be a prime ring. Let U be a (o,7)-left Lie ideal of R such that
7(v) + o(v) & Z, for some v € U. Then there exist a nonzero left ideal A of R and a
nonzero right ideal B of R such that [R, Als,r CU [R,Bl,r CU but [R,Als; ¢ Z and
[R,Blor  Z. _

Proof. Let T = {z € R : [R,z],, C U}. By the previous note, Theorem 1 in
[2], we know T is both a (o,7)-left Lie ideal of R and a subring of R such that
UcCT. Since U ¢ Z we have T ¢ Z. By Lemma 8, T contains a nonzero left
ideal A of R and a nonzero right ideal B of R. From the definition of T, we
obtain [R,A]l, C U and [R,Bl,r C U. If [R,Al,,y C Z then for z € R and
a € A,[r(a)z,dlor = 7(a)[z,als,r € Z. And so, we arrive at a € Z or [r,a],, = 0.
If [z,alo,r = 0, for all z € R then replacing = by zy, we obtain [z,7(a)]y = 0 for all
z,y € R. The primeness of R implies that a € Z. Therefore we have A C Z. Then
for all z,y € R and all a € A,0 = [z,ya] = [z,y]a, this implies that A = (0) or R is
commutative. So this is a contradiction to 7(u) + o(u) ¢ Z for some u € U. Similarly,
using the identity [zo(b),bs,» = [z,b]s,-0(b) one can prove easily that [R,Bl,, ¢ Z. O

Theorem 4. Let R be a prime ring. Let U be a (o, 7)-left Lie ideal of R such that
7(v) + o(v) € Z, for some v €U and a,b€ R. If AUb=0. Then a=0 or b=0.
Proof. Assume b # 0. By Theorem 3, there exists a nonzero right ideal B of R
such that [R,B],, C U, but [R,B),. ¢ Z. Therefore, for all z € R and all s € B,
a[z, s]s,-b = 0. Replacing z by zy, we obtain 0 = az(y, s]o b + a[z,7(s)]yb. In this
equation, taking ub,u € U, for x we get

alub, 7(s)lyb = 0 for Vy € R,Vu € U,Vs € B.

Since R is prime and b # 0, we have 0 = afub, 7(s)] = aubr(s) — a7(s)ub = —a7(s)ub.
It implies that at(B)RUb = 0 because B is a right ideal of R. By Lemma 3(i) and
since b # 0,Ub # 0. Thus we have ar(B) = 0 since R is prime. Then 0 = a[z, s, b =
azo(s)b — at(s)zb = axo(s)b for all z € R and all s € B. That is

aRa(B)b=0
Since Ro(B) is a nonzero ideal of R and b # 0, the primeness of R implies that a = 0. O

Lemma 9. Let R be a prime ring of characteristic not 2. Suppose U 1is a nonzero
(o, 7)-right Lie ideal of R such that U C Z. Then o =7 or R is commutative

Proof. Assume that R is not commutative. For all z € R and all u € U, [u,z],, =
uo(z) —7(z)u = u(o(z) —7(z)) € Z. Since R is prime we have u =0 or o(x) —7(z) € Z,
for all £ € R and all u € U. Since U # (0) we get o(xz) — 7(z) € Z, for all x € R. Hence
for all z,y € R, 0 = [o(z) — 7(x),y] = [0(z),y] — [r(z),], from which we get
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[o(z),y] — [7(z),y] =0 for all z,y € R. (8)

Replacing z by z? in (8) and using (8) and char R # 2, we obtain (o(z)—7(z))[o(z),y] =
0. Since R is prime we get o(z) = 7(z) or = € Z, for any x € R. Therefore R is the
union of its additive subgroups {z € R : o(z) = 7(z)} and {z € R: z € Z}. Since a
group cannot be the union of two proper subgroups and we have assumed that R is not
commutative, it follows that o(x) = 7(x), for all z € R. O

Theorem 5. Let R be a prime ring of characteristic not 2. Suppose U is a nonzero
(0,7)-Lie ideal of R such that U C Cy. Then o = 7 or R is commutative

Proof. By Lemma 2 we have U C Z. And so, by Lemma 9 the proof of theorem is
completed. 0O
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Asal Halkalarda Tek Yanh (o, 7)- Lie idealler

Ozet
Bu makalede, asal halkalarda tek yanh (o,7)-Lie idealler igin bazi sonuglar
ispatlanmisgtir.
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