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SOME RESULTS ON SPACE-LIKE LINE CONGRUENCES
AND THEIR SPACE-LIKE PARAMETER RULED
SURFACES

E. Ozplmaz

Abstract

Using dual vectors, space-like ruled surfaces was introduced in [2]. In this paper,
we define space-like line congruence and their space-like parameter ruled surfaces
Ri1(t) and Ra1(t) of R. Then, by choosing space-like parameter ruled surfaces
as space-like principle ruled surfaces, we obtain some relations among the magnitudes

of space-like ruled surfaces Ri(t), Ri1(t).

1. Introduction

Let A = a + eap be a dual number, A € ID = {(a,a0) | a,a0 € R} and ID be a
commutative ring with a unit element. We call the dual number € = (0,1) € ID dual
unit and €2 = (0,0).(ID3,+) is a module on the dual number ring. We call it ID-module,

and dual vectors are the elements of this modul. We denote dual unit vector A as

A =(a,ag) =a+eag , aa=1aag=0, (1)
where a,ag € IR3. The dual vectors with unit length correspond to oriented lines of E3
[1].

Theorem 1.1. The oriented lines in IR® are in one-to-one correspondence with the

points of the dual unit sphere in I1D3.
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The scalar product of two dual vectors A = (a,ag) = a+ eag and B = (b,bg) = b + €byg

18

AB = a.b + ¢(bag + abg) =cos ¢ — ep” sin g, (2)

*

where, ¢ is the real angle between dual unit vectors A and B and ©* is the shortest

distance between the lines.

The Blaschke trihedron (A1, Aa, As) depends on the ruled surface striction of A1 (t)
in dual space D3 [1]. According to this, the first azis Ay of the trihedron is the generator
which passes from the striction point of the ruled surface, the second axis Ao is the surface
normal at this point and finally the third axis As is the tangent of the striction line at

this point.

2. Dual Lorentzian Space D3

Let we consider vector space R of R® provided with Lorentzian inner product of
signature (4,4+,-). For any vector a =(a1,az, as) of R3 ;

i) if (a,a) > 0, a is said to be space-like,

ii) if (a,a) < 0, a is said to be time-like,

iii) if (a,a) =0, a is said to be light-like (null)

The Lorentzian and hyperbolic sphere of radius 1 in R$ are defined by

S? = {a = (a1,as,a3) € R}, (a,a) = 1} (3)

H? = {a = (a1, a,a3) € R? {a,a) = —1} (4)

respectively.
By considering the Lorentzian inner product, we may write inner product of A and

B as follows:

334



OZYILMAZ

AB = a.b + ¢(bag + abyg) (5)

We call it dual Lorentzian space which is defined and denote by ID3.

Definition 2.1. Let A = (a,ag) =a+eag € ID}. The dual vector A is said to be
space-like if the vector a is space-like, time-like if the vector a is time-like, and light-like
(or null) if the vector a is light-like.

We also defined the time orientation as follows:

A time-like vector A = a + eag is fulture pointing if the vector a is future pointing.

Definition 2.2. Let A, B€ ID}. We define the Lorentzian cross product of A and B

by
E, E, —F;
ANB=| A, Ay A (6)
B, B, Bs

where, A= (Al, AQ, Ag), B= (Bl, BQ, Bg) and E1 VAN E2 = Eg, E2 VAN E3 = —Eg, Eg, E3 VAN
By =—Ey, [2].

3. Space-Like Congruence in Dual Lorentzian Space ID?
A space-like line congruence in line space R? can be represented by a unit space
like dual vector which is depending on two real parameters u and v as follows:
R(u,v) = r(u,v) +er*(u,v) , RZ*=1 (7)

The dual arc element of a space like ruled surface of space-like congruence can be given

as

ds? = dR? = (R,du+ Rydv)?
= —Edu® + 2Fdudv + Gdv? (8)
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Where

E=-R?) F=R,R, G=R?
E=e+ece* F=f+ef* G=g+eg*

9)
ez—ri f=rury gzrg
e =2ryry  ff=rurr gt =21
The differential forms I and II of the space-like line congruence are
I = —edu?® + 2fdudv + gdv®
II = —e*du® + 2f*dudv + g*dv® (10)
respectively. If we use the relations (8),(9) and (10), we have
dS? =1 +ell (11)
and the dral of a space-like ruled surface of space like congruence can write as
1 II
-=— 12
d 21 (12)

Definition 3.3. Let i and é be extremum values of the dral. These values are called
principle drals.

The principle drals can calculated following relation:

—edu + fdv —e*du+ f*dv

(13)
fdu + gdv fr*du+ g*dv
Thus, we may write mean dral and Gaussian dral as follows, respectively:
1.1 1
h=-(—+— 14
3l d2) (14)
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1
 dids

k (15)

Definition 3.4. The space-like ruled surfaces which are obtained by the relation (13) of

the space like congruence are called the space-like principle ruled surfaces.

Definition 3.5. The space-like ruled surfaces u=constant and v=constant of a space-like

line congruence are called the space-like parameter ruled surfaces.

4. The Relations Among The Magnitudes of the Space Like Ruled Surfaces
Rl,Rll and R21

Let we consider a space-like ruled surface R=R(t) of the space-like congruence
R=R(u,v), Where, u and v are functions of t.

Let we write the space-like parameter ruled surfaces as

R11 = Rll(u, ’Uo)andRzl = Rzl(UQ, U) (16)

The space-like ruled surfaces R1,R11 and R2; have common space-like line which

is defined by the following relation:

Ro = R(uo,v0) = R1(ug, v9) = Ra1(uo, vo) (17)

Blaschke trihedrons of these space-like ruled surfaces are in the following form:

(Ro =R;1,R2,R3) ,(Ro=Ri1,R12,R13) ,(Ro=Ra21,R22,Ra3) (18)

Where Rz, Ri2 and Ras are time-like, R13, R3, R22 and Ry are space-like. Thus we

may write

R?=R2Z=1,R2=-1R3AR; =Rz, R;AR3=-R;,R; ARy = —Rg
R?, =R};=1,R?,=—1R13AR11=+R12, Ri2A Ri3=—R11,R11 AR12=—Ris (19)
R3, = R3, =1,R3; = —1R23 ARa1 = —Ra2, R22 A Ras = —Ra1, Ra1 AR22 = Ras
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On the other hand, if we choose the space-like paremeter ruled surfaces as space
like principle ruled surfaces, we may write f{=0 and f* = 0. Thus,

F=0, RyRy=0 (20)

can write.
The dual arc elements of the space-like ruled surfaces R1,R11 and Ry can be

given respectively as

dS = Pdt ,dSl = Pldu ,dSQ = PQd’U (21)

where

- R -V RE-VER-VRE-VG P-\RE ()

du dv
/ _ _ _
R; =R, + R,
Using (21) and (22), we have
dS; = VEduanddSy; = vVGdv (23)

The derivative formulas of these Blaschke trihedrons, defined by (18), are

Rll = PRZRI =PR; + QR3R§3 = QR;
R}; = P1R12R}, = P1R12+ Q1R13R ;3 = Q1R12 (24)
51 = P2R2oR5, = —P2Ra21 — Q2Ra3R5; = —Q2Rao

Thus, the Blaschke vectors of the Blaschke trihedrons can be given by the following

relations:

B=-QRo+PR3s ,B;1=-Qi1Ro+PiRi3 ,B2=-Q2Ro—P2Ros (25)

respectively.
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The dual unit vectors Ra,Rj2 and Rgs which are the second edges of the trihe-

drons (18), can be written as

Ro=—=—=(R R 26
2=p ~pBugy T Rvg) (26)
R/ R R
Ry, — v1 _ Ru_ Bu 27
TP, P1 VE @7
: R R
Rop = —22 = Y = ¥ 28
27 p, P3 G (28)
Using the relation
R.xR,
R=——— 29
[Ru xRy | 29)
, we can express the relation (29) for the common space-like line Rg as
R'LL ) R'U b
Ro (UO UO)x (UO UO) R(UQ,UQ) (30)

B H Ru(UIO;UO)va(UIOaUO) H B
In our study, we will take the space-like parameter ruled surfaces as the space-like

principle ruled surfaces. Thus, if we consider (20), (27) and (28), we have

Ri2.R22 =0 (31)
From the relation below

Ry xRy

e Ro (32)

Ri2 X Ra2 =
and from (26), (27) and (28), we obtain

P1 du Pz dv
—_— ——R 33
P a2 T P gp e (33)

Thus, using the dual angle between the unit dual vectors Ro and Rz, we may

R, =

write

Ro = ch®R1s + sh®Rao (34)
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where

dS; du dSs dv
ch S \/_dS , sh S GdS (35)
dSs G dv

and from (19) and (34)

—R3=Rgp xRg = ROX(Ch(I)Rlz + Shq)Rzz) (37)
—R3 = Chq)Rl;g — Sh\I/Rz;g (38)

are obtained. Then, by the relations (19) and (32), we have

Ri2 X Riz = —Ro, R22 xRaz3 =-Ro ,Ri2 xR22=Rpg
Ri2 x (R13 + R22) =0 — Ry3 + R22 = MRy2 (39)
R22 x (R2s —Ri12) =0 — Ras — Ri2 = NRa2 (40)

where M and N are dual scalars. Taking dot product of the both sides of (39) and (40)
by the unit dual vectors R12 and Rea, respectively, and considering the relations (18)
and (31), we have M=0 and N=0. Then, if we insert the values M and N into (39) and
(40), we have

Ri2 = —Ra2 (41)
R23 = Ri2

Finally, we obtain following teorem:

Theorem 4.2. The edges of Blascke trihedrons of the space-like parameter ruled surfaces
coincide with each other under the condition that their directions and orders are not the

same.
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Result 1. The Blaschke vectors B, B; and Bs can be expressed following form by the
vectors Riz2, Ras and Ryg.

It is clear that

B = —QRO + P(—Ch@Rzz — Sh@Rlz)
B: = —-QiRo—PiR22 (42)
B, = —Q2Ro—P2Rq12

can be written easily from (38) and (41)

Result 2. If the trihedron (R, R12 = Ra23, R13 = —Ra22) moves on the striction curves
of the space-like parameter ruled surface Ryq, it changes as a function of dual arc Sy of
v=constant ruled surface. If the (Rg, R12 = Ra3, R13 = —R22) moves on the striction
curves of the space-likeparameter ruled surface Rj1, it changes as a function of dual arc
So of u=constant ruled surface. Thus, the edges of this trihedron are depend on two

parameters

Theorem 4.3. If we consider Blaschke trihedrons and their derivative formulaes of the

space-like ruled surface which are determined by (18) and (24), we have

8R0 8R23 8R22

Ey 1 X Ro, P 1 X Ras, P 1 X Rag, (43)
OR OR OR

® =By x Rg, ——> = By x Ry3, — = = By x Rya,
ov ov ov

Proof. If we write derivative formulas of the edges of Blaschke trihedrons by the Blaschke

vectors, we have

ORg OR12 O0R13

o 1 X I, o 1 X v, o 1 X s, ( )
OR, JOR. JOR.
% — By x Ro, —22 = By X Raga, — = = By x Rags,
ov ov ov
If we insert (41) into (44), we get (43). O
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Theorem 4.4. If we use space-like paremeter ruled surfaces, we can write below form:

R ORo2 _ _R OR 2 _ _(\/E)'U
12755 255 e
(45)
R OR1z R ORa  (VG).
250 T

Proof. From (22) and by taking derivatives of (v E)? = —R2, (vVG)? = R2, we have

VEWE), = ~RRuy, VG(VG), = RyRyy (46)
and taking derivatives of (27) and (28)

aRlQ _ Ru'u\/E - (\/E)’URU a]-:{22 Ru'u\/a - (\/E)UR’U

= 4
v E " Ou G (47)
are obtained respectively. Then, from the relations above (27), (28), (46) and (20).
R OR2 Ry ORz: R.Rw _ (VE),
"ou  VE ou VEG VG
(48)
R 8R12 _ R’U 8R12 _ R’URU’U _ (\/a)u
27 v VG v JEG  VE
are faund. If we use (23) in (48), we have
R ORg22 Rz 1 _ (VE),
12755 25 B fole
(49)
OR12 ORyy 1 (V@)
Ros—c— 22 ==
05 v G VEG
8R22 8R12
R —-R
12755, 2755,
(50)
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O
Result 3. There is following relation between Rj2 and Raa:
VE), VG
RlQ.dRQQ = —deg.RQQ = —( \/5)1 du — ( \/E)u dv (51)
Proof. If we differentiate (31) and consider (23) and (45), we obtain
ORg2 ORa2
—R12.dR22 = R12dR2 = R ds ds:
12 22 12022 12( 95, 1+ 95, 2)
ORoo OR22
=R Ed R Gd 52
1285,1\/_U+ 1285,2\/_1) (52)
VB s, (VO
= 2 2 V/Fdu — =L/ Gd
VEG VEG
Thus, we have the result as below. ]
Result 4. There is following relation between Rj2 and Raa:
D (g, ey O g, Moy 0 (VB D (VO
v ou du' " o v VG ou VE
Proof. Taking derivative of (31) with respect to the parameters v and u
R ORg2 _ R OR 2 _ _(\/a)u R OR22 _ _(\/E)@ (54)
12: 22— JE 12 5 NG
is written. Then, if we consider (48), (53) is obtain. O

Theorem 4.5. There are following relations for the magnitudes Q1, Q1 and Q of the

space-like ruled surfaces Ri1, Ra1 and Ry, respectively.

o _ (\/E)’U _ (\/@)u
Ql - \/a ’ Q2 - \/E (55)
Q> = —sh2B(P — Qu)® + ch®D(P — Q1)? (56)
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Proof. If we consider relations (43) and (23), we have

ORg  ORg 1
089 VE VE

Then, using the relation above and (45), (32) and (25), we may write

B1 X R22

(VE), "R ORg2 +R12B1 x Ri2 _ ~ Riz xRy B, — ~Ro.B _ Q1
VEG ~as VE VE VE VE

By the same way and from the relations (45), (23), (44), (32) and (25), we have

(VG). ORo2 1 Ros = Ri2.(B2xRa)  RoBa = Q2

= —Ryo. =——=Rjs.—— = =——=

VEG oS, T VG T NE NEERVe
Finally, if we take derivative of the relation (38) by using the derivative formulas (24) and
consider (41) and (31), it can be reached (55) and (56). O
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