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Seiberg-Witten invariants of mapping tori,
symplectic fixed points, and Lefschetz numbers
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1. Introduction

Let Y be a compact oriented smooth 3-manifold with nonzero first Betti number. Two
nonzero vector fields on Y are called homologous if they are homotopic over the com-
plement of a ball in Y. An Euler structure on Y is an equivalence class of homologous
vector fields (see Turaev [33]). Let £(Y) denote the space of Euler structures on Y. If Y
carries a Riemannian metric then an Euler structure can also be defined as a cohomology
class e € H?(SY;Z) on the unit sphere bundle SY in TY which restricts to a positive
generator on each fiber (with the orientation given by the complex structure 7 — v X 7).
The correspondence assigns to each unit vector field v : Y — SY the Euler structure

ey = PD(v.[Y]) € H*(SY; Z).

With the second description it follows that there is a free and transitive action of H?(Y'; Z)
on the space of Euler structures, given by

H*(Y;Z)x E(Y) = E(Y): (h,e)—h-e=e+"h.
Moreover there is a natural map
E(Y) — H*(Y;Z): e c(e)
1L

which assigns to e = PD([v]) the Euler class of the normal bundle v
related by c¢(h - €) = ¢(e) + 2h. Turaev introduces a torsion invariant

T:EY)—Z

. These maps are

which is a kind of refinement of the Reidemeister-Milnor torsion. In the case b1 (Y) =1
this function depends on a choice of orientation of Hy(Y').

A unit vector field v : Y — SY also determines a spin® structure 7, on Y (see Ex-
ample 3.1 below). Turaev [33] observes that two such spin® structures 7,, and v,, are
isomorphic if and only if the vector fields vy and v; are homologous, and hence there
is a natural bijection between £(Y) and the set S¢(Y') of isomorphism classes of spin®
structures on Y (see also [26]). Now the Seiberg-Witten invariants of Y take the form of
a function

SW: S(Y) — Z
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As above, this function depends on a choice of orientation of Hy(Y) whenever b, (Y) = 1.
In [33] Turaev conjectures that the Seiberg-Witten invariants and the torsion invariants
of Y should agree under the natural identification of £(Y") with S¢(Y"). The purpose of
this paper is to outline a proof of this conjecture for mapping tori.!

Theorem 1.1. Let ¥ be a compact oriented Riemann surface and f : ¥ — X be an
orientation preserving diffeomorphism. Denote by Yy the mapping torus of f. Then

SW(Y7,v) =T Yy, ep)
for every nonzero vector field v on Y.

The horizontal vector field 9/0t determines a canonical Euler structure ey € E(Y7).
Likewise, there is a canonical spin® structure vy € S¢(Yy) which corresponds to ey under
the isomorphism £(Yy) = S¢(Yy). Hence both £(Yy) and S¢(Yy) can be naturally iden-
tified with H?(Y};Z). A cohomology class in H?(Y};Z) can be represented as the first
Chern class of a complex line bundle over Y. Every such line bundle is isomorphic to the
mapping torus of a lift f : E — E of f to a unitary bundle automorphism of a Hermitian
line bundle over X:

E L E
! -
y %

Let d = deg(E) := (c1(E), [¥]) and denote by e, 7 € £(Yy) and v, 7 € S°(Yy) the Euler
and spin® structures induced by f . Then the assertion of Theorem 1.1 can be restated in

the form
SW(Yf, ,yd,f) = T(Yf, edj)

for every Hermitian line bundle E — ¥ and every automorphism f : EF — FE that descends

to f.

2. Lefschetz numbers

Let M be a compact smooth manifold and ¢ : M — M be a continuous map. Denote
by Q4 the space of continuous paths x : R — M such that z(¢ +1) = ¢(z(t)). For x € Q
denote by [x] € mo(y) the homotopy class of the path. Two pairs (¢o, Po) and (¢1,P1)
with P; € mo(Qy,) are called conjugate if there exists a homeomorphism ¢ : M — M
such that ¢; = ¥~ o ¢g o1 and P; = ¥*Py. They are called homotopic if there exist
a homotopy s — ¢5 from ¢ to ¢1 and a continuous map [0,1] x R — M : (s,t) — x4(t)
such that z, € Qg, for all s and [xg] = Po, [x1] = P1. Every fixed point z = ¢(z)
determines a constant path in Q4. For P € mo(Qy) let Fix(¢, P) denote the set of all

IWhile this paper was written the author received a message that Turaev had proved the conjecture
for general 3-manifolds [34]. Turaev’s proof is based on the work by Meng-Taubes [20].
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fixed points z € Fix(¢) with [¢] = P. If ¢ is smooth then a fixed point = € Fix(¢) is
called nondegenerate if det(1l — d¢(x)) # 0. In this case the number

ind(z, ¢) = sign det(ll — d¢(x))

is called the fixed point index of x.
The Lefschetz invariant assigns an integer to every pair (¢, P) where ¢ : M — M is
a continuous map and P € my(£2y). It is characterized by the following axioms.

(Fixed point index): If ¢ is smooth and the fixed points in Fix(¢, P) are all nonde-
generate then

L($,P)= » ind(z,¢).
z€Fix (¢, P)

(Homotopy): Homotopic pairs have the same Lefschetz invariant.
(Naturality): Conjugate pairs have the same Lefschetz invariant.
(Trace formula): The Lefschetz number of ¢ is given by

L(¢):= Y L($,P)=> (—1)'trace(¢. : Hi(M) — H;(M)).

7)677[)(9(15) 1

(Zeta function): The zeta function of ¢ is given by

o Lk
Golt) = e (Z%L(&))
dika:1

= [ det(a—em ) (1)
1=0

o

= > t1L(5%).
d=0
Here ¢* denotes the k-th iterate of ¢ and S%p : S*M — S?M denotes the homeo-
morphism of the d-fold symmetric product S*M induced by .

(Product formula): If the periodic points of ¢ are all nondegenerate then

G =T TI ez, ¢b)h)s@eHnd@en,

k=1z€P(¢.k)/Zr
Here £(z, ¢*) = signdet(1 + d¢*(z)) and P(¢, k) denotes the set of periodic points
of minimal period k.

The Lefschetz invariant is uniquely determined by the “homotopy” and “fized point index”
axioms. The “trace formula” is the Lefschetz fixed point theorem. The “product formula”
is due to Ionel-Parker [16] and also plays a crucial role in the work of Hutchings—Lee [14,
15).
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Proof of (1) and the product formula. The second equation in (1) follows from the trace
formula and the identity

1 A¥

det(1— A)~1 = Sl

et(1 ) exp Z k:

k>1
The third equation follows from the identities
d
L(S%¢) = Z(—1)jtrace(AjHodd(qb))trace(Sd_j He(9)),
j=0
det(1— A) = Z(—l)jtrace(AjA), det(1— A)~!' = Z(—l)ktrace(SkA).
§>0 k>0

To prove the product formula note that the indices of the iterated periodic points are
given by

ind(z, ¢*%) = ind(x, ¢*)e(z, o*) L.
Let p* (¢, k) denote the sum of the fixed point indices of the periodic orbits in P (¢, k)/Zy,
which satisfy (z, ¢¥) = £1. Then

LR = 30 5 (0" 0o kfm) + (-1 (9, k/m) .

nlk
This implies
SN TR kt* kt*
t°L = k)y——+p (¢, k) —— | .
S tne) =32 (v 60 6 R )
Divide by t, integrate, and exponentiate to obtain the product formula. O

Let us now return to the case of a diffeomorphism f : 3 — ¥ of a Riemann surface and
alift f: E — E to an automorphism of a line bundle of degree d. For d > 2 such a lift
determines a homotopy class P, 7 € mo (Qgay) (Lemma 7.1). If d = 1 then P, j denotes a
union of connected components of 2gay.

Theorem 2.1. Let ¥ be a compact oriented Riemann surface, E — X be a Hermitian
line bundle of degree d, [ : X — ¥ be an orientation preserving diffeomorphism and
f: E — E be an automorphism that descends to f. Then

SW (Y7, 7, 7) = L(S* £, P, f)-
The proof of Theorem 2.1 is outlined below. Full details will appear elsewhere.
Theorem 2.1 implies Theorem 1.1. In [14, 15] Hutchings and Lee proved that
T(Yy,eq5) = LIS, Py 5)-

Their proof is based on a comparison between the topological torsion and the torsion
of the Morse complex of a closed 1-form «, twisted by a suitable Novikov ring. The
quotient is the zeta function given by counting the periodic solutions of the gradient flow
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of a. In the case of mapping tori the proof can be thought of as an interpolation between
a representative of a without periodic solutions (giving the torsion invariant) and one
without critical points (giving the Lefschetz invariant). |

Corollary 2.2. Let 3 be a compact oriented Riemann surface of genus g and f : X — 3
be an orientation preserving diffeomorphism. Then

> SW(Yp, )t B2 = 1 mg(t),
vese(Yy)

Proof. The characteristic class of the spin® structure v,  satisfies (v, f~) X =2d+2-2g.
Hence the result follows from Theorem 2.1 and (1). O

Note that (¢ is a polynomial if and only if 1 is an eigenvalue of the automorphism
[*: HY(X) —» HY(Z) or, equivalently, by (Yy) > 2.

3. Seiberg-Witten invariants

Fix a Riemannian metric on Y. A spin® structure on Y is a pair (W,~) where W — Y
is a Hermitian rank-2 bundle and v : TY — End(W) is a bundle homomorphism which
satisfies

V()y(w) =~(v x w) = (v, w)1
for v,w € T,Y. The characteristic class of v is defined by c(y) = c1(W) € H2(Y;Z).

Ezample 3.1. A unit vector field v : Y — TY determines a spin® structure (W, y,,) where
W, = C ® vt and

( ) 90 — _Z<775 U>90 + (77) 91) + Z<U xmn, 91)

RACANA (n,v)v x 01 — (Reby)(n — (n,v)v) — (Imby)v x n

for 6y € C, §; € v, and n € TY. The characteristic class of this structure is ¢(v,) =
c1(vh).

Let A(y) denote the space of connections on the square root det(1)/2 of the de-
terminant bundle of W. Every connection A € A(y) determines a spin® connection V4
on W which is compatible with the Levi-Civita connection on TY. The Seiberg-Witten
equations on Y take the form

DO =0,  y(xFa+x*n) = (00"), (2)

for A€ A(y) and © € C®(Y,W). Here Dy : C*°(Y,W) — C>(Y, W) denotes the Dirac
operator induced by Va, Fa € Q%(Y,iR) denotes the curvature form of A, and (©00*), €
C>(Y,End(W)) is defined by (00*)o0 = (©,0)0 — |©|0/2 for § € C=(Y,W). The
metric identifies TY with T*Y and so v induces a bundle isomorphism between T*Y @ C
and the bundle Endg (W) of traceless endomorphisms of W. This isomorphism identifies
the imaginary valued 1-forms with the traceless Hermitian endomorphisms of W. The
2-form n € Q?(Y,iR) represents a perturbation. Since d*y~1((©0*)y) = ilm (DO, O)
equation (2) has no solutions unless 7 is closed.
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Remark 3.2. (i) The solutions of (2) are the critical points of the Chern-Simons-Dirac
functional CSD,, : A(y) x C(Y,W) — R given by
1 1
CSD,(A,0) = —5/ (A— Ag) A (Fa+ Fa, +21) — 5/ Re (D40, ©)dvol.
1% 1%

(ii) Every solution (A, ©) of (2) with © # 0 satisfies
sup |©]% < sup (2|77| - f) ,
v v 2

where s : Y — R denotes the scalar curvature [17]. This implies that the space of gauge
equivalence classes of solutions of (2) is compact.

(iii) The augmented Hessian of the Chern-Simons-Dirac functional is the self-adjoint
operator H 4o on the space Q°(Y,iR) & Q1 (Y,iR) & C>(Y, W) given by

P d*a — iIm (O, 0)
HA,G) o = dy + *da — ’7_1((9@* + ©6* )0)
0 —D4b — v(a)® — O

If (A, ©) is a solution of (2) with © # 0 then

Y A+ |D[*)
HaoHae a = Ao + |@|2a — 2¢Im <VA@, 9)
0 DuD A0 + |@|29 — 2VA7a@

(see [26]). Hence every triple (¢, v, 0) € ker H 4 o satisfies ¢ = 0. It follows that the kernel
of the augmented Hessian agrees with the kernel of the actual Hessian dCSD, (A, ©) on
the quotient Q(Y,iR) x C(Y, W)/{(d¢, —£0) | € € Q(Y,iR)}.

A solution (A4, 0) of (2) with © # 0 is called nondegenerate if H4 g is bijective.
In [9] Froyshov proved that for a generic closed perturbation n the solutions of (2) are
all nondegenerate, and hence form a finite set of gauge equivalence classes (see also [26]).
Perturbations with this property are called regular. Let (A, ©) be a nondegenerate
solution of (2). Then the index uSW (A, ©) is defined as the spectral flow of the operator
family [-1,1] 3 s — H, where Hs = Ha so for 0 < s <1 and

ST d* 0
Hs = d *d+sm 0 , -1<s<0.
0 0 Da

This operator is injective for s < 0. (See [23] for an exposition of the spectral flow.) The
index SV (A, ©) is well defined whenever the Hessian H Ao is injective. It satisfies

uwtdu

iV (4, u10) — SV (4, 0) = [ ] e (W)

211
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for every gauge transformation u : Y — S'. This number is always even. The Seiberg-
Witten invariant of (Y, ) is defined by

SW(o) = > (e (3)
[A,0]€Crit(CSDy,)

for every regular perturbation 7, where the sum runs over all gauge equivalence classes of
solutions of (2). If b;(Y) > 1 then the right hand side of (3) is independent of 7 and the
metric and depends only on the isomorphism class of the spin® structure v (see [26] for
details).

Remark 3.3. Care must be taken when b1 (Y") = 1. In this case the right hand side of (3) is
not independent of 1 but may change when 7 passes through the codimension-1 subspace
for which there are solutions of (2) with © = 0. This is the case whenever

[%] F (W) =0

(in deRham cohomology). To avoid this it is convenient to fix an orientation of H(Y)
and, for each metric g on Y, denote by a, € Q!(Y) the unique harmonic 1-form which
has norm 1 and represents the given orientation of H'(Y). Then we impose the condition

n
ev(g,m) == —/ —ANag—c1(W) - [ag] <0
y T
in the definition (3) of the Seiberg-Witten invariant.

4. Vortex equations

Let ¥ be a compact oriented 2-manifold of genus g. Fix a volume form w € Q?(X)
and denote by J(X) the space of complex structures on ¥ that are compatible with the
orientation. Let £ — ¥ be a Hermitian line bundle of degree

d = {c1(E), [%])

and denote by A(FE) the space of Hermitian connections on E. For every J € J(X)
there is a natural bijection from A(F) to the space of Cauchy-Riemann operators on E.
The Cauchy-Riemann operator associated to A € A(E) and J € J(X) will be denoted
by aLA :C®°(%,E) — Qg’l(E, E). When the complex structure is understood from the
context we shall drop the subscript J. The vortex equations take the form

©0®

05,400 = 0, *xiFq + — =T (4)

for A € A(E) and ©g € C* (X, E). Here 7: ¥ — R is a smooth function such that

/ Tw > 27d.
b
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The space of gauge equivalence classes of solutions of (4) will be denoted by
{(A,09) € A(E) x C*(X,E) | (4)}
Map(X%, S1) '

This space can be interpreted as a symplectic quotient as follows. The space A(E) x
C>™ (%, E) carries a symplectic form € given by

Q(a, bp), (o, 0;)) = —/ oz/\o/—i—/zlm (6o, 0w (5)

P

M(J, T) = M&d(g], T) =

and a compatible complex structure («, 6) — (*a, ifp). The gauge group G = Map(X, St)
acts by Hamiltonian symplectomorphisms and it is a simple matter to check that the
moment map is given by

A(E) x C™(%,E) — C®(E) : (A4,00) — *iFp + |0]*/2.
Now the space B
Xy ={(A,00)]0400 =0, Oy £ 0}
is a complex submanifold of A(FE) x C*°(X%, E) and is invariant under the action of G.

Hence the moduli space M(J, ) of solutions of (4) can be interpreted as the Marsden-
Weinstein quotient X /G (7).

Remark 4.1. The tangent space of Mx 4(J,7) at (A, O¢) consists of all pairs (6, 1) €
C>(%, E) x QY1(X) that satisfy

_ S 1
8]7,490 + a10y = 0, Jdj aq — 5(@0, 90) =0. (6)

Here «; is the (0, 1)-part of an infinitesimal connection a € Q!(X,iR). Since 20*a®! =
d*a — *ida (cf. [26, Corollary 3.28]) the second equation in (6) decomposes into xida +
Re (0g, 00) = 0 and d*a—ilm (Og, y) = 0. The first of these equations is the infinitesimal
version of the second equation in (4) and the second is the local slice condition for the
action of the gauge group. Now the left hand sides of the equations (6) determine an
operator D e, which satisfies D o, Dae, = Aj + |O0|?/2 and hence is surjective.
This shows that the moduli space M(J, 7) is smooth.

Remark 4.2. The Jacobian torus of F is the quotient
A“(E E 2
= g( ) Aéc ), A“(E) = {A| «iFy = Vof(é)}.
Here the complexified gauge group G¢ = Map(%, C*) acts on A(FE) by
uA=A+ut0u—atou.
With v = e : ¥ — R we obtain u*A = A + xidf and *iF,«4 — *iF4 = d*df. Hence
u*A € AY(E) if and only if d*df = 2wd/Vol(X) — *#iF4. This equation has a unique

solution f with mean value zero. Hence each complex gauge orbit of A(FE) intersects
A¥(E) in precisely one unitary gauge orbit.

IR

JaCzLd(J) :
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Remark 4.3. The moduli space My 4(J, 7) can be identified with the GIT quotient X;/G¢
(see Garcia-Prada [11]). To see this let u = e~/ : © — R. Then, by Remark 4.2,
*iF«a — xiFs = d*df and hence the pair (u*A,u"10) satisfies the second equation
n (4) if and only if

@ 2
d*df + le% =7 — %iFy.

This is the Kazdan—Warner equation and, since the right hand side has positive mean
value, it has a unique solution f : ¥ — R [26, Appendix D]. This establishes the bijection

M&d(g], T) = XJ//Q(T) = XJ/gc-
There is a holomorphic projection
M&d(g], T) - Jand(J)

given by [A4,©0]¢ — [A]¢. This is an embedding whenever dim ker 94 < 1 for every
Ae A(E).

Remark 4.4. The complex quotient My 4(J, 7) = X;/G° is the set of effective divisors on
3 and can be identified with the symmetric product

XX x X

Sa '
The projection X; — S9¥ assigns to a pair (A, ©g) the set of zeros of ©y. Thus every
complex structure J € J(X) determines a smooth atlas on S?%. For different choices of

J the coordinate charts are not compatible but have only Lipschitz continuous transition
maps.

M27d(J, T) X Siy =

5. The universal connection

The next theorem shows that the moduli spaces My 4(J, 7) can be identified as sym-
plectic manifolds, and that the symplectic structure depends only on the mean value
of 7.

Theorem 5.1. Let [0,1] — J(X) x C®(X) : t — (Ji, 7¢) be a smooth function such that
fz 7w = 0 and choose [0,1] — QY(X) : t — oy such that 7 + *do, = 0. Then there is a
symplectomorphism

w = w{Jtﬂ'mUt} : M(JO; TO) — M(Jl, Tl)
defined by [A(0), ©0(0)] — [A(1), ©9(1)], where

iAZRG(@Q,@1>—O', iéoz 5]7,4*@1, (7)
and ©1 = O4(t) € Q?,;l(E, E) is the unique solution of the elliptic equation
|@0|2 _ 1 7 0,1
8JA8JA O, + 61—5(8J7A60)0J+0'760. (8)

If Jo = J1, 10 =11, and fo osds = 0 then v is Hamiltonian.
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Choose o; = #:df; where f; : 3 — R is the unique function of mean value zero which
satisfies 7; = d**df;. The resulting symplectomorphisms ¢y s, -3 : M(Jo, 70) — M(J1,71)
determine a universal Hamiltonian connection on the fibre bundle over J(X)xCg° (X)
with fibres M(J, 7). Here C°(X) denotes the space of functions with fixed mean value
m > 2md.

Remark 5.1. Suppose that A(t), O¢(t), and O1(t) satisfy
Z(A—d\I/) ZRe<@Q,@1>—U, i(®0+\lf@o)= 5]7,4*@1, (9)

and (8). Let [0,1] — G : t — u(t) be a solution of the ordinary differential equation
u~ 1 + ¥ = 0. Then the functions

A=A + u_ldu, éo = u_l(‘)o, él = ’Lb_l@l
satisfy (7) and (8).

Ezercise 5.2. Suppose J; = J and 7¢ = 7. Let ¢ : M(J, 7) — M(J, 7) be defined by the
solutions of (7) and (8). If o1 = dh; prove that the v are generated by the Hamiltonian
functions Hy([A, ©g]) = — [, ih¢Fa. In general, prove that Flux({¢;}) € H'(M(J, 7)) is
the cohomology class of the 1-form

1
Tia,0M(J,7) = R (a, 6p) — / 0 A, o :/ o, ds.
b 0
Prove that the flux is zero if and only if o is exact.
To prove Theorem 5.1 it is useful to examine the spaces
XJ70- = {(A, @Q) S .A(E) X COO(X, E) | 5J7A+ig@0 =0, (SH) $ 0}

for J € J(X) and o € Q(X). Suitable Sobolev completions of these spaces are Banach
manifolds.

Lemma 5.2. For every J € J(X) and every a € QY(X) the space Xy, is a complex sub-
manifold of A(E) x C*°(X, E) with respect to the complex structure («, bp) — (xa, ibp).

Proof. The tangent space of X, at the point (A,©y) is the kernel of the operator
Dy atio,o, : A, iR) x C®(X%, E) — QY1(Z, E) given by

A 0,1
D A+ic,0, (@, 00) = 01 a+icb0 + @™ Op.

The identity (xya)%! = ia%! shows that this operator is complex linear. Its L?-adjoint
DJ,A-H'U,@()* : QOJ(Ea E) - Ql(za ZR) X Coo(z, E) is given by

Dy ario.o, 01 = (ilm (Og, 61), s aric 61).
Since (ilm (G, 01))%! = (O, 01)/2 we obtain
* 3 3 * 1
Dy Atio,00 D Avie,0, 01 = 05 a1ic 05 At+ic Oh + 3 100?61

It follows from elliptic regularity that D 4100, is surjective and hence X, is an infinite
dimensional manifold. O
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The required identification of the moduli spaces M(J,7) arises from a symplectic
connection on the universal bundle

E=J{(Jo)} x Xy — T(2) x (D).

J,o

Think of £ as a submanifold of the space J(X) x Q1(X) x A(E) x C®(X%,E). The
formula (5) defines a closed 2-form on £ which restricts to the given symplectic form
on each fibre. Hence it determines a symplectic connection on &, where the horizontal
subspace at (J,0, A, ©q) is the Q-complement of the vertical space T(4,0,)Xs. We call
this the universal symplectic connection on £. The next proposition gives an explicit
formula for this connection.

Proposition 5.3. A smooth path [0,1] — & : ¢t — (J(t),0(t), B(t),O0(t)) is horizontal
with respect to the universal connection on & if and only if

iAzRe <@0,@1>, iéo = 5]7,4_;,_1'0*@1, (10)
_ _ * |@Q|2 o 1 7 - 0,1
07 A+ic 07 Atic ©O1+ T@1 = 5(8J,A+i060) oJ +¢"" 0. (11)
Every horizontal path satisfies
d Oy ?
- (*iFA + %) =0. (12)

Proof. A path t — (J(t),0(t), A(t),O0(t)) in £ is horizontal with respect to the universal
connection if and only if

(*JA, Z@Q) 1 ker DJ7A+/L'0-7@0
for every t. By the proof of Lemma 5.2, this holds if and only if
(*JA, Z@Q) € im DJ7A+/L'0-7@0 .
The formula for this operator in the proof of Lemma 5.2 shows that this means
x7A = ilm (99, ©1), Q0 = Jjatioc O1
for some ©; € QYL(X, E). Since *;Im (09, 01) = Im (Og,i01) = Re(Og, O1), this is
equivalent to (10). Since (A4, ) € X, for every ¢ we obtain

0 = —0544i00
p J,A+ioc 90

= 5]7,4_;,_1'060 + AO’I@Q + id’o’l@o + %(dA—i-io@O) oJ

_ = NI -
= —i0ja1i0 05 A+ic ©O1— i 20| O1 + 5(91,4+i00) 0 J + "'y

Hence O, is given by (11).
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Conversely, suppose that the path ¢ — (J(t),o(¢), A(t), O (t)) satisfies (10) and (11)
as well as (A(0),©0(0)) € Xj(0),0(0)- Then the same argument as above shows that

_ i .
E&LA—HU(—)O = 5(8J,A+i060) oJ

and hence 0 7,A+ic©0 = 0 for all t. We prove directly that the path is horizontal. If
5]7,4_4_1'090 +a%'0y =0 then, since * ;A = iRe (i©g, ©1),

Q((4, ©0), (a, 0)) = /E(Re(*JA,a)+Re(i®0,90))w

/ (Re <ZR€ <i@0, @1), Oé) + Re <5},A+ia@1’ 90)) w
by

= / Re <@1, 5]7,4_4_1'090 + a0’1@0> w
>
= 0.

To prove (12) note that d*(Gg, ©1) = (O, 5J7A+ig*@1> —(0.4+i0©0, ©1). Using xidA =
d* x5 iA = d*Re (0O, i01) we obtain

2
% (*iFA + |@2O| ) = *ZdA+R€ <@0,®0>

= d*Re <@0, i@1> — Re <@0, 7 5]7,4_;,_1'0*@1)
—Re (07, 44i0©0,101)
= 0.

This proves the proposition. O

Proof of Theorem 5.1. Define A'(t) € A(E) and o’(t) € Q'(3, E) by

t
A'(t) = A(t) —id'(t), o' (t) = / o5 ds.
0
Then the map X ;) — Xj),0r(r) : (A(t), Oo(t)) — (A'(t), Op(t)) is a Kéhler isomorphism.
Now equations (7) and (8) show that
iAI = ZA + o0 =Re <@0, @1>, iéo = 5]7,4*@1 = 5]7,41_;,_1'0/*@1

and O satisfies (11) with A and o replaced by A’ and ¢’. Hence, by Proposition 5.3, the
map Xj(0),0/(0) — Xs1),0r(1) : (A’(0),00(0)) — (A'(1),00(1)) defines a symplectomor-
phism which is Hamiltonian if the loop is closed (cf. McDuff-Salamon [19, Chapter 6]).
Now use the identification of X 4/(x) With X ;) to deduce that there is a well defined
symplectomorphism

X0y -2 X1y : (A(0), 09(0)) — (A(1), Oo(1))
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that is Hamiltonian whenever J(0) = J(1) and ¢’(0) = ¢’(1). Since

d [ . 90* _
dt <*ZFA'+ 5 | =0

we have

d , O, d . d
dt (Tt — xiFy — %) =gt *id(A' = A)) = qrt e =10,

and hence the symplectomorphism ) maps the solutions of (4) with (J,7) = (Jo, 70) to
those with (J,7) = (Ji, 7). Let ¥ : M(Jp,79) — M(J1,71) denote the symplectomor-
phism induced by . If J(0) = J(1) and fol osds =0 then ¢/(0) = ¢/(1) = 0. In this case

1) is a Hamiltonian symplectomorphism and hence, so is ©. This proves the theorem. O

6. Symmetric products

The rational cohomology of the symmetric product is well understood and can be
computed in terms of symmetric differential forms on X¢. For j < d one obtains

HI(SS)y 2NN 2.
where AJ = AJH(X). Hence

C(57) = S (1 1) (2]9> - (—1>d(29d‘ 2>.

§=0
This description of the cohomology is functorial with respect to the action of the mapping
class group of ¥. Hence

d
L(S*f) =) (~1)7(d+ 1 — j)trace(A/ f*)
j=0
where S f denotes the induced map on S¢% and f* denotes the induced endomorphism
of H(X).
For d = deg(E) > 2g — 2 the Riemann—Roch theorem asserts that the space of holo-
morphic 1-forms with values in any holomorphic line bundle E of degree d is zero. Hence

the space HY(X, E) of holomorphic sections has complex dimension d + 1 — g. It follows
that S9Y is a fiber bundle over the Jacobian with fiber PH?(X, E) = CP4~9:

CP¥9 — 8% — Jacs 4.

In particular, this shows that the first Chern class ¢; = ¢ (TS’dE) evaluates on the positive
generator A € m(S9Y) by

c(Ad)=d+1—g
whenever d > 2g — 1. (This continues to hold for all d > 2.)
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Proposition 6.1. The space
Ms.qg=Msa(J,7) ={(A,00) € A(E) x C=(S, E) | (4)}
is connected. If d > 2 then /\;127(1 is simply connected and
T (Ms,q) = 10(G) = 729
Ifd =1 then My 1 =3 and ﬂl(/\;lz,1/51) is the Torelli group.
Proof. We prove that My, 4 is connected. To see this note that there is a fibration
G Ms g — Ms 4. (13)

Fix a point (4,0g) € /\;127(1 such that ©¢ has d distinct zeros. Since My 4 is connected
it suffices to prove that, for every u € G, the points (4,0) and (u*A,u"'Og) can be
connected by a path in /\;127(1. Moreover, it suffices to consider one gauge transformation
from each of 2g components that generate mo(G). Choose a circle C' C ¥ that contains
precisely one zero of Oy and choose a gauge transformation v : ¥ — S such that u =1
in the complement of a small neighbourhood of C' and

]~ pogen.

211

Then the required path from (4, ©g) to (u*A,u"'0g) can be obtained by sliding the zero

of ©¢ once around C. This shows that My 4 is connected.
We prove that, for d > 2,

71 (S9%) = Hy(%;Z) = 729,

(This is well known and the first identity extends to symmetric products of any compact
manifold. We include a proof for the sake of completeness.) Fix a base point ¢ € X
and note that every loop in S¢% has the form [vi,...,7q4] : S* — S¢¥ for d based loops
~; + 81 — ¥. Moreover,
[’715 .- -a’Yd] ~ [C, G "Yd]'
Since the ordering of the ; is immaterial it follows that 7 (S?Y) is abelian. If v : S — %
is not homologous to zero then there is a cohomology class o € H'(X;Z) such that
{a, [y]) = 1. This gives rise to a cohomology class on S¢% which pairs nontrivially with
[c,...,c,v]. Hence m1(S9Y) = H1(%;7Z).
We prove that, for d > 2, there exists a pair (J, 4) € J(X) x A(F) such that

dim® ker aLA > 2.

(This is also well known.) Think of CP! as the space of complex lines in C? and denote
by H — CP! the tautological bundle whose fibre over a line £ € CP! is the dual space
¢* = Hom(¢,C). Then a holomorphic section of H has the form s(¢) = ¢|, where ¢ €
Hom(C?,C). This space has evidently dimension 2. Now choose a branched covering
u: Y — CP?! of degree d > 2. Then the pullback bundle E = u*H — ¥ has degree d.
Choose A € A(E) to be the pullback of the tautological connection on H and J € J(X)
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to be the pullback of the standard complex structure on CP'. Then the kernel of 0 7,A
has dimension at least 2.

Suppose that d > 2. We prove that M J,d is simply connected for every J and every
7. By Theorem 5.1 it suffices to prove this for some J. Consider the homotopy exact
sequence of the fibration (13). It has the form

m(G) — m(Msq) — m(Ms,qa) — m0(G) — 0. (14)

We have proved that m1(Msyx 4) = Z?9 whenever d > 2. Since mo(G) = Z%9 and the
homomorphism 71(Msx 4) — 7o(G) is surjective it follows that this homomorphism is
injective. Hence the homomorphism (/\;127(1) — 71 (Myx,q) is zero. Now m1(G) = Z and
the image of the homomorphism 71 (G) — m; (/\;lz,d) is generated by the loop

S — My a(J,7) : e = (A, €e0y).

We have proved that, for d > 2, there exists a complex structure J € J(X) and a
connection A € A(E) such that dim® ker d; 4 > 2. For this choice the aforementioned
loop is obviously contractible. Hence the homomorphism 71 (G) — 71 (/\;127(1) is zero for
some J and, by Theorem 5.1 it is zero for every J. Hence the exact sequence (14) shows
that /\;127(1 is simply connected. O

7. Symplectic fixed points

Theorem 5.1 shows how to construct a homomorphism of symplectic mapping class
groups

Diff (¥, w)/Ham(X, w) — Diff(M(J, 1), Q) /Ham(M (J, 1), Q).

Here Diff(X,w) denotes the group of orientation and area preserving diffeomorphisms
of ¥ and Ham(3,w) denotes the subgroup of Hamiltonian symplectomorphisms. Let
f € Diff(3,w) and choose a lift f of f to a unitary automorphism of E. Any two such
lifts f, f' : E — E are related by

F=mu)of = Fomuo )

for some u € G, where m(u) : E — E denotes the obvious action of u. Let R — J(X) :
t — J; be a smooth family of complex structures such that

Jop1 = I

Denote by ; : M(Jy, ) — M(J;, 7) the symplectomorphisms induced by the solutions
of (7) and (8) with 7 = 7 and o¢ = 0. Then the symplectomorphism

baf = ba sy =1 o f i M(Jo,T) — M(Jo,T)

is independent of the choice of the lift f and, by Theorem 5.1, its Hamiltonian isotopy
class is independent of the path {.J;}.
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We examine the components of the path space €2y, ,. Denote by ’P of the space of
all smooth paths R — A(E) x C®(%, E) : t — (A(t),O0(t)) that satisfy [A(t), Oo(t)] €
M(Jy, 7) and the periodicity condition

A(t+1) = fFA®t),  Oo(t+1) = f*O(t).
The group Gy of gauge transformations R — G : ¢ — u(t) that satisfy
u(t+) = ut) o f
acts on this space and the quotient will be denoted by
Paj="Paj/9r

This space can be naturally identified with a subset of {1y, , via the map that assigns
to every path ¢ — [A(t),O0(t)] in P, 7 the path v : R — M(Jo,7) given by 7(t) =
Ui H([A(t), ©0(t)]). Evidently the set Qg,,; is the union of the sets P, 7 over all unitary
lifts of f. The next lemma shows that each set P, 7 is a component of Qy, , and that
HY(%;7Z)
Q >
7T0( ¢d,f) 1m(]1—f*)
This identification is not canonical.
Lemma 7.1. Suppose that d > 2. Then, for every unitary lift f:E — E of f, the space
Pyjisa connected component of Qg, .. Two such lifts f and f determine the same
component if and only if there exists a w € G such that f' = f o m(u) and

utdu

27

] cim(l— f*) c H(%;Z). (15)

Proof. By Proposition 6.1, the space of all solutions of the vortex equations (4) is simply
connected. Hence ’P 7 is connected and hence, so is P, 7 Now let f and f’ be two
unitary lifts of f. T hen the following are equivalent.

(D): Pyj="Pyp-
(ii): P, NP, # 0. o
(iii): There exists a u € G that satisfies f' = f o m(u) and (15)

We prove that (iii) implies (i). Suppose that u : ¥ — S* satisfies (15) and choose a closed
1-form o € Q'(X) with integer periods such that the 1-form v~ du/2mi —o + f* o is exact.
Choose v : ¥ — S such that v~ 'dv/27i = 0. Then (vo f)u : X — S! is homotopic to v.
Hence there exists a path R — G : ¢ — v(¢) such that v(0) = v and

v(t+1) = (v(t) o fu.
Let t — (A(t), Og(t)) be a path in ﬁd,f and denote

A'(t) =v(®)"At), (1) =v(t)'Oo(t),  f = fom(u).
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Then
At+1) = v(t+1)"A(t+1)
= ot + 1) frA(t)
= u"(u(t) o f)* FRA()
= " ffu(t)"A(t)
= TA®).
A similar identity holds with A(f) replaced by ©g(t). This shows that the path ¢ —
(A'(t), ©p(t)) lies in P, 7. Thus we have proved that there is a bijection
Paj = Pap : {A®), G0} — {v(t)" A1), v(t) ™' Oo(t)

This proves (i). That (i) implies (ii) is obvious since P, § # (). That (ii) implies (iii)
follows by reversing the arguments in the proof that (iii) implies (i). This step is left as
an exercise to the reader. |

A fixed point of ¢4 ¢ in the class P, 7 can be represented by a path

R — A(E) x C®(%,iR) x C*(%, E) x Q¥ E)
t = (A(t)a\l/(t)a(-)o(t)a@l(t))

that satisfies the equations

5 _ : 90* _
ajt7A@O =0, xiFy + T =T, (16)
*t(A—d\I/) Zi1m<@0,@1>, Z(@Q +\If@0) = 5]7,4*@1, (17)
5 & * |©0]? 1 :
05,,4075,.4 O1+ 5 0, = 5(8J,,,A@O) o J, (18)
and the periodicity condition
A(t+1) = frA(t), U(t+1)=U(t)o f, (19)

Ou(t+1) = f*Ou(t),  O1(t+1)=f*O(t).

Here (16) asserts that [A(¢), ©¢(t)] € M(J, 7) for every t, (17) and (18) assert that the
path ¢t — [A(t),O(t)] is horizontal with respect to the universal connection, and (19)
asserts that the path ¢ — [A(t),O0(t)] belongs to P, 7. Two such paths represent the
same fixed point if and only if they are related by

(A,0,00,0;) — (B +u tdu, ¥ +uti,u" 10, u"10,)

for some u € Gy.
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8. Mapping tori

We examine the Seiberg-Witten equations on a mapping torus. As before, let ¥ be
a compact oriented smooth 2-manifold of genus g equipped with a volume form w. Let
f € Diff (¥, w) and denote by

Y =RxX/~
the mapping torus. The equivalence relation is given by
(t+1,2) ~ (t f(2)).

Choose a smooth function R — J(X) such that J;41 = f*J; and denote by

(o de= s i) + i)
the Hermitian form on 7Y induced by J; and w. Such a family of complex structures
determines a metric on Yy and a spin® structure.
The canonical spin® structure

The canonical spin® structure on Yy, determined by the family {J;} of almost complex
structures, will be denoted by 7y : TY; — End(Wjy). The Hermitian rank-2 bundle
Wy — Yy is given by

Wp = {(t,z,@o,@1) [tcR,2€%,0,€C, 0, c Ag;lT;E}/ o
The equivalence relation is

(t + 1, z, Oy, @1) ~ (t, f(Z), ©y,010 df(Z)_l)

and v has the form

wsn o (&)= (it Sy )

for t,7 € R and ¢ € T,%. This structure is isomorphic to 7, in Example 3.1 for the
vector field v = 9/0t. To see this identify TS with the bundle A>1T*Y via 6; — ©; =

—(01)/V2.

Lemma 8.1. Let n = ne —m Adt € Q*(Y;,iR), i.e. nmao(t) € Q*(X,iR) and m(t) €
QL(X,iR) satisfy ni(t + 1) = f*n;(t). Then

Vr(x3(n2 —m A dt)) = (©0%)o
if and only if

60 —1©4]? _

5 0,  *m —iV2Im (g, 0;) = 0.

*112 +
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Proof. The Hodge *-operator on 2-forms on Y7 is given by

k3 (12 — n1 A dt) = xanedt + xan1,

where 9 denotes the Hodge *-operator on X. Let v : ¥ — T'X be the vector field dual to
Immn;. Then Jo is dual to *Imn; = —Immn; o J and

61(Jv) = (' 61), (-, Jv) =20
Hence
90 90
vt (*3(n2 —m A dt)) 0, =y ((x2m2)dt + *2m1) 0,
_ ( —i(*gng)eo — Z\/§91(JU) >
i(*gng)el + i(', JU)GO/\/Q
- ( —(x2ima )00 — iv/2(n)"", 61) >
(x2im2)01 +iv/2n}" 6o '
Compare this with the formula

o g [ Mo+ (©1,01)0¢ ~|©o]* =6y
(667)08 = ( _ 76, + (©0, 60)O1 > AT T

to obtain *iny + A = 0 and
(80,01) = iVt =i /V2 =1 o J/V2 =iy V2 + xm [V2
Since 71 is an imaginary valued 1-form, this is equivalent to i{Im (0, ©1) = %1/ V2. This

proves the lemma. O

The canonical spin® connection

Computation in local coordinates shows that the vertical tangent bundle of the fibration
Y; — S! is invariant under the Levi-Civita connection. The direct sum of this bundle
with C is isomorphic to Wy and this gives rise to a spin®-connection V = Vy on Wy. In
explicit terms V; agrees with the Levi-Civita connection of the metric w(-, J;-) over each
slice {t} x ¥ and the covariant derivative in the direction 9/0¢t is given by

. 1 .
Vi©1 =061 + 5@1 oJJ.
If ©; is of type (0,1) then so is V;0;1. Let Ay denote the Hermitian connection on
det(W;)/? induced by V;. The curvature of Ay is the 2-form
iKt Qg
FAf = —Tw— ?/\dt,
where K; : ¥ — R denotes the Gauss curvature of the metric w(-, J;-) and oy € Q1(%,iR)
is defined by

.1 )
(Imay)J =V + S JVJ.
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The Seiberg-Witten equations

Let E — ¥ be a Hermitian line bundle and choose a lift f : E — E of f to a unitary
automorphism of E:

f

F — F
! -
y %

Such a lift determines a Hermitian line bundle Ez = R x Ey/ ~ over Yy where

(t+1,2,00) ~ (., f(2), f(2)00).

A connection on E has the form A(t) + U(t) dt where A(t) € A(E) and ¥(1) € Q°(x,iR)
satisfy (19). The curvature of this connection is given by

Farwag =Fa— (A—d\I/) A dt.
Now consider the twisted spin® structure
,yd,f : TYf _)End(Wd,f)’ de ZWf ®Ef

The Dirac operator on the Riemann surface with the standard spin® structure is equal to
the Cauchy-Riemann operator determined by J and multiplied by a factor v/2 (cf. [26,
Theorem 6.17]). Abbreviate

. . 1 .
ViBOg = Og + ¥y, V1591=(91+‘I/@1+§@10JJ

For ©g = Oq(t) € C*(%, E) and ©; = O, (t) € Q%(X, E). Then the Dirac equations for
the twisted spin® structure have the form

~iViO + V20,401 =0,  iV;O1 + V295400 =0. (20)
By Lemma 8.1, the second equation in (2) decomposes as
K CHEECHE

i(Fa )+ 4 % _o, (21)

% (A—d\I/Jr % +771) = iv/2Im (Qy, ©1). (22)

Here n = ny —m A dt € Q*(Yy,iR) is the perturbation. Together with the periodicity
conditions (19) these are the Seiberg-Witten equations on Y7 for the spin® structure Ya,f
The goal is now to relate the solutions of these equations to those of (16), (17), (18),
and (19) which correspond to the fixed points of ¢4  in the class ’Pd7 Iz

As a first step we choose a perturbation

A dt T n K oy
= —_ =1 —_ _— w = —_——,
n=mn-—m ) 2 9 9 ) Uit 9
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If 7 is independent of ¢ then this form is closed. Next we would like to get rid of the
various factors v/2. For this it is convenient to rename ©p and the metric on X by:

@Onew — \/56001(1, wohew — _wold, Ktnew — 2Kt01d.

Then the Hodge x-operator on 1-forms (on X) remains unchanged, the Hodge *-operators
on 2-forms are related by *"¢V = 2x°4 and the norm of a 1-form in the new metric is
by a factor v/2 bigger. Moreover, the product K;w and the 1-form oy are invariant under
this scaling. All this is just change in notation and the Seiberg-Witten equations now
have the following form.

iViOp = 04 O1, —iV,01 = 0460, (23)
9 2

by QIO (24)

* (A - d\p) = iIm (O, O1). (25)

The comparison between (23), (24), (25) and (16), (17), (18) involves an adiabatic limit
argument.

The Chern-Simons-Dirac functional
Fix a path of connections Ag(t) € A(E) such that Ag(t 4+ 1) = f*Ag(t). Consider
the Chern-Simons-Dirac functional on Y with the spin® structure -, Iz the basepoint

Ay 4 Ay, the perturbation n = i7w/2 — F,, and the above renaming of w and ©g. This
functional has the form

1 [t o
CSD.(A,U,0) = 5/ /(A—AO)/\(A—i—AO)dt
0 Je
1
— / / (W(FA +iTtw) + Re <@1,8Jt7,4@0>w> dt
0 Je
1t
+§/ / (Re (i%@o,@o) — Re (iv,:@l,(‘)l))wdt
0o Je
If ©; = 0 and (A(t), ©9(t)) € M(J;, 7) then
e o .
CSDT(A, v, @) = 5 / / ((A - AO) A\ (A + AO) + Re (i@o, @Q>w> dt.
0 Je
This is the symplectic action of the path ¢ — [A(t), Op(t)].
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9. Adiabatic limits

The main idea is to change the parameters in the equations (23), (24), and (25). We
multiply the metric on ¥ by a small constant €2 and simultaneously divide 7 by the the
same constant:

We = EQw, Te = e 2,
This does not affect the product 7w and hence the original perturbation n remains un-
changed. The new equations have the form

iViOo =¢e20;4 01, —iV;01 = 07400, (26)
2 21012

“2yip, o QL O 2 (27)

%t (A - d\p) — ilm (©y, ©1). (28)

Here the Hodge *-operators are to be understood with respect to the old metric and the

dependence of ¢ is made explicit. Now it is convenient to rename the variables ©y and
61 by

@Onew _ E@QOld @ new 5_1@101(1.
Then the Seiberg-Witten equations (26), (27), and (28) translate into the form
iV;Qp = 0,4 O1, —iV;01 = £20,, 400, (29)
o, B0 04
2 F | 0 _ —
€ (*z A+ = T 5 (30)
% (A - d\p) = ilm (6, O1). (31)

This already looks promising. The first equation in (29) and (31) are reminiscent of
the equations for parallel transport in (17) and the other two equations give the vortex
equations in the limit € — 0. The crucial point is to control the behaviour of ©; and its
derivatives in the small € limit. The first step in this direction is the following observation,
which relates the section ©; in the Seiberg-Witten equations to the variable ©; in (18).

Lemma 9.1. Every solution of (29), (30), and (31) satisfies

o, e
075,,4075,4 01+ 190" Ol

@1 — —(GJ, A@Q) (@) Jt =& VtVt@l (32)
Proof. First recall that
= d
V;07,,400 = o —(04,,.400) + W30y, 400 + = (aJ, 40p) o JJ.
Since

idA@Q = (8]7,4@0) o J - (5]7,4@0) o J
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this gives the commutator identity
_ _ . 1 .
V04,400 — 04,,4V,0p = (A — d¥)*'0q + 5(0,480) © Jy.J1. (33)
Moreover, (31) is equivalent to

p 1
(A= d)*t = 5(@0, ©1).

Hence
01,405,401 = id;, AV
= iV, 400 — i(A — d¥)"1O, — %(a,,,,A@O) o Jids
1 1 .
= EQVtVt(‘)l — 5(@0, @1)@0 + 5(8Jt7,4@0) o J;.
This proves the lemma. O

Remark 9.1. Tt is interesting to consider the special case of the product
Y=5"x%
with the product metric and the product spin® structure
i : TY — End(Wy),

where Wy = S x (E® A»'T*Y ® E) and E — ¥ is a Hermitian line bundle of degree d.
In this case J can be chosen independent of ¢, the adiabatic limit is not required, and (32)
with € = 1 takes the form

[90/?
2

Take the inner product with ©; and integrate to obtain

1 . 1
/ / (|aA 01 + (%O + 7 O |@1|2>wdt=0.
0 >

This implies that either ©p = 0 or ©1 = 0. Since the mean value of 7 — xiF4 is positive it
follows that ©1 = 0. Moreover, by choosing an appropriate gauge transformation, we may
assume without loss of generality that U(¢) = 0 for all ¢. Then it follows that A(t) = A
and ©(t) = Og are independent of ¢ and satisfy the vortex equations. In other words, the
moduli space of solutions of the Seiberg-Witten equations over S* x ¥ can be identified
with the symmetric product and a standard perturbation argument now shows that

SW(S! x ,74) = x(59%) = T(S* x ¥, e4). (34)

07,405,401 —ViV,01 + 0, = 0.

All the other invariants are zero and this proves Theorem 1.1 in the product case. A
similar argument works whenever some iterate of f is the identity.
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The proof of Theorem 1.1 in the general case is considerably deeper. It is obvious
from (30) that the square of the L2-norm of Oy is bounded below by twice the mean value
of 7 — %iF4. Hence one can introduce 0 (t) € Qg;l (3, E) as the unique solution of (18).
In particular, one has to prove that the difference ©; — | converges to zero as € — 0.
This requires some pointwise estimates on the functions g, ©1, ©) and their derivatives
that are reminiscent of some of the estimates that appear in the work of Taubes [29, 30].
This is related to the convergence question. From the other side one needs a singular
perturbation result which asserts that near every nondegenerate solution of (16), (17),
(18), and (19) (corresponding to a fixed point of ¢4 in the class P, 7) there is, for
e > 0 sufficiently small, a solution of the Seiberg-Witten equations (29), (30), and (31)
that satisfies the same periodicity condition (19) (contributing to the Seiberg-Witten
invariant SW (Y7, Va, f)) Once the one-to-one correspondence between gauge equivalence
classes of solutions has been established, one needs to compare the fixed point index with
pSW. This amounts to a comparison of the spectral flows. The full details of the proof
will appear elsewhere.

10. Floer homology

There is a 4-dimensional version of the adiabatic limit argument. After the appropriate
choices of perturbation, change in parameters, and scaling the Seiberg-Witten equations
over the tube R x Yy take the form

V.00 +iViOp = 0,4 O1, Vi01 — iV;01 = £720, 46p. (35)
2 2
o (vra B YO e g "

Here s is the real parameter and A+ ® ds+ ¥ dt is the connection on the bundle R x E P
R x Y. In the adiabatic limit ¢ — 0 the solutions of these equations degenerate to
holomorphic curves in the moduli space My, 4(J, 7) = S9%. Explicitly, the limit equations
have the form

07,,4600 = 0, ¥iFs +100]?/2 =T, (38)
(DA — d®) + #; (3, A — d¥) = iIm (O, O,), (39)
V.00 +iVi0g = 0y, 4 O1, (40)

60

_ _ " 1 .
07,,405,,4 O1+ 6, = §(aj,,,A@O) o J;. (41)

2
The small ¢ analysis should now give rise to a proof of the following analogue of the
Atiyah-Floer conjecture [1, 3, 4, 5].
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Conjecture 10.1. For every f € Diff(X,w) and every lift f of f to a unitary auto-
morphism of a line bundle E — X of degree d there is a matural isomorphism between
Seiberg- Witten and symplectic Floer homologies

HFWY (Y}, 7y, 7) — HEY™ (4.5, P, 7).
These isomorphisms intertwine the natural product structures:
SW SW SW
HE™" (Yy, 7, 7) @ HFY (Yg, 7a,5) = HF" (Yyg,74.75)

! ! ! -
HEY" (g5, Py 7) @ HEF¥"P (a9, Pag) — HEY"P(darg, Py 75)

Theorem 2.1 asserts that the Seiberg-Witten and the symplectic Floer homology groups
have the same Euler characteristic. The comparison of the spectral flows shows in fact
that they can be modeled on the same chain complex. The adiabatic limit argument
should prove that the boundary operators agree for € sufficiently small.

One of the difficulties in the proof of Conjecture 10.1 lies in the presence of holomorphic
spheres with negative Chern number. Such spheres exist in My, 4 whenever the genus g
and the degree d satisfy

S+l<d<g-1 (42)

In this case the new approaches to Floer homology in the presence of holomorphic spheres
with negative Chern number are required (cf. Fukaya—Ono [10], Liu—Tian [18], Ruan [24],
and Hofer—Salamon [13, 25]). If (42) does not hold then the standard theory applies
(cf. [6, 7, 8, 12, 21, 22, 28, 25, 27]). In this case the proof of Conjecture 10.1 should be
quite analogous to the proof of the Atiyah-Floer conjecture for mapping tori in Dostoglou—
Salamon [3, 4, 5].
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