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ON THE DISCRETE SQUEEZING PROPERTY FOR
SEMILINEAR WAVE EQUATIONS

A.Eden @ V.K.Kalantarov

1. Introduction

We extend the results obtained in our previous paper [2] to the case where the
conditions on the nonlinear term are milder,namely those that are given by the fourth
condition in our basic theorem. The methods used are inspired from the results of
Ladyzhenskaya (see [4], [5]) and can be considered as a direct generalization.
Preliminaries and Notations
In a separable Hilbert space H with the inner product (-,-) and norm ||| consider the

following Cauchy problem:
Puy + Que + Au+ Flu] = h, (1)

u(0) = ug, u(0) = up, (2)

where P,Q, and A are linear (not necessarily bounded) , selfadjoint, positive definite
operators, F(.) is a nonlinear operator, and ug, u1, and h are given elements in appro-

priate spaces.

Let us set D; = D(PY/?), Dy = D(Q'/?) ,D3 = D(A'/?). We will also denote the
corresponding dual spaces with respect to the inner product in H by D_1,D_5 and D_3,

respectively. For notational ease we will use the bracket (u,v) both for the inner product
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in H and the duality pairing between the elements of D; and D_; where i =1,2,3.

From now on we will assume that the following conditions hold:
a) D(A) = D3 € D(Q) = D; € D(P) = Dx,

b) the operator A has a compact inverse,

¢) the operators P,Q, and A commute on D(A) = D3,

d) there are positive constants a,b and ¢ such that:
alul] < HQ%uH <b HA%uH , Yue Ds (3)

HP%uH <c HQ%uH , Yu € Dy (4)

e)the nonlinear operator F(-) : D3 — D_s is continuous, bounded, and it is a

gradient of some functional G(.): D3 — R' Moreover, there exists C' > 0 such that
(F(u),u) — G(u) > -C, G(u) > —=C, Yu € D3

We also set:

i) X = D3 x Dy is a Hilbert space with the inner product:
((u,v), (w, 2)) = (A%u, A%w) + (P%’U, P%z),
ii)
l[ul|, = ||[A%u]|,s € R".

Definition 1. We will say that the semigroup S(t) : X — X,t € R, satisfies
the discrete squeezing property on the set M C X, if there exists tg > 0 such that the

operator T = S(tp) is Lipschitz continuous on M:
[Tz =Tyl x <llz—yllx,Ve,y e M,
and for some ¢ € (0, \%) there exists Ny(), such that
I = Pno)(Te = Ty)llx < 6|z —yll, Yo,y € M, (5)

336



EDEN, KALANTAROV

where Py, is the ortogonal projection on the subspace Hy, ( of the Hilbert space H)
spanned by the first Ny eigenvectors of the operator A.

Definition 2 A set A is said to be the attractor of a semigroup S(¢t) : X — X,t €
R*, if it is the minimal closed set, attracting every bounded set B C X.

Definition 3 A set M is called an exponential attractor for the solution semigroup
{S(t) : t > 0} on the set B if

(i) ACMC B,

(if) SE)M C M,
(iii) M has finite fractal dimension,

(iv) for every x in B, dist (S(t)z, M) < ¢y exp{—cat} where ¢; and ¢y are universal
constants.

The following theorem is in the spirit of [5].

Theorem 1. Suppose that

1.the conditions a), b), ¢) and d) are satisfied,

2. the problem (1), (2) generates a continuous semigroup S(t) : X — X,t € RT,
that is for each pair (ug,u1) € X the problem (1), (2) has a unique weak solution (see
[2] for a proof) , which continuosly depends on the initial data in the sense of the norm
of X, and such that

u € C(R"; D3),us € C(RT; Dy),
3.there exists a bounded set By C X such that
S(t)By C By vt € R,

4. The operator F(.): D3 — D_5 is Frechet differentiable, and for some v € (0, 1)

and for each (u,ut), (v,v:) € By the following conditions hold
| F(u) = F) [[-y< My [|u—=v |, (6)

1 Q2 (F(u) = F(v)) |y< Mz || u— v 1, (7)
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| 5 (F) — F) |y B () P —w) |+ u—v ), (8)
where My = My(|| uw ||1,]] v |]1) and My = Ms(]] w ||1,|| v ||1) are some continuous,
positive functions on Rt x R and My = My (|| u |1, || v |1,

| P2uy ||,|] P2v; ||) is some continuous,positive function on R* x Rt x RT x R*.
Then the semigroup S(t) : X — X,t € R, generated by the problem (1),(2) has the
discrete squeezing property in By .

Proof Let wi wy, ..., wn,... be the orthonormal system of eigenvectors of the operator
A, which forms a basis of H, and let A1, A2, ..., Ay, ... be the corresponding system of
eigenvalues of A. Suppose that (ug,u1) and (vg,v1) are two arbitrary elements of By.
Then for the corresponding solutions u(t) and v(t) of the problem (1),(2) due to the

condition 3. of the Theorem 1 we have:
(u(t), u(t)), (v(t), ve(t)) € By, Vt € RY.
It is clear that z(t) = u(t) — v(t) satifies the equation
Pz + Qz + Az +6F =0, (9)

where 0F = F(u) — F(v). Let 2* = (I — Py)z and p be some positive parameter,to be
specified later. Multiplying (9) by 2 4+ uz*, we get:

2

d |1 _1 1 1 2
Lteraf + 3o
dt[H2 B (RS R
Bl At ? 1 plox "
§HQ2Z + u(P2zf,P22%) + (0F, z%)]+
)2 L2 d
MHAEZ* +HQ52* —(%5F,z*)+u(5F,z*):0. (10)
Consider the functional
1 1 2 1 1 2 12 1 2 1 1
El(z*,zt*)E§HP5,zt* —|—§HA52* +§HQ52* + (P22, P22%) 4+ (0F, z").
It follows from (10) that
d 1 L2 1,12 d
EEI(Z*aZZ)'i_MHAEZ* +HQ5z* < ‘(EéF’Z*) + p|(6F, z)|. (11)

338



EDEN, KALANTAROV

It is not difficult to see that for each u € D3 the following inequality holds:

el < 2o [ Adwr,

| (12)
where \g = )\;,i(ll_v) and u* = (I — Py)u. Taking into account conditions (6)-(8) and
the last inequality we get

d 1 2 1
B2 + a4+ [|QFe

dt

< My |2y 121, + B [ Pz |+ D12l 11271, <

< [+ B0 [l PEz || 11201 2o | 42 <

1 2 — 1 1 2
<o HAEZ*H + MaXo [| Pz | + HAEZH ] .

So we have:

d 1
By 5) + & HAEZ*

2 o2
3 %
di + HQ i

<

(Ao — g) HA%Z*

2 L L2
+ MaXo [| Piz || + HAEZH ] (13)
It is not difficult to see that

2

2
2B (2%, 7)) > HP%Z;H v HA%Z*

2 1
+MHQ52*

2u HP%zt*

1
HPEZ*

= 2|[6F (|, ="l (14)
Using the conditions (3),(4), (6) and the inequality (12) we obtain from (14):

1 2 1
2F1 (2%, 2{) > (1 —p) HPizt* + (1 — pcb?) HAEZ*

2 L2
+ufor] -

—MyXo |27 = Mido ||2*|}

Choosing in the last inequality u < min{l, (c262)_1}, and N; sufficiently large, we
obtain:

1
E\(2", %) 2 Co |{=", z0 Ik — Mo [l{z, z}lx YN > N (15)
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Let us choose N3 so that (4 — Xg) > 0 is satisfied VN > N5 Then it follows from (13)
that

d .
—E1(z", %) + % HAEZ*

2 L2
2 <
i +ob] <

< Mo {2, 2e}l[% , YN > N,

From the inequality (15) and from the last inequality for sufficiently small §; > 0 it
follows:

d * * * * T
EEI(Z ,2) + 0 E1(2", 27) < M3 |[{z, ze}l|% , YN > Ny + No,

This inequality in turn implies that:
¢
Ex(2"(t), 2 (1)) < e E1(2*(0), (0)) + Msko/ {z(s) ()} s (16)
0
Taking the inner product of (10) by z;, and using the condition (7) we get:

d 1 Pl 2 1 Al 2 1 2 5F
— | = 2 — 2 2 = =
ai 7=+ g sl + el = o)

— (@ R, QFz) < Ma |12, |[@F= | < 0 B et + 5 HA%*"HQ] |
Therefore we have
{z(t), 2 (&) % < exp(M3 - 1) [{2(0). z(0)} % (17)
Using (7) it is not difficult to prove that
Bi(2"(0), 2 (0)) < Ms [[{z(0), (0)} % (18)

So thanks to (16),(17) and (18) we obtain from (15) the following inequality:

Cal (=05 N < {4 30 [Fabd? + 2 expOB00)| (00 20}

It follows from the last inequality that, the numbers ¢y and N3 > No+ N; can be choosen
so that :

I{="(t0), =i (to) }Ix < 11—6 1{z(0), 2¢(0)} I , YN = Ns. (19)

As a closing remark let us mention that the improvement over the previous work stems
basically from the weaker assumtion on the nonlinear term, namely, those given in con-

dition 4 of the theorem, instead of the assuptions (V) and (W) as in [2].
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