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Abstract

We first give a precise definition of the terms “topological horseshoe” and “gen-
eralized quadrilateral” and then examine the behavior of a homeomorphism F on a
locally compact, separable, locally connected metric space X (X is usually a man-
ifold in applications) such that F' restricted to some generalized quadrilateral @ in
X is a topological horseshoe map. For a set @ C X we define and describe (1) the
permanent set Z of @ to be {x € X : F"(z) € Q for all integers n}, and (2) the
entrainment set of Q to be E(Q) = {xz € X : F~"(z) € Q for all sufficiently large
n}. We give conditions under which various closed sets of w are associated, in
a strong way, with indecomposable, closed, connected spaces invariant under F'. (A
connected set A is indecomposableif it is not the union of two proper connected sets,
each of which is closed relative to A.) Next we show that even when small amounts
of noise are added to the dynamical system, there are associated indecomposable
sets. These sets are not, in general, invariant sets for our process with noise, but
they are the physically observable sets, while invariant Cantor sets are not, and they
are the sets that can be measured.
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1. Introduction

Let F: M — M be a C!' map on a manifold M. The study of a dynamical system

Ty — Tpt1 = F(vy) (1)

often becomes the study of sets such as fixed points, periodic orbits, stable and unstable
manifolds, basins, attractors, and basic sets -in general, those sets that are invariant under
F. A particularly interesting case is the invariant set of a horseshoe map.

Some physical processes are better modelled by including some representation of

noise as follows: Let € > 0. We define a time-dependent process (n is time)

(n,2) = (n+1, Fu(z)) (2)

where F,, : M — M is a C! map for each integer n such that

| B — F |[cri<e.

Hence (2) is a time-dependent system that we could say is e-close to the time-dependent
system (1). The dependence of time means there are in general no sets that are invariant
for (2), that is no nontrivial sets S such that F,,(S) = S for all integers n.

Let F : R? — R? be a homeomorphism. Let Q be the quadrilateral pictured
in Figure 1, and imagine that a computer prints this picture by plotting separately the
images of the four sides of the quadrilateral. Let F (S) be the computer image of S,
where S is any of the sides of the quadrilateral. We can view F(S) as a finite collection
of dots or line segments. Assume furthermore that for some small € (say
epsilon is less than 0.001 times the length of the sides of Q), and for each side S of
the quadrilateral, F'(S) and F(S) each lie in an e-neighborhood of the other (so in the

Hausdorff metric the distance between them is less than €).
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Qo\

Figure 1. The figure is part of a computer investigation of a fluid flow model. (See [SKGY] and
[KSYG] for detailed discussions of this work.) The image of the quadrilateral Qo is pictured (the
curve crossing Qo twice), and was obtained by computing the image of Qo under the Poincaré
return map F' associated with the fluid flow model. Evidently, the action of F' on Qo results in
a “topological horseshoe”. The crosses mark the images of the vertices of the quadrilateral Qo
under F'. In the figure, the upper right side of Qo (i.e., the upper of the two side which can be
expressed as a linear function of the horizontal x-axis with negative slope) is the short portion
of the image curve just outside the upper right side, while the image of the lower left side (the
lower of the two sides which can be expressed as a linear function of the horizontal x-axis with
negative slope) is the portion of the image curve with vertices marked at the lower right of the
figure. The image of this side actually extends back up into the image, and is not just a short

segment between the two crosses.

Such a picture is often called a topological horseshoe. We ask what can be
rigorously concluded from this situation about the points Z = {p € Q : F™(p) € Q
for all integers n}. In the literature it is usally assumed that F' is a diffeomorphism and
that the map is hyperbolic in @ (which we need not define here), and in this case we call
the example a Smale horseshoe. It is often easy to verify that F is diffeomorphism,but it

is far more difficult to verify hyperbolicity in a picture such as we have above, and indeed
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hyperbolicity may not hold. Our Theorems 3 and 4 will apply to Figure 1 assuming

hypothesis €2 given below. We remark that the homeomorphic image of a side S can

be quite complicated and still be within e of F (S) as shown, and we must draw our

conclusions despite this difficulty.

We are interested in the entrainment sets (and the destination sets) associated with

topological horseshoes for several reasons:

1. The dynamics on the permanent set in a generalized quadrilateral @ for a topolog-
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ical horseshoe are described “in the large “ at least, by the dynamics of the shift on
M symbols. In particular, although we know there are periodic sets of all periods
in the permanent set, we don’t know, without further information about the space
and the homeomorphism involved, if there are any periodic orbits in those sets.
In addition to the usual M -shift dynamics inside the set, interesting behavior and
topology can happen outside @ in the entrainment set associated with @ as well.
Compare, for example, the Smale horseshoe map where the crossing number M is
2 (Figure 3) with the fluid flow horseshoe pictured in Figure 1. (To be completely
accurate, Figure 1 actually shows the action of the square root VF of the fluid
flow diffeomorphism, or the time-1/2 map, rather than the time-1 map studied in
[SKGY] and [KSYG]. These papers study the dynamics of a periodically varying
fluid flow past an array of cylinders.) For the Smale horseshoe map, the entrainment
set consists entirely of points attracted to a fixed point outside the rectangle (see
Figure 3), while the fluid flow diffeomorphism, on the other hand, has a much more
complicated and interesting entrainment set, both topologically and dynamically.
(See Figure 2.) These vastly different entrainment sets occur in spite of the fact

that inside the respective quadrilaterals, the dynamics are exactly the same.

The entrainment sets for a topological horseshoe are physically observable in real
experiments in the sense that they can be observed. (See [SKG].) Of course, no ex-
periment can reveal the infinitely fine structure of an entrainment set. Nonetheless,
the entrainment set can be thought of as the result of pouring dye into a quadriateral
@ and then watching it evolve. The entrainment set is the limit as time goes to oo

of the theoretical position of the dye. Thus, it may well be possible in experiments
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to measure and compute the entrainment set’s fractal dimension, Lyapunov expo-
nents, Hausdorff dimension, etc. (See [HOY].) Cantor sets, or quotient Cantor sets,
and periodic points, on the other hand, are nearly impossible to observe forming in

a real, as opposed to simulated, flow.

3. Similar indecomposable sets often appear as the “strange” sets associated with
nonlinear dynamics (e.g., strange attractors, fractal basin boundaries, and closures
of stable and unstable manifolds of chaotic saddles, as well as entrainment sets),

and, when present, they provide a usefull conceptual characterization of these
phenomena. (See [SKOY].)

2. Background, Definitions and Notation

A continuum is a compact, connected metric space. A subset of a continuum which
is itself a continuum is a subcontinuum. A continuum is indecomposable if it is not the
union of two (necessarily overlapping) proper subcontinua. Equivalently, a continuum is
indecomposable if and only if every proper subcontinuum has empty interior (relative to
the continuum). If z is a point in the continuum X, then the composant Com(z) in X
containing x is the set of all points y in X such that there is a proper subcontinuum
in X that contains both z and y. The collection C(X) of all composants of an
indecomposable continuum X partitions X into ¢ (the cardinality of the real numbers)
many mutually disjoint, first category, connected F,-sets. (For more information and
references concerning indecomposable continua, see [K].)

In this paper, we use the term “indecomposable” in its original, more general sense:
If X is a metric space, then the connected subset A of X is indecomposable if it cannot
be expressed as the union of two proper (necessarily overlapping) connected sets. When
L. E. J. Brouwer [B] constructed the first indecomposable continuum, he was disproving
a conjecture of Schoenflies that the common boundary between two simply connected
open plane sets had to be decomposable, i.e., that such a boundary would be a connected,
closed set which was itself the union of two proper, closed, connected sets. Although
the boundary in Brouwer’s example is compact, and failed to be decomposable so that

it is an indecomposable continuum, for a number of years indecomposability was studied
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as a property of connected sets which were not necessarily compact. In recent years,
indecomposability has been studied mostly in compact sets. In this paper, we return to
the original focus of indecomposability as a (possible) property of connected sets, and one

that often arises in the presence of chaotic dynamics.

If X is alocally compact, separable metric space, then it must still be the case that
a connected subset A is indecomposable if and only if every proper, closed, connected
subset of A has empty interior (relative to the subspace A). (See [Ku].) If x is a point
in the set A, then the composant Com(xz)in A containing z is the set of all points y
in A such that there is a proper, connected subset of A that contains both x and vy,
and is closed in A. If A is a completely metrizable (i.e., the set A admits a metric d4
which is compatible with its topology and with respect to which A is complete, and it
should be noted that the metric d4 may not extend to a metric d on X compatible
with the topology on X ), indecomposable subset of X, then the collection C(A) of all
composants of the set A partitions it into uncountably many mutually disjoint, first

category, connected Fj,-sets.

In this paper, the indecomposable sets we consider all lie in a larger spaces X
that are connected, locally compact, locally connected, spearable metric spaces. There
are connected, locally compact, locally connected, separable metric spaces which are one-
dimensional, and have the property that no countable collection of disjoint arcs separates
the space. Examples include the Sierpinski curve (or gasket), the Menger cube (or sponge),
and higher dimensional analogs of these spaces. Thus in this paper the statement
that “X is a background space” means that “X is a locally compact, locally
connected, separable metric space”. Subspaces of X, however, need not be locally

compact, connected, locally connected, or closed.

If X is a background space and A is a subset of X , then we use the notation A°, A,
and 0A to denote the interior, closure, and boundary of A in X, respectively. If Y is a
subspace of X (with the inherited topology), A C Y, and we wish to discuss the interior,
closure, or boundary of A in the subspace Y, we use the notation Inty(4), Cly(A),
and Bdyy (A), respectively, to avoid confusion. The symbols Z, N, and N are used to
denote the integers, the positive integers, and the nonnegative integers, respectively. We

use d to denote a metric on X (which is, of course, compatible with its topology), unless
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this leads to confusion, in which case we differentiate metrics by using a variety of other
letters and symbols. If € > 0, z € X, let D.(z) = {y € X : d(z,y) < €}. If e > 0, and
A,BC X, let D.(A) ={y € X| d(z,y) < e for some x € A}, and let

Figure 2. The figure is part of a computer investigation of a fluid flow model. (See [SKGY]
and [KSYG] for detailed discussions of this work.)

d(A, B) = inf{d(x,y)|x € A,y € B}. Since our background spaces X are locally
connected we can make the additional assumption that for each ¢ > 0, if x is
a point in X, then D.(z) is connected.

Hypothesis 2y: Suppose that X is a background space, and F : X — X is
a homeomorphism. The set @ C X is a generalized quadrilateral if @ is a compact,
connected, locally connected neighborhood of X such that (Q°) = @, and endy and
end; are disjoint closed subsets of dQ) each of which has nonempty interior in the relative
topology on 9Q, i.e., Intsg(end;) # 0 for i = 1,2. We say that endy and end; are the
ends of @, and that Q\(endo U end;) = side is the “side” of @, and define the map F
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to be a (topological) horseshoe map on @ if there is a positive integer M > 2 such that

1. if K an arc in @ that intersects both endy and end;, then @ N F(K) contains at

least M components each of which intersects both endy and end;,
2. neither F(endp) nor F(end;) intersects @, and
3. F(side) Nside =10.

We say that F satisfies Hyothesis Qo on the generalized quadrilateral @ (with respect to
endy, end; = W}) if the definition above is satisfied. If M is a positive
integer with the property that if K is an arc in @ that intersects both endy and end;,
then @ N F(K) contains at least M components each of which intersects both endg
and endy, then M is unique, and we say that M is the crossing number of F on
Q. If, in addition, X is a differentiable manifold and F' is a diffeomorphism, then
F is a hyperbolic horseshoe map on @Q if it is a topological horseshoe map on @ (i.e., it
satisfies the conditions above) and if T' denotes the invariant set N,ezF™(Q), then F
is hyperbolic on T'. (See Figure 3 for illustrations of hyperbolic horseshoes with several
crossing numbers, and Figure 4 for illustrations of topological horseshoes, and what is
and is not allowed by this definitintion).

If F: X — X is a homeomorphism, then the closed set B satisfies the lockout
property if when ¢ € B and F*(q) ¢ B for some k > 0, then further iterates of ¢ remain
outside Bj; i.e., F™(q) ¢ B if n > k. For the noisy case we need a stronger version of
this property: thus, the closed set B satisfies the uniform lockout property if there are
a positive integer Ng, a closed neighborhood BT such that B C (B1)°, and a positive
number ¢ such that if ¢ € B and F(q) ¢ B, then d(F"(q), BT) > ¢ if n > Np.

Suppose that >, = {(...i-14d0i192...): for each integer j,i; € {1,2,...M}}.
Then ), is a Cantor set expressed as the product space {1,2,...M}% and the shift (on
M symbols) oar : >, — >, defined by o ((- . i-14toiriz...) = (... j—1xjoj1j2---),
where ji = ir41 for each integer k, is a homeomorphism. Thus, ops((. .. i—14i0i1ia...)) =
(...i—19049142 . ..). The properties of }_,, and oy have been thoroughly studied: see

[R], for example, for a discussion).
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Basic Smale Horseshoe

Fa (A)

F, (B)

Side B
Side A

The stadium
region——»
A L3
Fs3(A)

F;(D)in D F;(B) (D) indicated in § (g)

o— >

N

Fs (A)

Fs(D)in D Fs(B) k2, (D) indicated in E (D)
Figure 3. Smale horseshoes with several crossing numbers are pictured.

Now if X denotes a compactification of the background space X, which is itself a
metric space (and since the one-point compactification is a metric space, one does exist),
there is a metric d on X which is compatible with its topology. Since X is a compact
metric space, so is the space F(X) consisting of all closed subsets of X with the topology
induced by the Hausdorff metric v (relative to the metric d). Thus, if H and K are in
F(X), then v(H, K) is the inf {¢ > 0| each point of H is within e (under the metric
d) of some point of K and each point of K is within e (under the metric d) of some
point of H}. A Cantor set of continua is a collection C of continua in X such that if C

denotes the subset of FX whose points are the components of C, then C is a Cantor set
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in F(X). We can also talk directly about the Hausdorff metric on closed subsets F(X)

of X, if we use the metric d inherited by X when it is considered as a subspace of X .

Example 1. Q eli)éample 2. Q end
[ Y |+
e 2\ F[Q]
/4
FIQ] Image of

the endg=

=\ Image of an arc

] in Q [now in F[Q]]
==t that crosses the
minimum number
. . . . oftimes [2]

The map F is not a topological horseshoe Topological horseshoe-crossing number 2.
on Q-the crossing number here is only 1.

Example 3.

Example 4.

Flendfeee—o

en
The map F does not satisfy the horseshoe hypothesiFopological horseshoe-crossing number 4.
on Q. A minimally crossing Image arc is pictured in

white in the grey-shaded F[Q].

Figure 4. Examples 1 and 3 are not topological horseshoes, while Examples 2 and 4 are.

Another topology on collections of closed subsets of a compact subset D of X
that we need is the quotient topology. Suppose that D is a compact subset of X, and
D denotes a decomposition of D into disjoint closed sets which is upper semicontinuous.
The collection D, when endowed with the quotient topology, is a compact metric space,
with the points of D (considered as space) being the sets in the collection D (considered
as collection in X ). Let P : D — D denote the projection map associated with the
decomposition. (Thus, for © € D, P(xz) = D,, where D, € D and « € D,.) The map
P is continuous and onto. We say that the set D is a quotient Cantor set (relative to the
decomposition D) if there is an upper semicontinuous decomposition D of D such that
D endowed with the quotient topology is a Cantor set. Note that D C F (7) Every
set that is open in the quotient topology on D is also open in the topology induced by
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the Hausdorff metric on D. If Dy € D, then Dy is a point of continuity of D if every
sequence Di, Do, ... in D which converges to Dy in the quotient topology also converges
to Dy in the topology induced by the Hausdorff metric on D. The points of continuity
of an upper semicontinuous decomposition on a compact metric space contain a dense

Gs-subset of the decomposition space. (See [Ku] for more details.)

A finite collection C' = {cg,c1,...,¢,} of subsets of a space X is a chain if
¢;Ne; # 0 if and only if |i — j| < 1. If the elements of C' are open sets, the C
is an open chain. However, in this manuscript our chains have elements consisting of
closed neighborhoods intersecting only at their boundaries. Thus, we define a tiling
chain C = {cp,c1,...,¢cn} to be a chain whose elements are closed sets and such that
g Ne; = () for i # j. The mesh of a chain C = {cg,c1,...,c,} is the positive number
w = sup{diam(c;)}, and each ¢; € C is a link of the chain C'.

For the noisy case, we consider a new assumption.

Adding noise. Let € > 0. Instead of applying a homeomorphism F at each time i, we
instead assume that for each i, a homeomorphism F; which is close to F in the sense that
d(F(q), Fi(q)) < € for each i and q, is applied. We refer to € as the “noise level”.

With this assumption we can still talk about the trajectory of a point if we replace
F(qo) with Fy(qo), F%(qo) with Fy o Fy(qo), and so forth. In general, the trajectory
of qp is the bisequence ...¢_2,9-1,q0,q1,..., where g1 = F;_1 0 F;_50...0 Fy(qo) and
q_i=(F_10F 90...0F )" Y(qo) = F}o...oF ) F(q) for i > 0. It no longer makes
sense to talk about invariant Cantor sets, invariant points, or invariant continua. Define
then the permanent set Zy to be the set of all points xo whose entire trajectory (under
a sequence of noisy maps) is inside the generalized quadrilateral B, the entrainment set
E(Zy) to be the set of points xg whose backward trajectory (under a sequence of noisy
maps) is eventually inside B, and the destination set D(Zy) to be the set of points x

whose forward trajectory (under a sequence of noisy maps) is eventually inside B.

For notational convenience, we make the following definition: for m < n, and
{Fn,Fn_1,...,Fyn} acollection of n—m+1 homeomorphisms on X, F,,0F},_j0...0F,, =
Fy.m . Even though the maps F}; are chosen randomly, we are assuming that once the jth
map F is chosen, it is the map that is applied at integer time j. Thus, we have a family
of maps {F}} which also defines a map F: Z x X — X, where F(j,z) = F;(z) for

o0
j=—00
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x € X, just as a flow on the space X is a map ¢ : R x X — X | such that for each time
t,ipr : X — X is the homeomorphism defined by ¢:(z) = ¢(t,2) for € X. However,
there is one important difference: the group operation on Z is not preserved by F, while
that on R is preserved by ¢. Thus, although it is the case that (t+t', ) = (¢, p(t', z)),
or iy () = @i(pr(x)), it is not generally the case that F(j + j',x) = F;4,/(z) is the
same as F(j,F(j’,z)) = F;(F;/(z)) since Fjo Fj # Fj o F; (for most cases). We say
that F : Z x X — X is a floating dynamical system, or just a floating system.

Since we can talk about the trajectory of a point z in X under the system
F of maps, we can talk about the trajectory of the permanent set Zj, if we define
Zy = ~n70(Z0) for n > 0 and Z_,, = F__i_n(zo) for n < 0. Note that each Z,
is contained in B. Because composition is not commutative for maps in the family

{Fj}52_, in order to keep track of our trajectories, we need to designate a “relative

center” for each trajectory to know where it is in relation to the family {F;}22__ and
the sets {Z; }J"‘;_ o for each integer n, let the trajectoryof g, be the centered bisequence

e Qn—2,0n—1%Qn *qGn+1, ... Note that if the bisequence that denotes the trajectory of qo
is ...q-2,9-1,90,q1,-.., then ...q_2,q-1*q *q1,...,= ...¢—2,9-1,q0,q1, - - -, but the
symbol x puts the center for this trajectory at qg, and we know that the next map to
be applied to qg is Fy, and the last map already applied to obtain qg is F_;. Similarly,
e G=2,0=1,G0s Q15+ = - Qn-2yQn—1sGns Gnt1s--- = «+-Gn-2,qn—-1 * qn * Gnt1,---, but
the next map to be applied to ¢, is F,, and Fn__ll(qn) = ¢n_1. Also, for i > 0,
Gntitl = anﬂ(qn), and for i >0, ¢,_; = Fn__llm_i(qn).

Further, if there is an ordered collection Z = {Z,},cz of subsets of X, then the
floating system F : Z x X — X preserves Z if for each integer n, F,(Z,) = Zn4+1 (where
F, =F|{n} x Z,). We use the notation F|Z to denote {F,|Z,},cz. We say that F|Z is
conjugate to the map ¢ : Y — Y if there is a collection H = {hy, },cz of homeomorphisms
such that for each n, h,, is a homeomorphism from Z,, onto Y, and ¢oh,, = hpy10F,|Z, .
More generally, if J = {Y, }necz is an ordered collection of subsets of the space X, or is
an ordered collection of spaces, and LI) denotes the disjoint union of the collection ),
then if F : WY — UY is one-to-one and onto, we say that F preserves the collection ) if
for each n and each y € Y,, € ¥, F|Y,, : Y,, — Y, 41 is a homeomorphism. The statement
that F is conjugate to the map ¢ : Y — Y means that there is a collection H = {0, }nez
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of homeomorphisms such that for each n, 8, is a homeomorphism from Y,, onto Y, and
¢ e} Gn = 9n+1 e} FlYn

3. The Results

Theorem 2.1. Suppose that X is a background space, A is an indecomposable subset
of X such that A is nowhere dense in X , and X is a metric compactification of X . Let
A denote the closure of A in X . Then

1. if some composant Cps of A is has the property that if o is an open set in X such
that © is compact, and any component of N Cps is also a component of N A,
then A is an indecomposable continuum in X if and only if A is an indecomposable

set in X; and

2. if A is a closed subset of X, then A is an indecomposable continuum in X if and

only if A is an indecomposable set in X.

Proof. We prove the first statement. The second then follows immediately. That when
A is an indecomposable continuum in X, A is an indecomposable set in X follows from
the fact that a dense connected subset of an indecomposable set is indecomposable. (See
[Ku], p.208.)

Suppose then that A is an indecomposable set in X. If A = A C X, then A is
an indecomposable continuum, so there is nothing to prove. Then suppose that Z\A |
(which means that either AN (X\X) # 0 or ANX # A). If A is decomposable, then
there is some proper subcontinuum H of A that has nonempty interior relative to A.
Then H must intersect Z/A. Let Cps denote a composant of A that has the property
that if o is an open set in X such that o is compact, then any component of o N Cps
is also a component of N A. Note that if z and y are points in Cps, then there is a
continuum C,, which is contained in Cps, in nowhere dense in A, and contains both z
and y.

Consider the subspace A’ = AN X of X. Choose a point xq from Cps N (A\H),
and a nonempty open subset o such that o C Int4(H) N X. Then zy is not in 0, and

xo is in some component Cy of A\o, Cp is a nowhere dense continuum in Cps and in
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A. Now choose an open set u from A\H such that @ does not intersect Cp and u C X .
The continuum Cj is properly contained in some component C; of A\u, and C; is a
nowhere dense continuum in C'ps and in A.

There is € > 0 such that D.(C7) does not contain o. For each z in C1\({zo}U7),
there is €/2 > €, > 0 such that Da._(z) does not intersect {xo} UT and Ds._ (z) C X .
Let Cy = Clx(U{De,(Z) : z € Ci\({zo} Uw)}). Without loss of generality, we can
assume that Cy C X . Suppose that D denotes the upper semicontinuous decomposition
of Cy into its components. That is, we are considering the space D whose points are the
components of Cs endowed with the quotient topology. Then C7 is a component of Co
(and, in particular, Cy is not properly contained in any component of Cb), since each
component of Co N A is a component of Co N A, and D itself is a totally disconnected,
compact metric space. Let P : Cy — D denote the projection map associated with the
decomposition. The map P is continuous and onto. Note that Cy does not contain o,
but CoNo# 0 since CyNo#0.

Since A is indecomposable, A is nowhere dense in X, and each point = of CoN A
isin Cl{y € C2N A : y is not in C,, the component of C, N A that contains x}, D
is a Cantor set. Since Cp N Cps is dense in Cy, P(Cy N Cps) is dense in D. The set
C={D,€D:HNOC3N D, =0} isopen in D, and Cy € C. Thus, there is a subset O
of C that contains C7, and is both open and closed in D. Then P~1(0) is both closed
and open relative to Cs.

But we have a contradiction: then P~1(O) N Intx(H) # 0, and P~(O) does not
contain Int—(H). It follows that H is not connected, since P~*(O)N HNICy = (), and
P~1(O)NH is both closed and open in H. Thus, A is an indecomposable continuum. O

Remark In the theorem above, the assumption that X be locally connected is not needed.
Also, it is clear that the indecomposable continua in the compactifications of R? considered
in [KY], [KSYG] and [SKGY] are also closed indecomposable sets when restricted to R?
(even without the compactifications considered in those papers), and this result could be
used to simplify the results in those papers concerning indecomposable continua in the

compactified spaces.
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Lemma 2. Suppose that F : X — X is a homoemorphism, B is a generalized
quadrilateral in X with ends endy and endy, F is a horseshoe map on B, and M
is the crossing number of F on Q. There is € > 0 such that if F : X — X is a
homeomorphism such that for each q € X, |F(q) — F(q)| <€, then

1. F 1is a horseshoe map on B,
2. (F(B)NB)\Dc(endg Uendy) contains only finitely many components,

3. (F(B) N B)\D.(endy U endy) is a subset of the union of M multually diswoint,
closed sets (which are not necessarily components) C = {C1,Ca,...,Cy}, and UC
is contained in F(B)N B, and

4. there is a tiling chain T = {Ty, T4, ..., Tenm} such that UT = F(B); F(endy) C Tp,
F(endy) C Top, for 1 < i < M, To;—q € {C1,C4...,Cp} and for 0 < i < M,
T5; C DE(F(B)\B)

Proof. For each ¢ > 0, (F(B) N B) \D./(endy U end;) contains only finitely many
components (Otherwise F(B) is not locally connected.) Choose €; > 0 such that

el. F(endo Uendy) N Dy, (endy Uend;) = 0,

e2. F2(B)N Dy, (endo Uend;) = 0, and

e3. Dy_ (F(side))N Dy, (side) =0, and Dy_ (endy) N Dy, (endy) =0,

There is €1/2 > €3 > 0 such that (i) if C and C’ are distinct components of
F(B) N B that intersect (F(B) U B) \D. (endp Uendy), or (ii) if C and C’ are distinct

components of D, (F(B)\B) that do not intersect the interior of any component C" of

F(B) N B that intersects (F(B) N B) \D. (endy U endy ), then d(C,C’) > ez. Suppose
0 < €< e€z/2, and F is a homeomorphism on X such that ‘F(q) - F(q)‘ < € for each
g € X. Thereis an arc K in B that intersects both endy and end; , both F(K)Nendy and
F(K)Nend, consist of exactly one point, and BN F (K) contains exactly M components
each of which intersects both endg and end;, and for no arc K’ in B that intersects both

endy and end is it the case that BNF(K') has fewer than M components each of which

393



KENNEDY, YORKE

intersects both endy and end;. Then BN F(K) contains exactly M components each of
which intersects both endg and end;, and for no arc K’ in B that intersects both endg
and end; with both F(K’)Nendy and F(K’)Nend; consisting of exactly one point is it
the case that BN F(K) contains fewer than M components each of which intersects both
endy and end;. Let K = {K’: K’ is an arc in B that intersects both endy and end;,
and both F(K')Nendy and F(K')Nend; consist of exactly one point }. For K’ € IC, let
K}, denote the collection of all components of F'(K’) N B which intersect both endy and
endy . This set is finite, but it may well contain more than M components. List the My
components in K in the order that they occur in F(K'), beginning with the component
of K], that intersects the closure of that component of K\ U {K%} that contains the
degenerate set F(K')Nendy: K ={Kp,, Kps, . .,K%MKI}. The set F'(K') N B may
also have components that are not contained in D.(F(B)\B) but do intersect both endy
and end;: list these components, if there are any, in the order in which they occur in
K', that order being the one established above in the listing of the members of KJ,
giving a (possibly empty) collection Ky, = {Kzo1: Ko, - "’KIBOMOK,}' Then let
Ky ={K}q, K}, . .., KITMK:} denote a listing, in the order in which the intervals occur
in K’, of the members of Kj; UK, with My, = Mg + Mok . For each K., let
Com(K/,;) denote that component of F(B) N B that contains K/, and let Com =
{Com(K},;) : K' € K,1 < i < Mg}, a finite collection. Let N denote the collection
of components of [D.(F(B)\B)\(UCom)] N F(B). Then F(B) = (UCom) U (UN). Let
N'=ComUN .

Form the collection 7" = {T¢, 1Y, ... T3y, ,} as follows: Let 7j denote the collec-
tion of all members of A/ that contain a point of F(endp), and let 7, ., denote the
collection of all members of N that contain a point of F'(end;). Then TjNT) M, = 0,
because otherwise there is an arc K in B that intersects both endy and end;, and
F(K)NB C D(F(B)\B). Let T} = WIO and TQIMK/ = UTau,., - Inductively, let 77
denote the collection of all members of Com that contain a point of T} and let 77 = U7/ .
Let 7J denote the collection of all members of N that contain a point of 77, but are
not contained in Tj, and let Ty = U_’TI2 Let 7; denote the collection of all members
of Com that contain a point of T4, but are not contained in T7. Continue this finite

“out-in-out-in-out” process, until finally, 75 M, 2 denotes the collection of all members
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of N that contain a point of T%,, _. but are not contained in U<;<as  _2T%._.; and let
2M ;1 —3 SIS gy 2

j—i
T2IMKI—1 denote the collection of all members of C'om that contain a point of T2IMK/—2’
but are not contained in Uicjcnm,, 173, 1, with T3, _, = UT2IMK,4 . Note that
T ={T;,T1,..., T3y , } is a tiling chain such that U7" = F(B), for otherwise there
is some arc K € K such that BN F(K) contains fewer than M, components each of
which intersects both endg and end;. However, 7’ may have more than 2M members.
To remedy this, note that exactly M members of {75, ; : 1 < j < My, } contain a
component that intersects both endy and end;. Suppose that {j1,j2,...,7m} is that
subsequence of {1,3,...,2My, — 1} such that {7} :1 < j; < M} is the collection of
all links in 7’ that contain a component that intersects both endy and end;. Finally,
define Ty = U{Ty; : 2j < j1}, Ty = U{T3;_1 : 2j — 1 < ji}. Inductively, for 1 <k < M,
define Top = U{T3; : jk—1 < 2j < ji}, Tox, = U{T5;_; : jk—1 < 2j —1 < ji}; and
define the two links, Tops—1 and Tops, by Topsr—1 = U{TQ'J»_1 DM <25 —1< Mg},
Tov = U{TQ'j DimM—1 < 2§ < Mg }. Hence, T = {To,T1,...,Tan} is a tiling chain with
the properties desired. O

The following, especially part one, is in the spirit of a folk theorem, though to our

knowledge, no one has published a precise definition of a topological horseshoe.

Theorem 3. Topological Horseshoe Theorem-Cantor Set Part. Suppose that
F: X — X is a homeomorphism, B is a generalized quadrilateral in X with ends endy

and endy, and F is a horseshoe map on B with crossing number M .

1. Then the permanent set Cp = {x : F™(x) € B for all integers n} has an upper
semicontinuous decomposition Q which is a Cantor set in the quotient topology, and
Cp =UQ is a quotient Cantor set contained in the interior of B. Furthermore, F
preserves the members of Q, and thus, if we define F: Q — Q by F(Q) = F(Q),
then F is a homeomorphism on Q, F is conjugate to the shift oar > — > ars

and F|Cp factors over onr:Y 0 — D oas-

2. There is a dense Gg-subset Q' of Q such that each member of Q' is a point of

continuity of the decomposition Q.
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3. The set Cy = UQ' is an invariant quotient Cantor set with respect to the upper
semicontinuous decomposition Q" = {QNUQ’ : Q € Q}, and for each Q" € Q" , if
x € Q", then x € CR\Q". (The set Cly is just the set Cp with all “dynamically
inert” sets, such as interiors of members of Q or isolated points of Q, removed.)
Furthermore, F preserves the members of Q" , and thus, if we define F" : Q" — Q"
by F'(Q") = F(Q") for Q" € Q", then F" is a homeomorphism on Q" Q" which
is conjugate to the shift on = Y — Doy and F|Ch factors over op = > 5 —

2m

4. If € Q' € Q, then Q, = {QNO(x) : Q € Q} is an upper semicontinuous

decomposition of O(x), and O(x) is a quotient Cantor set with respect to the

decomposition Q, . Again, F preserves the members of Q. , and thus, if we define
Fr: Qp — Qp by F(Qz) = F(Qz) for Qu € Qu, then F, is a homeomorphism on
Q. , and F, is conjugate to the shift op > 0 — Dopsr-

5. Let C denote the collection of all continua contained in Cg = {x : F™(z) € B for all
integers n}. Then C is an upper semicontinuous decomposition which is a Cantor
set in the quotient topology, and Cp = UC is a quotient Cantor set relative to the
decomposition C. Furthermore, F preserves the members of C, and thus, if we
define Feon : C — C by F(C) = F(C) for C €C, then Feon is a homeomorphism
on C, and F factors over the shift onr: Y — D oas-

6. If x € Q € Q, and C, denotes the collection of all continua contained in O(zx),
then C, is an upper semicontinuous decomposition of W, and W 18 a quotient
Cantor set with respect to the decomposition C,. Again, F preserves the members
of Cy, and thus, if we define Feonw : Co — Cyp bY Feonz(Cy) = F(Cy) for
Cy € Cp, then Feonx is a homeomorphism on Cg, Feon,o factors over the shift

oM Yo — 2oars and the orbit of x is dense in O(x) = UC, .

Proof. Suppose B has ends endy and end;, and side side. Consider Cp = {q €
B|F™(q) € B for all n € Z}. Applying the previous lemma, there are a positive number
€, and a tiling chain & = {S1,0,51,1,--.,51,2m} such that

1. US = F(B), 51,0 D F(endy), and S12m D F(endy);
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2. for 0 < j < M, SLQJ‘ C DE(F(B)\B), UlﬁjﬁM 51723‘_1

3. (BNF(B))\Dc(endyUend;) C BN F(B); and

4. D (F(B\B)ND.(F-(B)NB)=0.

Foreach 0 <i < 2M let Sp; = S_1,;=F~(S1),sothat Sy = {So,0,50,15---,S0.20m} =
S_1 ={8_1,0,5-1,1,...5-1,2m} is a tiling chain, USy = B, and for 1 <4 < 2M — 1,
So,; separates B.

Let Ny = 2M. Now consider F(S1) = {F(S1,0),F(S1,1),...,F(S1,n)} and
construct the tiling chain S = {S20,52,2,..., 52 n,} that covers F?(B) as follows: Let
So20 = F(S1,0). The set F(S11) intersects both F(endy) and F(end;), and this forces
F(S11) N S1,, for 0 < j < Ny, to be a nonempty set. List these sets Sa1,...,52 n,+1
so that S20,52,1,...,52, N,41 is a tiling chain that covers F(S1,0) U F(S11).

Let S2 n,42 = F(S1,2). The set F(S13) intersects both F(endy) and F(end,),
and this forces F(S13) N Sy,;, for 0 < j < Ny, to be a nonempty set. List these sets
S2. N14+3, - -,52,2N,+3 so that S20,521,...52, Ny, 52, N, +1, 52, N1 +2, - - - s S2,2N, 43 is a tiling
chain that covers U}Q?:OF(SLJ»). Continue this process, finally letting S2 n, = F(S1,n5,)-

Having the tiling chain So = {S2,0,52,2,...,52,n,}, construct the tiling chain
S; = {595,0,533,...,93,n,} that covers F3(B) as follows: Let S3o = F(S2,). The set
F(S241) intersects both F?(endp) and F?(endz) and has at least one component that
intersects both F%(endp) and F?(ends), and this forces F(S21) N s, for 0 < j < Na,
to be a nonempty set. List these sets S31,...,53 n,+1 so that S50,55.1,...,53 N,4+1 isa
tiling chain that covers F(S2,0)UF(S21). Let Ssn,42 = F(S2,2). The set F(S1,3) inter-
sects both F?(endo) and F?(endy) and has at least one component that intersects both
F?(endp) and F?(ends), and this forces F(S23)NS2 ; for 0 < j < N, to be a nonempty
set. List these sets S3 n,+3,...,533Nn,+3 so that S3,531,...,53 Ny+1, 53 Not3s - - -, 93,3No+3
is a tiling chain that covers U3_qF(Ss,;). Continue this process, finally letting Ss v, =
F(S2,n,). Continue the inductive process begun here: For each positive intger k, having
the tiling chain S = {Sk,0Sk1,---,Sk.N, } that covers F¥(B), construct the tiling chain
Sk+1 = {Sk+1,0,Sk+1,1,- - -» Sk41,N,,1 } that covers F¥*+1(B) in the manner described.

The for each k, F7%(S;) = {F~*(Sko0), F7*(Sk1),---, F*(Sk.n,)} is a tiling
chain cover of B, F~¥71(Sy41) refines F~*(Sy), and for 1 <1 < N, —1, F~*(Sy,) sep-
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arates B. For 0 < j < Ni,let S_p; = F7%(Sk ), and S = {S—£.0,S—k1---»S—k.Ny }-
For each positive integer k, there is a finite subsequence (ix,1,%%,2,- - -, ik,0) = (i—k,1,i—k,2,
coyioga) of (0,1,...,Ny) such that F7(S_;, ) C B and F~9(Sy;, .) C B for each
0<j<k, ira € {ik1,ik2 - ik}, F¥(S_i.,) contains a component that intersects
both endy and end;, and Sk, . C F¥(B) contains a component that intersects both
F%(endy) and F*(end,).

If = is in the permanent set Cp, then F™(x) € B for each n € Z. Thus, there
is a unique bisequence (...,Ps1,Px.0,Pz1,---) contained in {1,...M}% such that for

each n,z € Sy, Further, by construction, if (...,p_1,p0,p1,...) is a bisequence

in,pe,n ”
contained in {1,...M}Z%, the Q..p—1,p0p1,..) = NnczSn,i, . is a nonempty closed
subset of B°. If (...,p_1po,p1,-..) and (...,p" 1,p(p},...) are distinct bisequences,
then Q(...p_1po,p1,..)N Q(...,p'_l,p()p;,...) =0, 0= {Qc..p1popr,y + (-osp-1,p0,p1,--.)
is a bisequence contained in {1,...M}?%} is a collection of disjoint closed sets in B, and
Q is an upper semicontinuous decomposition of Cp = UQ = {z € B : F"(z) € B for each
integer n}. From standard arguments, if follows that Q is a Cantor et in the quotient

topology, and Cp is a quotient Cantor set in the interior of B.

For each bisequence (...,j_1:j0,71,---) € {1,...M}%, it is also the case that
S F’“(So,2,~k,1) # (); and, in fact, since for each n > 0, HZZOF’“(SOQJ.,CA) =S,

k=—00 yin,qn
for some ingn € {in1inz...inm}, and ﬂ,?zl_nfk(Sogjkfl) = S ni,,, forsome
iong o € {icntyiong, sionmt, M2 G F* (S0, ) = M= 0okyir,, € Q. Since
F( >0 Fk(SO72jk71)) = 2“;_ka+1(507ij71) S Q, it follows that if Q S Q, then

k=—o0
the set F(Q) is also in Q. Thus, F preserves the decomposition Q, and if we define
F:Q — Q by F(Q) = F(Q), then F is a homeomorphism on Q. because for each
Q € Q, there is a unique bisequence (...,5_1xjo,J1,---) € {1,...M}?% such that Q =
oo F (S0.25,1), and F(Q) = F(M_ F*(So2ji1)) = ML oo F* ' (So2ju0) €

Q, F is conjugate to the shift opar: >, — >y,

Since is F conjugate to o, there must be a dense Gg-subset Q' of Q such that
(i) the orbit O(Q) = {F™(Q) : n € Z} of each member Q of Q' is dense in Q, and (ii)
each Q in Q' is a point of continuity of Q, because there are dense Gs-subsets A and B
of @ such that the orbit of each point @ in A is dense in @, and such that each point Q
of B is a point of continuity of @, and Q" = AN B is also a dense Gg-subset of Q. Then
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UQ’ = C is an invariant quotient Cantor set with respect to the upper semicontinuous
decomposition Q" ={QNUQ : Q € Q}. If z € Q' € @', then O(x)NQ/ # O for any

Q € Q. It follows that @, = {QNO(z): Q € Q} is an upper semicontinuous decompo-

sition of O(z), and O(x) is a quotient Cantor set with respect to the decomposition Q,;.

The rest follows easily. O

Theorem 4. Noisy Topological Horseshoe Theorem-Cantor Set Part. Suppose
that F : X — X is a homeomorphism, B is a genarlized quadrilateral in X with ends
endy and endy, and F is a horseshoe map on B with crossing number M. There is 6 > 0
such that if for each integer j, F; : X — X is a homeomorphism with d(F(zx), F;(z)) < ¢
for each © € X, then the following hold:

1. If for each integer n, Z, = {x, € B : the trajectory {...Ty_2, Ty_1*Ty*Tys1,...} C
B}, then there is an upper semicontinuous decomposition Q, of Z, which is a
Cantor set in the quotient topology, and Z, = UQ, is a quotient Cantor set
contained in the interior of B. Furthermore, the system F = {F;};cz preserves the
members of UpezQ,,, in the sense that for Q € Q,, F(Q) € Qyy1, and thus, if we
define Fp, : Qn — Qui1 by F(Q) = F,(Q), then F, is a homeomorphism from Q,
onto Qui1. There is a collection T' = {~y,; : @, — > 3/ nez of homeomorphisms
such that opoyy = Yyq10Fy, for each n. Hence, if Z = {Z,}ycz, then the floating
system F|Z factors over the shift onr > 0 — Do -

2. For each n, there is a dense Gg-subset Q;, of Q, such that (i) each member
Q of Q; is a point of continuity of the decomposition Q,, and (ii) for each
member Q of Q,,7,(Q) has a dense orbit in ), (under the action of o). If
Z,’7 =UQ;, then the set Z,’7 = UQ} is a quotient Cantor set with respect to the upper
semicontinuous decomposition Q' = {Q N U9 :Q€eQ,} andifreqQe Qy, then
T € m (Here, as before, the set Z;, is just the set Z, with all “dynamically
inert” sets (relative to the system F ), such as interiors of members of Q, or isolated
points of Q,, removed.) Furthermore, the system F preserves the members of
UnezQy, in the sense that for Q € Qy, F,(Q) € Qp . and thus, if we define

/[7)
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Fo 2 Qn— Qi by F(Q) = Fy(Q), then F} is a homeomorphism from Q onto

wi1- Thereis a collection I = {~ : Q' — > tnez of homeomorphisms such
that onr oy, = Yyp1 © F, for each m. Hence, if Z" = {Z}},ez, then the system
F|Z" factors over the shift opr — > 5 -

3. If, for each n,C, denotes the collection of all continua contained in Z,, then C,
is an upper semicontinuous decomposition of Z, which is a quotient Cantor set
relative to the decomposition C, . Furthermore, the system F preserves the members
of UnezCy, in the sense that for C € C,, F,(C) € Cypy1, and thus, if we define
Fucon : Cp = Cy by Fpycon(C) = F(C) for C € Cy, then Fy con is a homeomorhism
on C,. There is a collection Tcon = {Yeon,n : Cn — D.ptnez of continuous

surjections such that oar 0 Yeon,y = Yy+1 © Fp,con for each 1.

Proof. Suppose B has side side. There is € > 0 such that if F/ : X — X is a
homeomorphism with d(F(z), F'(z)) < e for each € X, then

el) F'(endyNendy) N Dyc(endyUend;) =0,

e2) (endpUendy) N Dy F'~Y(endy Uend;) = 0,
e3) De(endy) N Dyc(endy) =0
ed) Dy (F'(side)) N Dyc(side) =0 and

eb) each F’ is a horseshoe map on the generalized quadrilateral B (with ends endy

and end; ) with the same crossing number M as F'.

Suppose that 7 = {To,T1,...Tepn} is the tiling chain obtained by applying Lemma 2
to F on the generalized quadrilateral B. Thus, UT = F(B); F(endy) C Tp, F(end;) C
Torr, Ur<i<mToi—1 C B, and Up<i<mT2i—1 C D.(F(B)\B). There is some § > 0 such
that 6 < ¢/2, and

e6) if C' and C’ are different components of BNF’(B) that intersect B\ D, (endoUendy),
then d(C,C") > 46, and

e7) if C and C are different components of D (F'(B)\), then d(C,C") > 4§, and
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68) d(TQi_l,TQj_l) > 44 if 4 #],Z,j S {1,2, .. M}

For each integer j, suppose that F; : X — X is a homeomorphism with d(F(z),
Fj(z)) < ¢ for each x € X. Note that for each 7, De(endo U endi) N Fj_l(B) =(. Let F

denote the floating system {F;} and fix the integer n. For this fixed 7, consider the

©
floating permanent set Z, = {x, € B : the trajectory {...zy_2,Zy_1% Ty * Typ1,...} C
B}. Let ¢; = {C : C is a component of F;(B)NB and C intersects B\D,(endyUend:)}
and let ¢} = {C : C is a component Fj(B)\(Us;)}. Hence, both Us and Ue’; are closed,
and Ug; C B, while Ug; C D.(F(B)\B).
Let N7 = 2M . Now consider a positive integer n, and the composition Fn-irnm—n-
First, consider S, = {Sn,0,,1,---,5n,N,} where S, is the tilin chain constructed in
Lemma 2 for Fyi,, and let 7, , = {Fn__i_ln(SmO), . ..,Fn__i_ln(Sle)} = {Thn0 Tnnis
-+ Ty n,Ny }» Which is a tiling chain cover of B. Let Qnn = {anni}M,, where ay, ;=
2i — 1. Then consider the tiling chain S,,—1 = {Sn—-1,0, Sn=1,15- - -, Sn—1,n, } , the Lemma
2 tiling chain cover of F; i, _1(B) that covers Fy ,_1(B), and modify it to produce the
tiling chain cover D,, ,_1 as follows: Let Dy, p—1 = {Sn—1,2; : 0 <i < M}U{Sp—1,2i—1N
Tonj:1<i<Mand 0<j<N;}. The collection D, ,_1 is a tiling chain cover of
Fytn—1(B) that refines S,,_1, and we can list the links of D,, ,_1 so that they reflect this
chain structure as Dy, n—1 = {Dnn-1,0, Dnn—1,1,- - -» Dnn—1,n, }, wWith Fy,_1(endp) C
Dpn—1,0 and Fpyn_1(endy) C Dy p_1,n,. Let Qnp—1 = {an7n_17i}ij\£ be that subse-
quence of {i}ivjo such that ann—1 = {J Dnm-1,=Sn-12i-1 N Tnman,r: 1 <i <M
and 1 < k < M}. Let Tnn1 = {F}, 1(Dnm-11)s- Bl i (Dnno1.n,)}
{Tnn-1,0Tnn-115---,Inn-1,n,}, which is a tiling chain cover of B. Note that (1)
T ,n—1,0 contains endy, Ty n—1,N, contains end;, and each T3, 5,1, for 1 <7 < Np —1,
separates B; and (2) for 1 < < M?, the set Fytnyin—1(Tn.n—1,an., ..) is contained
in B and contains a component that intersects both endy and end;. Continue with
this constraction: For —n < m < n, having constructed the tiling chain cover 7, ,, =
{Fl(Dnima)s - Fpdo (Dnm N i)} = {Tnm0s Tnimts -« - Tom Ny in }> & tiling
chain cover of B such that (1) T}, 0 contains endo, T m,N,_,,., contains end;, and
each T, for 1 <i < N,_,,41 — 1, separates B; and (2) Qnym = {amm,i}ij\ifwﬂ isa
subsequence of {i}i-\[:""'o’m+1 such that for 1 <i < M™ ™ the set Fyin yim(Tnman i)

is contained in B and contains a component that intersects both endy and endy, let
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Dpm—1 = {Sm-1,2i : 0 < i < M}U{Sm-12i-1N Thm; 1 <i <M and 0 < j <
Np—m+1}. The collection Dy, ,,—1 is a tiling chain cover of Fyi,,_1(B) that refines

Sm—1, and we can list the links of D, ,,—1 so that they reflect this chain structure and

Dym-1 = {Dpm-1.0:Dnm1.1s- s Dot Nosa b2 With Fyyp_1(endo) C Dpomo1.0
and Fypm—1(endi) C Dpm—1,Ny_pis- Let apmo1 = {ozmm_u}ij\flhm+2 be that sub-
sequence of {i}ivz”o’m+2 such that oy m—2 = {j : Dnm—15 = Sm-1,2i-1 N Tnm,am.x for
some 1 < i< M and 1 <k < M™Y. Let Tp o1 = {Fn__:m_l(Dmm_Ll),...,
Fo (Dot i)} = {Tnm—1.0,Tom—1.15 s Tom—1.N,_in }» Which is a tiling

chain cover of B. As before, (1) T}, ;n—1,0 contains endy contains endo, T m—1,N,_ e
contains end;, and each T}, m—14, for 1 <7 < Ny_pyo — 1, separates B; and (2) for
1 <4< MP ™2 the set Fn+n,n+m—1(Tn,m—lan,mfz,i) is contained in B and contains a
component that intersects both endy and end; .

Now back up a bit: Let £_,, = ~n_17n_n(’fn7_n) = {Fn—lm—n (Th.—n0)s Fn—lm—n

(Ta,—n1) - Fycipen (Tny—nNowsr )} = {L—nosLn, . L_p Ny, 1}, 50 that £, is
a tiling chain cover of Fn_lm_n(B). Consider the subsequence ay,, —, = {an7_n7i}ij\£n+1
of {i};2t. For 1 < j < M2 Fy (T nan vs) = Doy = S—nokn—1 N
To,—n+1,an _ni1, fOr some appropriate ky,i, and is contained in B. Then Fn—n+1m—n
(Th,—nyan,—nj) = Fyons1(S—n 2k, 10 Tn—nitian —niri,) CS—nt1,2k,_1—1N
Tn7_n_|r27am%HJ%1 for some appropriate k,_1, i,_1, and is contained in B, and so
on, until finally, we conclude that Fn—l,n—n(Tn,—n,an,,n,j) - Fn_17n_n+1(s_n72kn71 N
T —nitiom —nsr i) C Fnotm-nt2(Sni12k, s 100 nt2.00 nias ) C oo C So12,-10
Th0,a, 1., for some appropiriate sequences {kn_g}gz_ol, {in_g}gz_ol, and is contained in
B. Note that the subsequence @ng = {on,_1.:}M;)  of {i}i-v:O“ has M™ ™! members,
and each T}, 0,4, _, , separates B and contains M"™ members of {Tm—n,an,fw D Qp,—n,j €
@ n}- Further, Fyon(To —nan ;) C© S-nizkn i Fnntimn(Tn—nan ;) C Fyont
(S—n,2kn—1)NS—n+1,2k, 1—1; and so on, until we conclude that Fn_17n_n(Tn7_n7an,—n,j) -

Fn—1,n—n+1(5—n,2kn—1) N Fn—1,n—n+2(5—n+1,2kn,1—1) N...NS_128,—1.

kY in {1,2, . MY et S(KLL KL 4. k) =

/ /
For each sequence {kl,k 1>

n—1s-
Fn—l,n—n—i—l(S—n,Qk;L—l)an—l,n—n+2(S—n+1,2k;71—l)m- ..NS1 2 1. Each Skl Ky, KY)
contains at least one component that intersects both endy and end;. It follows that
each Ty 0,0,_,, N Sk K (oK) £ 0 for an_1j € an 1, ikl K ... K} €

n—1» n—1»
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{1,2,...,M}", and, in fact, Ty, 0,a_,, N S{k! K. |, ... K} = Fn—l,n—n(Tn,—n,an,,m)
for some 1.

Now the nth floating permanent set Z,, = {z,, € B: the trajectory {...x,;_2,z,—1%
Ty*Tytt,...} C B} = (ﬁj‘?‘;oﬁn__:jm(B)) NnBN (mj=1Fn—1,n—j(B))- For each centered bise-
quence {...,iy_1xipxint1, ...}, let Q({..., in_1xipkiny1,...}) = (ﬂ?;oFij,n(Sj,ziw—l))

NS_1,2i,-1N (m_(]?ian_lvn_j(S_j72in+j_1))' Also, for each centered bisequence {..., 7,1
Qg % ipt1s-..} € {1,2,...,M}%, there is a unique sequence {EJ}J"‘;I such that (1)
the sequence F_17_1(T17_17a11711;1) D F_17_2(T27_27Q2Yi2ﬁ2) D ... is nested, and (2)
Q{1 %iyK*ini1,...}) = my;lﬁn_lm_j(Tm%Wj). Let Q, = {Q"({... ip-1*
Gy Xlggts e b))t {oeeyip_1kip*ipi1,... € {1,2,..., M}%}. Then, by construction, Z, =
U@, , and thus, Z, is a quotient Cantor set with upper semicontinuous decomposition
Q,. Define v, : @, — >0 by m(Q"({. . . in—1%ip*ini1,...}) = { . ig—1xinipt1 ...}
It is easy to check that ~,4q o F;; = oas 0y, . Thus, the first statement of the theorem is

proved. The rest is similar to the corresponding theorem in the previous section, and so

we omit those parts. O

Theorem 5. Topological Horseshoe Theorem-Indecomposable Set Part. Sup-
pose that F : X — X is a homeomorphism, B is a generalized quadrilateral in X with
ends endy, F is a horseshoe map on B with crossing number M , and F has the lockout
property on B. In the Hausdorff metric, the sequence B, F(B),F?(B),... of continua
in X has a unique limit point B, and B is a closed, invariant set which contains the

entrainment set E(B) = {x € X|F~"(x) € B for all sufficiently large n}. Furthermore,

1. B contains an invariant indecomposable continuum I which for some z € Cp,

contains the invariant quotient Cantor set O(z) = NQ, C C C Cp contained in

interior of B and discussed in Theorem 3, and

2. there is an upper semicontinuous decomposition G of B such that the quotient space
G is an indecomposable, locally compact, separable metric space, each composant of

which is an arc-component.

Proof. For each integer k, let Sy = {Sk,0, Sk,1,---, Sk n, } denote the tiling chain con-
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structed in the proof of Theorem 3. Thus, for k > 0, US, = F¥(B), F*(endy) C Sk,
Fk(endy) C Sk,om, and each Sy ;, for 1 <4 < Ny_q, separates FE(B). If k < 0, then
Sk ={S k0,5 k1y--r Sk} = F7Sk) = {F%(Sko), F*(Sk1), -, F¥(Sk.n: )}
and Sy = {S0,0,50,1,---,5.Ny} = S—1 = {S-1,0,5-11,---,5-1.n }- If (d0,41...) is a
sequence contained in {1,.. .M}N, then onﬂ'u..-) =N

neN-Fn(Sl72in_1) is a nonempty

closed subset of B and some component of QE’;O ) intersects both endy and end;.

If (po,pi,...) and (pj,p),...) are distinct sequences, then onﬂ'l,...) N QE’;M;’M) = 0.
Let Wy = {QE’;O i,y ¢ (iosi1,...) is a sequence contained in {1,.. .M}N}. Thus, W

is a collection of disjoint closed sets in B, and W), is an upper semicontinuous decom-
position of By = NW, = ﬂiSOFi(B). Arguing as we did in the proof of Theorem 3,
By is a quotient Cantor set in B, with each member of W, containing a continuum
that intersects both endy and end;. At most countably many of the members of W,
have interior because there are at most countably many disjoint open sets in X . For
each n <0, B, = ﬂignFi(B) = F"(BO) is a quotient Cantor set with respect to the
upper semicontinuous decomposition F"(Wy) = W,, = {Q&n,pn+1,...> : (Pns Prt1s---)
is a sequence contained in {1,...M}NMWOLn=1} “and each member of W, contains
a component that intersects both ends F"(endy) and F"(end;) of F"™(B). For each
n, Bn C Bn+1 Consider Ungogn = Boo. (Since X may not be compact, it is possible
that Bm\(ungoéo@) is empty, or, even if it is not empty, it may be disconnected.) Since
By C Bn+1 for each n, B is the Hausdorff limit of the sequence By, By, Bs, ... Since
F(B,) = Bni1, F(Bso) = Boo .

We can partition each B,, into its components: denote this collection of components
as B, . For each point z in B,,x is contained in some component Ryn of B,,. Then
Rym C Ry for each x, each n, and F(Ry.,) = Rp(z)nt1- Let Ry = Up<oRan, SO
that R, is a connected set in X . Note that for each positive integer n, Ry, C B, C
F™(B). Choose z € C; such that (i) if Q7 denotes the member of Q" (from Theorem
3) that contains z, then (i) both O=(QY) = {F™(QY) : n € N} and OT(Q") =
{F™(QY) :n € N} are dense in Q”; and (ii) R, has empty interior. Since By is an
upper semiccontinuous decomposition of By, and By = {Q € By : QN Cl # 0} is a

closed subset of By that contains O(z), B} is an upper semicontinuous decomposition

of By = UB). The points of continuity of Bj form a dense Ggs-subset of Bj. Let
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By denote such a dense G s-subset of Bj,, and, without loss of generality, assume that
O(z) C By, that no member of By has interior, and that F(UBO) = NBy. Since each
R, has empty interior, R, is first category in B and connected. For each n > 1,
each R, is in the interior (relative to the subspace B) of some component E, g, of
No<i<nF'(B), and moreover, the collection {E, ¢ ,}3%; forms a neighborhood base in B
for the component R . Thus, for each m > 0 and each n > m, each R, ,, is in the
interior (relative to the subspace F™(B)) of some component E, ,, , of Ny<i<nFY(B),
and the collection {E, ,, »}52; forms a neighborhood base for the component R, ,, of
B,,. Let J = {Rpn(z) :n € Z}, and let I=JcX.

If n € Z, there is a sequence mzy, ma, ... of integers, all different from n, such taht
Y(F™ (2)),v(F™2(z)), ... converges to v(F"(z)). Hence, each limit point of v(F™ (z),
Y(F™2(z),... is contained in Rpn(.). Since Rpn(.)o is a point of continuity of By,
Rpmi(2),0, RFma(2),0,... converges to Rpn(z)o (in the Hausdorff metric), and for each
integer k, Rpmi () k, Rpmi(2),k,... converges to Rpn(.) ) (in the Hausdorff metric). Thus,
each Rpn(,) is dense in J. Then, applying Theorem 1, I is indecomposable. Thus, the

first part of the theorem is proved.

Now comnsider the set Cp. Define the upper semicontinuous decomposition G of
B as follows: If (...,i_1,ig,41,...) is a bisequence contained in {1,...M}?%, then
Q(..si_rsioyir,.) = NnezF™(S1,2i,~1) is a nonempty closed subset of B, Q = {Q(....i_,i0,i1,...) :
(...,i_1,%0,11,...) is a bisequence contained in {1,...M}%} is a collection of disjoint
closed sets in B that is an upper semicontinuous decomposition of Cp = {z € B :
F"(z) € B for each~ integer n}, and Wy = {anﬂ'l,.-.) : (4g,41,...) is a sequence con-
tained in {1,...M}N} is a collection of disjoint closed sets in B whose union contains
Cp. Since for 0 < j < Ny, S_k; = F7%(Sk;), and S_x = {S—k.0,5— k.1, s S—k.Nu }
where Sy, = {Sk.0, Sk.1,- -, Sk.N, } is the tiling chain cover of F*(B) in Theorem 3, S_j
is a tiling chain cover of B, and each link S_j ;,1 < j < Ny, separates B. Then since
each an,iu..-) € W,y intersects both endy and end;, and each onﬂ.h_“) is separated
by each link S_j ;,1 < j < N, an,il,...)\CB is a countable union of disjoint open sets

relative to the subspace QE:O R

For each positive integer n, use Urysohn’s Lemma to construct inductively the

Urysohn functions f, : B — [0,1/2"] as follows:
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1) There is a continuous function f; : B — [0,1/2] such that

a) fi(Ui<i<mS—1,2i-1) =1/2,

b) fi(endpUend;) =0, and

c) for z € B\((endo Uend1) U (U1<i<mS—1,2i-1)),0 < fi(z) < 1/2.
2) Having chosen f,_1, there is a continuous function f, : B — [0,1/2"] such that

a) for x € F7""Y(B)N B, fu(x) = fu_1(F""(2))/2, and

b) for € B\F~"*(B), fu(x) = 0.
Then define f(z) = >°°, fu(x) so that f : B — [0,1], f(z) = 1 if and only if
F"(xz) € B for each n > 0, and f(endy Uend;) = 0. Next let go = f and Ty =
{g5(t) : t €]0,1]}. Since f is continuous, =y is an upper semicontinuous decomposition
of B. Then, making use of the way f and F are related, define g, : F"(B) — [0,1]
by gn = foF ™ =gypo F™", and 5, = {g,'(t) : t € [0,1]} so that =, is an upper
semicontinuous decomposition of F"(B). Note that if Y;, € E,, such that Y;, C B, then
Y, is contained in some unique member Yy of Zy. In fact, if Y, € 5,,,Y,, C F™(B) for
0 <m < n, then Y, is contained in some unique member Y,, of Z,,.

For each an,pu.-.) €EWp, let Gy py,.) = {an,m,...)my :Y € Zo}, and for n > 0,
for each Qf,, 4,1,y € War 1t Gopss.) = QG o,y \(Voman@G, ) N
Y :Y € E,}. Again, because of the way f and F are related, the lockout property of
F on B with its consequence that Q(po,pl,...) = UnZOQan,an,...) is a countable union of
nested compact sets, and because each F™(B) is compact, Gpopr,.) = Unzg(pmpwh,,,)
is an upper semicontinuous decomposition of Q(poml,...)' If (po,p1,...) and (p(,p)-..)
are sequences contained in {1, .. .M}N, then if Q(po,pl,...) N Q(%’p/y._.) 0, Q(po,pl,...) =
Qy.p,,...)- Hence, G = U{G(po,p1,..) : (Po,p1,...) is a sequence each member of which
is an element of {1,...,M}} is an upper semicontinuous decomposition of Ny,>0B;,.
Because of the lockout property of F on B, (UG)N (Bso\ Un>0 B) = (), and thus
H =G U{B\ U,>0 B,} is an upper semicontinuous decomposition of By, . (Note that
UnZOBn is open in Boo). Since each Q(po,pl,...) is dense and connected in B, so is the
subspace G(,,M,h,,,) of the space H (which we have endowed with the quotient topology).
By construction, each set g},wh,,,) is dense in G'. Suppose that P : Boo — 'H denotes
the projection associated with the given upper semicontinuous decomposition. For each
Qpnpnsry P Qpppnyy..y) 15 an arc in %, and PQE,,, p1000) D P@G, 5,.0)-
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Specifically, each P(QE’;W+1 pn+2...)) contains exactly those M members of W, in the

set {Qa,pwl...) : 4 € {1,2,...M}}, and the collection {g(m’phm) : (po,p1,...) is a
sequence each member of which is an element of {1,...,M}} is uncountable. Thus,

each é(po,pl,...) is a “folded” ray or line, and each g]m,h,,,) is a composant of G'. Then
G’ is indecomposable, and applying Theorem 1, so is H. Furthermore, each composant
of ‘H is an arc-component, and H is a locally compact, separable, indecomposable metric
space.

Finally, for each nonnegative integer n, let D, = m Then B =
Np>0Dy is a closed, connected invariant subset of X which contains Boo. In fact, if
G = Up>o(F™(B))°, then BoNG=BNG. Thus, G =G U {B\ Un>0 Bn} is an upper
semicontinuous decomposition of B, and, when endowed with the quotient topology, G
is a locally compact, separable indecomposable metric space which is homeomorphic to

‘H, and each composant of H is an arc-component. O

Theorem 6. Noisy Topological Horseshoe Theorem-Indecomposable Set Part.
Suppose that F : X — X is a homeomorphism, B is a generalized quadrilateral in X
with ends endy and endy, F is a horseshoe map on B, and F satisfies the uniform
lockout property on B. There is 6 > 0 such that if for each integer j, F; : X — X is a
homeomorphism with d(F(z), F;(x)) < § for each x € X, then the following hold:

1. In the Hausdorff metric, the sequence B, F_1(B), F_L_Q(B), ... of continua in X
has a unique limit point B, and B is a closed, connected, invariant set which con-
tains the entrainment set E(B) = {xo € X|(F_1,_n)"*(z0) € B for all sufficiently
large n}, and there is an upper semicontinuous decomposition G of B such that the

quotient space G is an arc-component.
2. The system F :Z x X — X defined by F(n,z) = F,(z) preserves

(a) the collection B = {B(n)}nez, where B(n + 1) = Fy,(B) for n > 0, B(n) =

F__llm(é) for 1 <0, and B(0) = B; and

(b) if we define for G€ G, Gin+1) = FOW(G) forn >0, G(n) = F__llm(G) forn <0,
and G(0) = G; and for n € Z, G(n) ={G(n) : G € G}, then each G(n) is an upper
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semicontinuous decomposition of B(n), and as space, is an indecomposable, locally

compact, separable metric space, when G(n) is endowed with the quotient topology;

(¢c) the system F preserves the ordered collection G = {G(n)}nez since for G € G(n),
F(n,G) = F,(G), and if we define S : UG — UG by Im(G,) = F,(Gy) for
each Gy € G(n), then each 3|G(n) : G(n) — G(n+ 1) is a homeomorphism, and

preserves the collection G ; and

(d) the system & : UG — UG is conjugate to the homeomorphism F : G — G, where we
define F(G) = F(G) for G € G (from the previous theorem), with the conjugating
homeomorphism ~, : G(n) — G being the one induced naturally by the respective

constructions of G(n) and G.

Proof. Suppose B has ends endy and end; ; side; the lockout set for F is BT, a closed
neighborhood that contains B in its interior and has the property that for some € > 0,
if z € BT, then d(F(z), BT) > ¢; and the lockout number for F is Np = N. There is
€/2 > €1 > 0 such that

el) if F/ : X — X is a homeomorphism with d(F(x), F'(z)) < €; for each z € X,
then —g;ff?i;}e&dﬁgg =0, (F')"Yendy U endy) N Dy, (endg Uendy) = 0, and

Dy, (F'(side)) N Dy, (side) =0,

e2) each F” is a horseshoe map on the generalized quadrilateral B with ends endyp and

end; and the same crossing number M as F'; and

e3) if F{,..., Fy is a collection of N homeomorphisms on X such that for each ¢ € X,
|F(q)—F](q)| < €1, and if Fj, o...0F;, has the property that if ¢ € D., (F(B)—B),
then Fj, o...0 F;(q) is in X\B" (in other words, each F/ is chosen so close to
F that the resulting composition of N homeomorphisms satisfies an appropriately

modified version of the strong lockout property).
Next there is some § > 0 such that ¢ < €;/2, and if

ed) if C' and C’ are different components of B N F'(B) that intersect B\ D, (endy U
endy ), then the Hausdorfl distance from C and C’ is greater that 44, and
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eb) if C and C” are different components of D, (F’(B)\B), then the Hausdorff distance
from C' and C' is greater than 44.

For each integer j, suppose that F; : X — X is a homeomorphism with d(F(z),
F;(z)) < ¢ for each z € X. Note that for each j, Fj(endoUend;)N D, (endy U endy) = 0,
and F}(endy Uendy) N Dy, (endy U endy) = 0.

For each n € Z, the permanent set Z, = {x, € B: the trajectory {...x,_2,Ty—1%
Ty * Tytt,...; C B} = (ﬂj‘?‘;oﬁn__:jm(B)) NBN (ﬂj‘?‘;lﬁn_lm_j(B)). For each centered
bisequence {...,4y_1%%y*ipt1,...}, there corresponds exactly on member Q7({.. ., 4,—1%
in*int1,...}) of the upper semicontinuous decomposition Q, of Z,, and Q"({...,i,—1
i *ingrs 3 = (N5 Fl (S)20,05-1)) N S—12i,-1 N (OS2 Fty (S 2i,,,-1)) - We
are adopting the notation of Theorem 4.

Let n = 0. If (p1,p2,...) is a sequence contained in {1,... M}V then Qaupz,m) =
S_1,2p,-1 N (N2 F1,—;(S—j,2p,~1)) is a nonempty closed subset of B and some cam-
ponent of Qalm%.“) intersects both endy and endy. If (p1,p2,...) and (p},ph,...) are
distinct sequences, then Qalm%.“) N QZ;’14>’27~-~) =0, Wy = {Qahmw) : (p1,p2,...) isa
sequence contained in {1,...M}N} is an upper semicontinuous decomposition of By =
BN (ﬂizlﬁ_L_i(B)), Zo C UW,, and By is a quotient Cantor set in B. For each n > 1,
B, = miZnF—l,—i(B) = F—l,—n(BO) is a quotient Cantor set with respect to the upper

+ . ;
Prt1,Dng2r.) - (Pn+1,Pnt2,---) is

a sequence contained in {1, .. .M}N\{lv"”“}}, and each member of W,, contains a compo-
nent that intersects both ends F_L_n(endo) and F_L_n(endl) of F_L_n(B). For each
n, Bp C Bpy1. Consider UnZOBn = By (As before, it is possible that Bm\(UnZOBn)

semicontinuous decomposition F_L_n(Wo) =W, ={Q

may be empty or disconnected.) Since B, C Bn+1 for each n, the sequence By, By, Bo, ...
has the Hausdorff limit B.,. Arguing as we did in the previous proof, the entrainment

set E(B) = {z € X : for some positive integer N, if n > N,, F__I{_n(x) € B} C B .

For each negative integer n, let D, = UmZnF—l,—m(B)- Then B = Nn>0Dn
is a closed, connected invariant subset of X which contains Beo. In fact, if G =
B° U (UnZO(F_L_n(B))O), then Boo NG = BN G, and the Hausdorff limit of the
sequence F_L_l(B), F_L_Q(B), F_L_g(B), ... is B. Since for each positive integer k,
each Qalm%.“) is separated by each link S_j ;,1 < j < Nj (from the proof of Theorem

4), Qan - “.)\ZO is a countable union of disjoint open sets (relative to the subspace
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+
Q(;th%m))'
Adopting the notation of Theorem 4, for each n > 1, let 71 _,, = {T_1 50,
T 1,—nis oo T_L_n’an} denote the tiling chain cover of B obtained by applying
Lemma 2 to F~'_17_n and then F~'__117_ on B. Thus, for each n > 1,

n
1. Ty _y 0 contains endy and T_; , ny_, contains end;,
2. 7.4, _p—1 refines 7_; _,, and

3. F—L—n(T—l,—n) = {F—l,—n(T—IrmO)a F—l,—n(T—L—n,l)a cees F—l,—n(T—L—n,an)}

is a tiling chain cover of F~'_17_n(B).

For each nonnegative integer n, use Urysohn’s Lemma to construct inductively the
Urysohn functions f, : B — [0,1/2"] as follows:

1) There is a continuous function fy : B — [0,1/2] such that

a) fo(BNF 1 (B)) = 1/2,

b) fo(endpUend;) =0, and

c) for z € B\((endy Uend,) U (BN F; *(B)), 0< fo(z) < 1/2.

2) Having chosen f,,_1, there is a continuous function f,, : B — [0,1/2""1] such that

a) for z € Fn_—ll,O(B) N B, ful®) = fo1(Fn_10(z))/2, and

b) for z € B\F'n__lLO(B), fulz) =0.

Then define f(x) = Y07, fa(z), so that f: B — [0,1], f(z) = 1 if and only if
F_L_n(x) € B for each n > 0, and f(endy Uend;) = 0. Further, note that f has been
constructed carefully so that f “preserves the system F|N x X in that preimages of
points in [0,1] are carefully chosen to coordinate with the Fj, ‘s(n > 0) in the appropriate
order. Next let go = f and Zg = {g;*(t) : t € [0,1]}. Since f is continuous, = is
an upper semicontinuous decomposition of B. Then, making use of the way f and F
are related, define g, : F_;_,(B) — [0,1] by g, = fo F_‘i_n = gpo F_‘i_n, and
Z, = {g,(t) : t € [0,1]} so that =, is an upper semicontinuous decomposition of
F_L_n(B). Note that for Y, € Z,, Y,, C B, and Y,, is contained in some unique
member Y,, of =,,.

For each an,pum) eW,let Gpopi,..) = {an,m,...)my :Y € Zo}, and for n > 0,
for each Qz;;n,pn+1,...) EW, G0 i) = {(Qampwl7,,,)\(U0§m<nQammm+l7,,,))) ny :
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Y € E,}. Note that Zy € UW,. For n > 0, for each Q?;;mpn+1,...> € Wy, let

Gonprir) = (@, poir \Ft—ni1(B) NY 2 Y € En} = {Fo1,n(Q, . )
\F_1,—ns1(B))NY : Y € E,}. Again, for each sequence (po,pi,...) contained in
N 3+ _ + 5 _ 5
{1, M}7, let Qipopr,) = U"ZOQ(pw,7m,+17~-~) so that Gpo,py,..) = Unz0G(pnpnsis..)
is an upper semicontinuous decomposition of Q(p, p,,...). Further, G = u{g(,,mph,,,) :
(po, p1,-..) is a sequence each member of which is an element of {1,...,M}} is an
upper semicontinuous decomposition of UnZOBn; and, as in the previous proof, G =
G u {B\Unzoén} is an upper semicontinuous decomposition of B, each Q(po,pl,...) is
dense, first category, and connected in B, and so is the subspace G(,,M,h,,,) of the space
G (which we have endowed with the quotient topology). If (po,p1,...) and (py,pl,--.)
are sequences contained in {1,...M}N, then if Q(po,pl,...) N Q(%’p/y._.) 0, Q(po,pl,...) =
Q(%J"pm)' Since {an,m,...) : (po,p1,...) is a sequence each member of ~Which is an
element of {1,...M}} is uncountable and for each (pg,p1,...) € {1,..., M}N, Q?;n,m,...)
contains exactly M members of G’, G’ has uncountably many distinct composants and is
indecomposable, and applying Theorem 1, so is G. Because of the uniform lockout prop-
erty of F on B, with its result that for each n >0, QE;W Prr1on) N (Unzlﬁ_L_n(B)) =
Q(po,pl,...)ﬂ(Un21F—1,—n(B)), and anml,m) - Qalm%.“) C ...,G is an indecomposable,

locally compact, separable, closed metric space. The rest then follows easily. O

Remark Results similar to those of the last two theorems concerning indecomposability
associated with entrainment sets hold, of course, for destination sets as well. The en-
trainment set and destination set for a topological horseshoe need not be homeomorphic,

howewver.

4. Associated and Future Work

Since doing this research, we have learned that Konstantin Mischaikow, M. Carbinatto,
J. Kwapisz, and M. Mrozek have been studying topological horseshoes for the last several
yeras. (See [CKM], [CM], [MM] and [S].) However, those results approach the subject

from a different, more algebraic perspective namely that of the Conley index.
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We are currently writing a second paper generalizing the results in this paper by (1)
eliminating the requirement that F be a homeomorphism ( F needs only be continuous);
(2) eliminating the requirement that a generalized quadrilateral @ be connected (Q
needs only to be a closed neighborhood); and (3) eliminating the requirement that
the background space X be locally connected (X needs only to be a locally compact,
separable, connected metric space). Our results hold even with these more general
hypotheses. We also prove more facts about topological horseshoes and their entrainment
sets, and we hope to be able to relate our work to that of Mischaikow, Carbinatto,

Kwapisz, and Mrozek.
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