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FROM SIMPLICIAL GROUPS TO CROSSED
COMPLEXES

Zekeriya Arvasi

Abstract

In this paper, we will give a short proof of the construction of the crossed complex
of groups by using the higher order Peiffer elements.

Introduction

Crossed complexes in combinatorial and cohomological algebra theory has the ad-
vantage of being less cumbersome than the full simplicial theory, but certain structural
invariants are lost when they are used, as such crossed resolutions do not represent all
the possible homotopy types available. It is therefore important to be able to go from
the simplicial context to the crossed one and to study what is lost in the process.

Carrasco and Cegarra [5], calculated the relative homotopy group 7, (sk, G, sk,_1
G) for a simplicial group G and proved it equal to

NG,
(NGp N Dn)dns1 (NGt N Dryg1)

for each n. This construct a crossed complex of groups from the Moore complex NG of
G. Their proof requires and understanding of hypercrossed complexes. Ehlers and Porter
[7] developed a direct proof for simplicial groups/groupoids independently of [5]. Here
we will do a short proof by using the higher order Peiffer elements. The following results
are analogues of the commutative algebra version given by [1]. For more details about
higher dimensional Peiffer elements in simplicial commutative algebras, see [3].

We begin by recalling the following results from [2]:

In [2], we showed the following. Let G be a simplicial group with Moore complex NG
and for n > 1 and let D,, be the normal subgroup generated by the degenerate elements
in dimension n. If G,, = D,,, then

Cn(G) =

On(NGy) = 0p(N,) for all n > 1.

where N, is a normal subgroup in G, generated by a fairly small explicitly given set of
elements (see below).
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If n = 2,3 or 4, then the image of the Moore complex of the simplicial group G can
be given in the form

On(NGy) = [ K1, K],
1,0

where the square brackets denote the commutator subgroup and 0 # I,J C [n— 1] =
{0,1,...,n — 1} with TU J = [n — 1], and where

K n Kerd; and K; = n Kerd;.
iel jeJ
In general, for n > 4, there is an inclusion

111K K] € 0.(NG,).
1,0

1. From Simplicial Groups to Crossed Complexes

1.1. Higher Order Peiffer Elements

Let S(n,n —r) be the set of all monotone increasing surjective maps from the ordered
set [n] = {0,1,...,n} to the ordered set [n—r] ={0,1,...,n—r}. This can be generated
from the various o} by composition. The composition of these generating maps is subject
to the following rule: o;0; = 0;_10;,j < i. This implies that every element o € S(n,n—r)
has a unique expression as 0 = 04, 004, 0---00;, with 0 <4 <19 < --- <4 <n—1,
where the indices iy, are the elements of [n] such that {i1,...,4,} = {i:0(i) =0o(i +1)}.
We thus can identify S(n,n — r) with the set {(ir,...,41) : 0 < i3 <ig < -+ < ip <
n — 1}. In particular, the single element of S(n,n), defined by the identity map on [n]
corresponds to the empty O-tuple () denoted by (),,. Similarly, the only element of S(n, 0)
is(n—1,n—2,...,0). For all n > 0, let

Let P(n) be a set consisting of pairs of elements («, 3) from S(n) with aN B = @, where
a = (ipy...,81), 0= (Jsy...,J1) € S(n). We write #a = r, i.e. the length of the string a.
The linear morphisms that we will need,

{Fapg: NGp_gpoa X NGy_pp — NG, : (o, 3) € P(n),n > 0},

are given a composites Fy g = pp(sqa X $3), where

Sa = 8i, .81 : NGp_sa — Gn, 53 =5, ...55, : NGp_ug — Gy,
p : G, — NG, is defined by composite projections p = p,—_1...po, where p;(z) =
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zsjdj(z)~t with j =0,1,...,n—1 and p : G, X G, — G, is given by the commutator.
Thus

Fop(a,yp) = (15n—1dr_zi1) T (150d0_1)[5a(35a)a s35(ys)]-

Define the normal subgroup N, to be that generated by elements of the form Fi, g(xa,y3),
where £, € NGp—xq and yg € NGp_43.

The idea for the construction of N, and the use of the structure maps came from
examining the thesis of Carrasco [4] (see also Carrasco and Cegarra, [5]).

The final elements that we need are the definition of a crossed complex of groups, and
a construction of a crossed complex from a simplicial group. The proof that this works
by using F,, s maps in an innovative way.

A crossed complex of groups is a sequence of groups

On o b6}
C: "'_)Cn_)cn—l_)"'_)CQ_%Cl_l)CO

such that
i) (C1,Co, 1) is a crossed module, i.e., if x,y, € Cy, then 1%y = zyz~1;
ii) for ¢ > 1, C; is an Cp-module (Abelian) on which 9,C; operates trivially and each
0; is an operator morphism; and
iii) for i Z 1, 81'_;,_181' =0.
Morphisms of crossed complexes are defined in the obvious way.

1.2. The Ultimate Dold-Kan Theorem: Hypercrossed Complexes

An important observation in Conduché’s work, (cf. [6]), is the existence of a semidirect
product decomposition of the group, G, of n-simplices in a simplicial group G. These
semidirect product decompositions are the analogue in the non-Abelian case of the direct
sum decompositions used in the Dold-Kan theorem and have been studied in depth by
Carrasco, [4] (see also [5]). By encoding the multiplication of the simplicial group in
terms of this decomposition, she is able to make precise the extra structure carried by the
Moore complex of a simplicial group which makes it possible to reconstruct the simplicial
group up to isomorphism. This gives the most general non-Abelian form of A Dold-Kan
type theorem.

We will give briefly this construction and importance of that in the following :

If G is a (n — 1)-truncated simplicial group the nth simplicial kernel A"(G) is a
subgroup of (G,_1)""! whose elements are those (g, ...,,) such that diz; = dj_12;
for i < j. Thus A"G consists of all formal boundaries of the n-simplices that can be
attached to G,,_1.

If G is a simplicial group, there is a canonical group extension

Kerd, — G, — A" (tr,—1G).
Similarly, if A§ (tr,—1G) denotes the group of (n,0)-horns of the (n — 1)-truncation, i.e.,
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Aj(tr, ,G) € (Gu)

n—1

is defined by the rule:

x € Aj(tr,—1G) if and only if x = {z1,...,zx),
where d;z; = dj_1x; for all ¢ < j, then there is a group extension
NG, — G, — Aj(tr,,_1G).

These two extensions are related as the first is contained in the second.

As with any group extensions, these can be specified by 2-cocycles: Carrasco and
Cegarra [5], using the alternative form of the Moore complex, analyse this in the abstract
discrete case.

A multi index 2-cocycle consists of the following: for each multi index «a = (i, ...,41)
with 0 <11 <t < - <4 <n—1,

an action @), : NGp—q X NG,, — NG,
and for each pair of multi indices o, 3 with ) < o < 8, N B = () a pairing
Faﬁ : NGn_#a X NGn—#B — NGn
Here if, @ and 8 = (iy,...,41) are multi indices,

a<pBif i1=7j1,...,0k = Jk butik+1>jk+1(k:20)or
if 11 =J1y---y0r =Jr andr <s,

so for instance n = 3,
D5 < (2) < (1) < (2,1) < (0) < (2,0) < (1,0) < (2,1,0).
Remark. Group extensions

of groups depend for their 2-cocycle definition on the result giving the existence of a
section for p. For the application here, this section is given in the structure of the simplicial
group so that

QL NGp_gpo X NG, — NG,
is ‘conjugation via s,

(I)Z(xa, yn) = Sa(xa)xnsa(xa)_l
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As FJ} 5(za,ys) = plsa(Ta) s5(yp)], it is clear that there must be a set of relations
between the ®7 and F ;. These can be summarised as follows:
Let S™(A™(G)) = (ka, ki, 5) denote the 2-cocycle corresponding to the first extension
Ker 0,1 — A™(G) — A (G)
and S"(G) = (@, I 5) to the extension

NG, — G, = AJ(G).
Then

OFy 5(w,y) = kg g(w,y) € Kerd,—1 C NG,y

and

8(¢Z(xaxn)) = ka(xa-rn)

It is clear that these two conditions generalise the crossed module conditions to
arbitrary dimensions. It is possible to expand the two conditions to arbitrary dimensions
but the number of multi indices involved makes their immediate use difficult in dimensions
greater than about 5. The author and T. Porter [2], [3] have calculated the corresponding
conditions and £ B(x,y) pairing for simplicial groups and algebras. Carrasco gives an
expanded version of certain types of conditions in all dimensions and also makes the
following observations on their explicit interpretation in dimensions one and two. She
calls such a system

(NG; @3, Fa,8)a,5e5(n) n>1,a<p,a06=0

a hypercrossed complex, in general.
- A 1-truncated hypercrossed complex is simply a crossed module.
- A 2-truncated hypercrossed complex is a system

2 a2 a

with actions
(I)i101><02—>02, i:0,1
(1)170 : CO X CQ — CQ

and

(I):CQX01—>01

and a pairing
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FO71:CI X Cl —>CQ

satisfying conditions (that we will not give explicitly, as some are redundant but, more
importantly) where the remainder reduce to 2-crossed module (cf. [6]) axioms of Con-
duché, (see p. 228-229 of Carrasco and Cegarra [5]). In both these cases the ‘complex’
involved was truncated.

- If the hypercrossed complex satisfies F) 5 = 1 for all n > 1 then it is a ‘crossed
complex’.

We refer the reader to paper by Carrasco and Cegarra, [5]. It will be sufficient for
our purposes to think of the hypercrossed complexes as being Moore complexes with the
actions and pairings precisely laid out.

1.3. Construction of Crossed Comxlex

We should first show that the quotient group does exist.
Lemma 1.  The subgroup (NG, N Dy)dp+1(NGry1 N Dyy1) is a normal subgroup is
Gp.

Proof. It is straightforward from a direct calculation. O

Theorem 1. Let G be a simplicial group. Then defining

NG,
(NGp N Dp)dns1(NGrit N Dryi1)

Cn(G) =
with

8n (2) = dn—z
gives a crossed complex C'(G) of groups.

Proof. (i) follows since

NG,
Oa (NG2 n Dg)
NG,
[Kerdy, Kerd;’

Ci(G) =

and in [2] we showed that the normal subgroup [Kerdy, Kerd;] contains the Peiffer
elements so (C1(G), Co(G), D) is a crossed module, i.e.

NG,

P ——————— — NGy.
' [Kerdy, Kerds] Go
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(ii) Take the generators Fy g(zq,yg) of the normal subgroup NGp41 N Dy41. For
x € NG, and y € NG,_1, by taking o = (n,n—1,...,7),8 = (r — 1), it is easy to see
that

n—

Y
Foan—1,..r),(r—1) (@, y) = [8n ... 5:(x), 5, -1(y)] [Sr4k(Y)s Sn - - .s,«(x)]( DA
k=0

=S

and then

n—r—1
dn+1Fa7B(x7 ?J) = [Sn—l .- -Sr(x)a Sr—ldn(y)] H [5T+k—1dn(y)a Sp—1-- -Sr(x)](_l)k
k=0

[y, Sn—1 - .s,«(x)](_l)nﬂ

n—r—1
k
= [s" (@), sp-1dn ()] [T [srar-1dnly), st (@)Y
k=0
[y, sy " (@)] D"
This implies

(s (2),y] € (NG N Dydy i1 (NGryr N Dyia)),

which shows that the actions of NG, on NG,,, defined by commutator

z-y=[s""N(x),y

via degeneracies, are trivial if » > 1. For » = 1, this gives « = (n,n—1,...,1),5 = (0)
and

Fon—r,...00) (@, y) = [snsn-1...51(2), s0()][SnSn—1- .. 51(x), s1(y)]
[Snsn—l...Sl(x),sn(yn(_lyl

where x € NG1,y € NG, and it is easily checked that

dnt1Fo5(2,y) = [$n-1---51(2), s0dny] - - [Sn—1 - 51(2), $n_1dpy][sn—1 - .. 51(x),y] """
Then

[$Sn—1...81(2),y] =0 mod (NG, N Dydp41(NGpi1 N Dpy1)).

191



ARVASI

This gives the following ; if z € Cy then ¥ and 0;Z act on C,, in the same way, and so
01C1 acts trivially on C,,.

(iii) By defining

On(Z) = d(z) with z € NG,

on obtains a well defined map 0 : C\,(G) — C,—1(G) verifying 99 = 0. O

(1]

2l

3]

(4]

(5]

(6]

(7l
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