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LOCALLY VOLUME-MINIMIZING CODIMENSION-ONE
FOLIATION OF THE SOLID TORUS*

Ismail Kocayusufoglu € David L. Johnson

Abstract

The aim of this paper is to construct a specific codimension-1 foliation of D? x S*
with one Reeb component, and to show that this foliation locally minimizes the
volume among foliations with the boundary torus as a leaf.

1. Introduction

Let M be a smooth m-dimensional manifold with tangent bundle TM. A k-plane field
(or k-distribution) o is the section of the Grassmann bundle G (M) of k-planes associated
to TM whose value at x € M is the k-plane o, C TM,. If N is an injectively immersed,
smooth submanifold of M such that TN, = o, C TM, for all x € N, N is called an
integral submanifold of o. A k-plane field o is called completely integrable if o is smooth
and through every point x € M there is an integral submanifold N of o. An integrable
k-plane field is also called a foliation and the maximal connected integral submanifolds
are called leaves of the foliation [10].

The volume of a foliation F on a Riemannian manifold M is defined to be the Hausdorff
n-dimensional measure of the image of the section o(M) C G(M), using the metric
induced on G;(M) by the metric on M [9]. We define an optimal foliation on M to
be one with the minimum volume among all foliations on M. An optimal foliation on a
manifold may not exist. If one exists, it may not be unique.

In [2], H. Cluck and W. Ziller have asked the question that given a manifold M, what
is the optimal foliation in that it minimizes the volume. In particular, they showed that
on the flat torus, S x S', the optimal vector fields are precisely those of constant slope.

The question that we will address in this paper is an analogue of the original question
of Gluck and Ziller for a foliation of dimension bigger than one, which is :

Among all codimension-one foliation F of flat solid torus, D? x S*, with the boundary
torus a leaf of the foliation, what is the optimal foliation?
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We are able to show the existence of a codimension-one foliation F of the flat solid
torus, D? x S', consisting of one Reeb component, which is at least a local minimum of
the volume functional. We use an extension of a slicing technique due to Gary Lawlor
[6], which provides the key to showing that the foliation constructed is locally volume
minimizing.

If F is a transversely-oriented co-dimension one foliation on a 3-manifold M, the graph
o : M — Go(M) of this foliation is equivalent to a mapping £ : M — T1(M), sending x
to a unit normal vector £(z) to the leaf of F through x. (There are only two such maps,
differing only in sign).

Given such a unit normal vector £ to a codimension-one foliation F of a 3-manifold
M, that is £ € TM,, and ||¢|| = 1, with £ L F,, the volume functional Vol(F) of F is
computed by

3 3
Vo) = [ (143 IVeEE+ 3 VA T, g2V 0
i=1

4,j=1

for any orthonormal basis e; of T M. This is of course the same formula as for the volume
of the unit normal vector field to the foliation. The metric on the tangent bundle used
here is defined by Sasaki, and is the natural metric on 7'M induced from the Riemannian
metric on M [3, 9].

We recall the classical construction of a codimension-one foliation of D? x S in order
to make the details of our specific foliation explicit [7].

Take any C* function f(z) so that lim,_; |f*)(2)| = oo for all k, and foliate the
strip {(x,y) € R? : 1 < 2 < 1} by the graphs of the functions y = f(z) +¢,—1 <z <1
and ¢ € R, together with the vertical lines = £1. The condition on the derivatives of f
are equivalent to smoothness of the construction at the boundary (cf. Figure (1-a)).

Rotate the strip {(z,y) € R? : =1 < 2 < 1} about the y-axis in R?, generating a
foliation of the cylinder D? xR. Since this foliation is invariant under vertical translations,
identifying (z,y) ~ (z,y+ 1) we obtain a foliation of the solid torus D? x S*, where each
non-compact leaf has the form of a snake eternally eating its tail (cf. Figure (1-b)). A
foliation of a solid torus in this way is called a Reeb component. In general, a codimension-
one foliation of a manifold M may have several Reeb components as parts (saturated sets,
or components) of the total foliation.
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Figure 1la Figure 1b

2. Slicing

In [6], Gary Lawlor has constructed a more direct analogue of calibrations, which, in
some cases, can directly show that a given current is mass-minimizing, by showing that
it decomposes into energy-minimizing pieces. We show here a generalization of his result,
which is directly applicable to this situation.

Let m: E— M be a fiber bundle over a Riemannian manifold M, with fiber F, which
is a subbundle of a tensor bundle 7 over M. Let a functional £ of order m on the space
of sections of E, and their covariant derivatives of onder m be given by

E(o) = /M L(o,Vo,...,.N™(0),2)dV, (2)

where V(o) :=V(---(V(a))- ).

If G is a decomposition (slicing) of M into compact submanifolds {S;},i.e., G = {S¢|t €
N7}, indexed by a manifold N, perhaps with boundary, with an arbitrary Riemannian
metric, so that M = U.enSt, except for a set of measure 0, then for any f € C*°(M) and
T € St, we can write

/M fav = /N ( . f|Stw(t,x)stt> dVy (3)

for some weighting function w(¢, x) which depends only on the decomposition and the
metric chosen on N, by the general area-coarea formula of Federer [1].

Theorem 2.1.  Let G = {S;|t € N} be a slicing of M and assume that for each t € N,
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there exists a functional of order m
Ei(oy) = /s Li(o¢Voy,...,N™(or), x)w(t,x)DVg,
for sections oy : Sy — Elg, so that for each section o : M — E,
E(o) = /M L(o,Vo,...,.N"™(0),z)dV
= /N (/s (L(o,Vao,...,N™0),z))|s, w(t,x)dVSt> dVy
> /N (/s Li(ols,, V(als,), - - .,Vm(a|st),x)w(t,x)DVSt> dVn. (4)

If 09 : M — E satisfies the following conditions,

i) ools, is the local minimizer of Li(o) subject to olss, = ¥|ss,
i) L¢(ools,, V(ools,), -, V™(00ls,), x) = L(og, Voo, ..., V™(00),)|s,,

then, oq is a local minimizer of E(o) subject to oloyp = for 1 : IM — Elan.

Proof. Let o be a section which is a sufficiently small perturbation of oy, preserving
the boundary conditions. Then,

5(00):/N (/S Lt(00|5t,V(00|5t,...,Vm(ao|5t),x)w(t,x)dV5t> vy
/.
N

E(o

IN

Li(ols,,V(als,, -, V™(ols,, v)w(t, x)dVSt> dVy

IN

t
(.
(.
).
The first equiality follows from (2) and assumption (ii), the first inequality follows
from the assumption (i), second inequality from (4) and the last equality follows from (2)

|

(L(o,Va,...,V™(0),x))]s,w(t, x)dVSt> dVn

3. Main Result

Now, we describe a codimension-one foliation of the solid torus, D? x S* (as the
cylinder D? x [0, 1], with identification (x,0) ~ (x,1)), and then we will show that it
locally minimizes the volume among all foliations of the solid torus with the boundary
torus as a leaf. First, recall that given a unit normal vector £ to a codimension-one
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foliation F of a 3-manifold M, that is, { € Tu (M, x), and [[{|| = 1, with & L F,, the
volume functional of F is defined by equation (1).

In general, a foliation can be defined locally as level sets F(z,y, z) = ¢, where each
value of ¢ determines a leaf of the foliation. The local minimizer we construct is of a
special form, F' = (z,%) — z, making it invariant under translation in the S*-direction.

3.1. Solving the One-Dimensional Problem

Let F(x,y,2) = f(z,y) — 2 describe a codimension-one foliation of the torus, D? x S,
by level sets F(z,y,2) = c.
Then the unit normal field £ can be defined as

VE  (fe, fy—1)

= = . 5

Note that, in R3,

IVel? = |ldg||®
= (gldx + gydya Eedx + gydy>
=48, (6)

in particular, £, = 0, and

IVEAVEI? = |l& A& l1?
= (& A §1><§y A §y> — (& A §y>)2 (7)
since the wedge product is just the vector product in R3.

We now reduce the volume problem to the one-variable case of a rotationally-invariant
and translation-invariant foliation, that is, in cylindrical coordinates,

F(x,y,z)zf(x,y)—zzf(r,e)—z (8)
with fs = 0. Rotation-invariance is equivalent to fy = 0. It is a straightforward
computation that with polar coordinates (r,6), setting r = y/22 + y2, that

1 1 .

é-g; = W[fm« COS2 0 + ;fr(l + ff) Sll’l2 9,
1

frrcosBsinf — ;f,«(l + f?) cos Osin 6,
frfrr cos ] (9)
(10)

and
1

1
&y = [frcosOsin® — (1 + f?)cosfsin,
r
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frrsin® 0 + lf,«(l + ff) cos? 6,
T
frfrrsinf]. (11)

Substitute these into the equations (6) and (7), we have
IVEN* =& + ¢
= ﬁ (ffr + T%ff(l + ff)) (12)
and

IVEAVEI* =12 A gl
fr e

= . 13
0t 1,27 (19
Hence, equation (1) reduces to:
VolF) =on [ J1e L 1 _a+p+lieerd (14)
= — — rdr
= T TR

where f,(0) =0, and f.(1) = —oo0.
This equation can be simplified as follows:
Let v = tan~!(f,.). Then, it follows that

Vol(F) = 27r/01 \/<1 + T%sm? u> (1 +v2)rdr (15)

and that v(0) = 0,v(1) = —7/2.
Hence, the volume integrand is

F(r,v,v,) = \/( + sin? v)(1 4 v2). (16)

Using the standard method of the calculus of variations, we will show that the volume
functional, with the boundary values v(0) = 0,v(1) = —x/2, is locally minimized at this
function v. We know that a necessary condition for a differentiable functional to have an
extremum is that its first variation vanishes, that is, if we write

v(s,r) = vo(r) + sh(r)
where h(0) = h(1) = 0, then the necessary condition is that

d

1
F dr = 0. 17
P /0 (ry,v,v.)dr =0 (17)

s=0
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Applying the standard techniques of calculus of variations to the integral (15), we will
have the second-order ordinary differential equation:

0 (= cos(un(r)sin(un(r)) + 57 (1 " (do—())) F (0 + sin () L2l

dr dr dr?
(18)

with boundary values vy(0) = 0 and vo(1) = —7/2.

By using the computer algebra program Mapple V (release 3), it is easy to solve this
equation, which is given below.

Maple Program.

eqn := (—cos(v(r)) * sin(v(r)) +rx dif f(v(r),r)) * (14 (dif f(v(r),r))?) +
(r"2 + (sin(v(r)))"2) x dif f(v(r), $2);
Order := 20;
dsolve({eqn = 0,v(0) = 0, D(v)(0) = a}, v(r), series);

The solution to this is :

_ 1 3.3 1 5.5 1 7.7 1 9.9 1 11,11
v(r) = ar — a4 gpa’r = R et T e Tt
1 13..13 1 15..15 1 17 .17 1 19_.19 20
- o - _ O(r29).
53243° " T 245760 1114112 woR0m36” | O

Factoring the coefficient of the series v(r), we notice that this series is the Taylor
series of 2. arctan (ar/2), which can be substituted into equation (17) to show that it is
an exact solution. Note here also that since v(1) = —m/2, it follows that

v(1) = 2arctan(a/2) = —m/2,

implying that a = —2. So, v(r) = 2arctan(—r), or f, = u = tanv = tan(2arctan(—r)).
Integrating this, we have

flr) = /tan(2 arctan(—r))dr
_ og(1 - 12, (19)

This means that the solution of the symmetrized volume, reducing the variational
problem to rotationally-invariant and translation-invariant foliations, is

Fo(z,y,2) = log(1 —a? —y?) —z = ¢ (20)

which we will proceed to show is a local minimizer of the full variational problem.
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3.2. Main Theorem

Theorem 3.2.1.  Let Fy be the foliation of the flat solid torus D? x S* with boundary
St x S as a leaf, given by the level surfaces of Fo(x,y,2) = log(l — 2? — y?) — 2z in
D? x [0,1].F is a local minimizer of the volume.

Proof. Note that, silicing the torus, S, by discs S, = D? perpendicular to the z-
direction, we can write

/Int(]—')dxdydz:/ (/ Intz(]-'|Dz)dxdy> dz.
s 51 \Jp2

Above, Int(F) is the integrand term of the equation (1), for the foliation F defined
by the leel sets F(x,y, z) = c.
Here we show that, restricted to an arbitrary scile D? x {z} C D? x I, the functional

/ \/1 24 €24 (6 NEy)2dady
D2

is minimized by & = £yls,, where & is the unit normal vector field to Fo. Set Int,(F|pz2)
to be the restriction of Int(F) to the scile S,. That is,

Int.(Flpz) = 1+ Ve, &2+ V€2 4+ Ve, EA Ve, 2.

Note that
Intz(]'-lD2) < I?’Lt(]:)lD2

for all z, so that condition (ii) of Theorem 2.1 holds. Hence, we can apply Theorem 2.1
with the weighting function w(z,r) = 1.

We define the first variational problem on the scile S, = D? as follows: we consider
variations of the sort

F(s,x,y,2) =log(1 — 2* — y?) + sh(z,y) — 2.

The unit normal vector £ at each s is

(Fl‘aFy;Fz) o (1 3,2 32 +5h151 12 o2 +5hy, )
2 2 2
\/F3,+Fy+Fz \/(1 r2— 2+5h/) +(1 2 — 2+5h/) —"-1

Notice that & is independent of z. So, obviously V¢,& = £, = &,5 = 0. Hence the variational
problem on the disk is

&=

0=—
ds
s=0

/ Int,(F)dzdy
D2
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_4
"~ ds

/Dz \/1 &t 55 + (62 N Ey)?dady
s=0

d
:/DQ% V1+E+E+ (& NE)2dady
s=0
:/ ((€a, &as) + (€yr Eys) + (Ga ANy Eas N Ey) + (Ga Ny, & A &ys))ls=0
D2

31+ & +E+ (& ANy s=o

When restricted to a slice S, = D? h and F can be viewed as functions of x and y.
Then, we have

dzdy.

0= di / Int,(F(s,x,y))dzxdy
S 0 D2
d
p2 as 0
_ /D (Cahe + Caly + Cals + Cihay + Gy ) dody, (21)
where
Cy — _24x(x2 —1+4+9?)
(1 +$2 +y2)4
Cy— _24y(x2 —1+3?)
(1 +$2 +y2)4
R i B o [t )
3= (1+a2+12)3
O = Bay(z® — 1447
4 (1+a2+12)3
(222 — 24 292)(1 + 22 — y?)
Cs = — .

(1+ 22+ y2)°
Using integration by parts twice, we will need to have, for the first variational problem,
(C1)a + (C2)y = (C3)az — (Ca)ay — (C5)yy =0,
which is straightforward computation to verify [4]. So,

d
— Vol =0
= velF) =0,

s=0

as required.
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Now we need to show that the second variation of the volume functional is strictly
positive, ie.,
d2

752 Vol(F) > 0.

s=0

By a direct calculation, which was carried out with the assistance of a the computer-
algebra program Maple V (release 3), the second variation of this function at this point
has the following integrand form (Note that since the calculation of the integrand term
is so long, we give only the output of the calculation and coefficients. For more details,
we refer the reader to [4]):

d2
ds?

Vol(F) = / INTdzdy, (22)
D2

s=0

where

Bthhaa + thyhly + B4hyhyy + B5hZ + CShaahay +
Cahgzhyy + Cshy + Dshyyhy, + Dshy, + Esh?, (23)

with the coefficients

Ay = 322y(—1242% — 120%% + 222% — 12497 + 75 — 42% + 15¢° — 495 +
22y + 6025¢y% + 152% 4+ 6022y° + 90y z? — 129222 +
44x%y%) !

(54222 + 24 + 2y% 4+ 2222 + yH) (1 + 22 + y2)8

Ay :=16x(—-8 4+ 222 — 62%y% — 2025 — 6yt 2t — 2yta? — 6%y +

728y + 825yt + 202t 4 2022 — 142t + 3y% + 225 — 25 4 8yt —
1

(1422 +y2)5(5 + 222 + 24 + 2y2 + 222y2 + y*)
Az = 16y(62'° + 2428y — 32° + 362%y* — 8x5y? + 1020 — 442" —
6ytat 4+ 24y52* + 22212 + 61°22 — 442%y? + 3227 + 1yta? + 245 — 1 —
1
1422 +y?)5(5 4 222 + a* + 2y + 222y% + y4)
Ay = —162(7+ 8zy? + 62y% + 102290 + 12y 2 + 4y*2? + 622> +

22897 — 225y — 8yCxt — TyBa® — 5 — 8t — 22y + 425 + 38 + 14yt +
1

(1+ 22 4+ y2)5(5 + 222 + 2% + 2y2 + 22292 + y*)
As := —(60 — 11922% 4 181222 + 8y — 72y* + 24y 2* — 11362%y* — 784y 2? +

925 4 2710 — 410

48 4 210 _ 910y
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24025y% + 72¢1%22 4+ 180¢%z* — 2004822 + 1802%y* — 1360x%y* — 880y52% +

72209% — 92028y% — 48x2%y° + 16402%y? + 8y'0 + 129! + 3628 — 4962° — 144¢° +
1

12212 — 232219 — 2848 4 805y%)

= 16y(—7 — 4zty? — 10252 — 62%9° — 12z — 8yta? — 622y + T2y +
82yt + 290zt — 20822 4 2222 — 142t + 5y —o® — 495 4+ 8y* — 32% +

1
10
) (14 22 +32)5(5 + 222 + 24 + 2y2 + 222y2 + y*)
= 162 (x%2% — 1 — 3y°® 4+ 28 — 6y*a? 4+ 220 + 3292 — 440y — 44y +
628y% + 243822 + 6410 + 242%y* + 369°2* 4+ 1045 + 22y*2? + 14zt —
82%%) !
(14 22 +y2)5(5 + 222 + 24 + 2y2 + 222y2 + y*)
= —16y(8 + 2x*y? + 2252 + 6225 + 6yta? — 2922 4 62%y% +
2x2y2 — 2x6y4 — 8y6x4 — 7y8x2 — 322 —8z* — 20y2 + 225 + 2y8 — 2y6 +
1

(1+ 224+ 42)5(5 + 222 + 2% + 2y2 + 22292 + y*)
= —(60 + 8% — 172" — 1192y* + 1812y* + 24y*z* — 784x%y* — 1136y 2% +
240x%y° + 7291022 + 18018zt — 920522 — 88025y* — 1360y°z* +

2210 _ y

14g* + 210 — 2419

7221%% — 20028y + 802%y° + 164022y — 232¢'0 + 12¢4'% — 282° — 14425 — 49645 +

1
1222 + 8210 4 36y°® — 4825y (

(5 + 222 + 2t 4 2y 4 222y% + y*) (1 4 22 4 y2)¢

8ary81 — 2u% — 22 + a* + 2222 + y*)
(5 + 222 4 2t 4 2y 4 222y + y*) (1 4 22 4 y2)?
826 — 24t + 24x%y? — 482%y% + 24yt 22 + 2422 — 8 + 8yb — 24yt + 2442
(5 + 222 4+ 24 4 2y + 20292 + y*) (1 + 22 + y?)3
= (xs — 425 + 42%% — 82y + 6ytat + 62t + 422y — 49 2? — 42® +
1
(5 + 222 4+ 24 4 292 + 20292 + y*) (1 + 22 + y?)?
8zy(1 — 222 — 2% + 2t + 2222 + )
(5 + 222 + 2t 4 2y + 222y + y*) (1 4 22 4 y2)?
= (xs + 42592 4+ 6yrat — 22 — 4aty? + 42%y? — Syta? + 42%y® + 1 + 6y —
1
(5 + 222 4 24 4 292 + 20292 + y*) (1 + 22 + y?)?
= (23010 +10%? — 22% + 825 4 2025y* — 82092 + 24aty® — 242" + 20¢°z* —

4x2y6 +1+ ys — 2y4)

4y — 4y° + o8

(5 + 222 4 2t 4 2y 4 222y% 4+ y*) (1 4 22 4 y2)¢
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12922 — 4822y + 24y a? + 2227 + 109822 — 8x%y°® + 224 4 2410 —
1

24 4 6_2TL .
Y- — 6+ 8y Y (5 + 222 + 2% + 202 + 2222 + y*) (1 + 22 + 12)°

Then, using integration by parts, we get
[ Aahihasdody = 5 [ (4a).02dz
/ththdx dy = — /((Bg)mhxhy + Bohghgy)dz dy,
[ By =~ [(Bo)yhut, + Bathy )iz,
/B4hyhyydx dy = —% /(34)yh§dx dy,
/ Cihyphyydz dy = / (=(Ca)ahahyy + (Ca)yhahay + Cihl,))dx dy.

Substituting these into (22), it follows that

d2
ds? D2
s=0
where
INT1 = ah? + aih] + ashghy + ashehey + aahghyy, +vh3, +
C5h32m. + D5h32;y + Cthxhxy + D3h1‘yhyy (24)
with

1
= A5 - 5(142)1)

ay = Bs — %(34)%

az = Ay — (B2). — (Ba)y,

az = Az + (C4)y — Bo,

ag = Ay — (04)1~ — Bs,
v=Cs+ Es.

Applying integration by parts once more for ay, we have
1
/a4hxhyydx dy = /(—(a4)yhxhy + 5(@4)xh2)dx dy.
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1
B=o01+ §(a4)x,

B =as— (a4)ya

0 = Cs,
w= Ds.
Thus, (23) becomes
INT1 = ah? + b2 + Bihuhy + ashahay +vh2, + (25)
8h2, + phiy, + Cahughay + Dahayhy,. (26)

The new coefficients are as follows:

o=

B

(20 + 2248x2%y° + 3112y z* 4 4800y 2% — 88722%° + 274428y +

8704z5y* 4+ 9168y°z* + 3440¢%22 + 43222 — 2562 4+ 168y> — 4322° 4 496y° +
680y> + 488y* + 1042® + 14642%y% + 3688z4y? — 48z + 18440 + 96212 4 24y'2
+63228y* + 5282%5 + 272482 + 104y'%22 + 3922102 + 3122122 +

8322:1%* 4+ 116028y5 + 880548 + 48214 — 8y'* + 36216 — 4y'0 + 328y'02* +

32y 222 + 1042y? — 1362 %y* — 696y 22 — 136y 42? — 9821%° — 176025y® —

1
15442540
Y )(1+x2+y2)6(5+2x2+x4+2y2+2x2y2+y4)2

4(x? — 1+ y?)(—45 — 7642%y5 — 1434y*2* — 787y x? — 3462%y* —
19528y% — 43025y — 470452 — 255322 — 12122 — 4212 + 267y — 6172° —
1431° — 855 + 75y* — 3352% — 114825 — 13192%y? — 35210 — 55410 +
3322 — 15y12 + 25528%y* 4+ 1802%° + 15182 — 4291922 + 15021%2 +
312 2y? + 8121%* + 1152%y° + 9525° + 52!t + ¢4 + 4591024 +
11y'22?) !

(1+ 22 4+ y2)4(5 + 222 + 2% + 2y2 + 222y2 + y*)3

—32zy(x? — 14 4?)(—97 4 202%y°® + 30y  x* — 144y 2? — 26627y +
6025y + 12025y* + 120¢°2* + 60y° 22 — 12422 — 1332 — 12442 — 482° +
5y8 — 48y° — 133y + 52® + 2025y% — 1442y + 12210 + 12910 +

212 4 y12 + 15x8y4 + 20x6y6 + 15y8x4 + 6y10x2 +

621042) 1
(1422 + y2)4(5 + 222 + 2% + 2y2 + 2222 + y*)3

as 1= 16y(z* — 1+ y*)(2 + 862%y® + 162y*z* + 52y"2? + 172%y? + 632%y> +

1122%* 4 98y°x* 4 429822 — 7822 + 42t 4 Ty? + 1625 + 169° + 185 + 13y* +
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3828 + 130252 + 50xty? + 14210 + 790 + 422 + y'2 + 4528y* + 502545 +

1
8 4 10,.2 10, 2
30y°x" + 9y "x* + 21z y)(1+x2+y2)5(5+2x2+x4+2y2+2x2y2+y4)2

(= +22%° + ' + 1) (@° =1 +¢%)°

(14 22 + 32)2(5 + 222 + 24 + 2y2 + 222y2 + y*)
(22 =20+ 1+ 9y?) (22 + 22 + 1+ y?) (22 — 1+ ¢?)?
(14 22 + y2)2(5 + 222 + 24 + 2y2 + 2222 + y*
@142+ )@ 129+ 9@ — 14y
(14 22 + y2)2(5 + 222 + 2% + 2y2 + 222y2 + y*

vi=2

0=

)
)2
)

It is not easy to see that these are all positive. However, if at some point (z,y) any of
the above is negative, by the rotation-invariance of f(x,y), we can rotate the coordinates
so that the point has coordinates (z,0).

Notice that at (z,0),

B1(x,0) = as(x,0) = C3(x,0) = D3(z,0) = 0.
Hence, at (z,0), the integrand term is

INT1(x,0) = ah? + Bhy + yhi, + 6h%, + ph,

where
(2,0) = (36210 + 84a® + 21625 + 2162 + 4522 4 20)(z — 1)* (2 + 1)*

T 2+ 1055 + 222 + 20)2

5(.% 0) = (20x12 + 112210 — 25248 — 10882° — 138024 — 30424 — 180)($2 _1)
o (5 + 222 4+ 21)3(22 4+ 1)3

1,0y = A D@ Do+ 17
' (54222 + 24)(z2 + 1)2

5(z,0) = — &= D@+ 1)
’ (54222 + x4)(z2 + 1)2

w0y = E= D@+ D

54222 + 4

It is easy to recognize that

az,0) > 0,
¥(x,0) >0,
§(xz,0) >0,
w(z,0) >0

220



KOCAYUSUFOGLU, JOHNSON

Note that 8(z,0) > 0 follows from the fact that the numerator ¢(z) of S satisfies:
p(z) = —(2022 + 11220 — 2522% — 10882° — 13802* — 30422 — 180) > 0,
for z € [-1,1].

In particular, the following graph of ¢(z) illustrates this fact; and it is easy to see
that ¢'(x) = 0 only when z =0

05 B
X
THE GRAPHOF ¢ .
This implies that the integrand term,
INT1(x,0) > 0.
It follows that the second variation is strictly positive, i.e.,
d2
— Vol(F) > 0,
s=0
as desired. 0

In [5], we consider the analogous question on the round 3-sphere, and find a locally
volume-minimizing codimension-one foliation of S consisting of two Reeb components,
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with common boundary the Clifford torus S' x S' C S3. Surprisingly, however, in that
case the foliation is not C? at either the Clifford torus or the core circles of the two Reeb
components. In contrast, it is easy to see that the local minimizer here is C* at the
boundary.
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