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GEODESICS IN A TENSOR BUNDLE

Abdullah Kopuzlu & A. A. Salimov

Abstract

The main purpose of the present paper is to study geodesics in a tensor bundle
TP

P (M,) with respect to the horizontal lift ¥V of an affine connection V.
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1. Introduction

Let M, be an n-dimensional differentiable manifold of class C>° and TP(Q) the
vector space of tensors type (p,q) at a point @ of M, that is, the set of all tensors of
type (p,q), of M, at Q. Then the set

(M) = |J T2Q)
QeM,
is, by definition, the tensor bundle over the manifold M, . For any point Q of P (M)
such that Q S Tg’(Q), the correspondence Q — ( determines the bundle projection
7 TP (M) — M,

Let ' be local coordinates in a neighborhood U of Q € M,,. Then a tensor t of

type (p,q) at @ which is an element of TP (M,,) is expressible in the form (o til"'jp) =

» Vigeeig

(xi,x’_') (x’_' = tfllf:,i =h+1,---,h+ nPT9), where tfllf: are components of ¢ with

respect to the natural frame %. We may consider (xi,x’_') as local coordinates in a
neighborhood 7~ (U) of T?(M,).

** AMS Subject classification number: Primary 53A45; secondary 53C55
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To a transformation of local coordinates of M, ; z* = z¥(a!,--- 2"), there

corresponds in TP (M,,) the coordinates transformation

vt =2t (2t 2™
P J‘1~~~J‘; ETH Iy gix g1 Jp — AU <>
— — (3" _ g jzlv (7) .71 iq
where A;,—aq,,A’ —817,14(]) A ---Ajp,A(i A - Azq.
The Jacobian of (1) is given by the matrix
K3
(%1—11) (() A(k)() <>0<>> (2)
@ J j B 40
bi0i(Aa) AGy)  AinAd,
where I = (i,4), I' = (i’ _I) téi)) tfljkpq

2. Horizontal Lifts of Affine Connection

We denote by 7 p( ) the set of all tensor fields of class C°° and of type (p,q) in
M, .

We now assume that M,, is a manifold with an affine connection V. Let X" and
I’;?i be components of X € 7' and V, respectively, with respect to the local coordinates

(") in M,,. Then the horizontal lift of X have components

Hy _ Axi _ X
HXZ q Fﬁ”Xhtjl Jp ;z);\ IFJ)\ Xht_]l...m...]p

p=1 QMg i1lg

with respect to the coordinates (', 2') in TP(My) (see [1]).
Let AJ v J " be components of A € TP(M,,). We can easily verify by means of (2)
that the A7 deﬁned by
Al =0, AT = A

f1e e
determine in T?(M,) a vector field. This vector field is called the vertical lift of the
tensor field A € TP(M,) to TP(M,) and denoted by VA (see [2]).

We shall now define the horizontal lift ¥V of an affine connection V in M,, to

TP(M,,) by the conditions

AVxY) = Vux YV (VxA) =2 VuxVAT Vv, IX =0,7Vv VB =0
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for any XY € 73'(M,,), A,B € T(M,), from wich we have (see [3])

Hyi _ i
Fms _Fms

q
Hi _§ : Jb s Sib—1gdbt1 | sip gmismo | Mg
Fms - Fslbéll 6[571 6lb+1 6lp 6’i1 61'2 6’qu
b=1
q .
N N I RN TR
FS’L'C(S’Lll 51'071 5’L'C+1 6’qu 5l1 6lp’
c=1
_ p
HET = ST, G gl g
Fm§ - kab 5k1 5k5715kb+1 5kp5’i1 5’iq
b=1
q .
Se 81 c—1 gSct1 Sq £J1 Jp
— E Fmicéil ...6ic—16ic+1 ...5% 5k1"'5kp’ (3)
c=1
Hyi _§ : 7b jb pr _ pr Jb\pJ1 " Jb—1aJb+1"""Jp
Fms - (amrsq + Fmrrsq Fmsrra)tiyniq
b=1
4 L
a Is a T a J1Jp
+ g (_8mrsic +Fmicrsr +Fmsrric)ti1~~~ic,1aic+1~~~iq
c=1

M=

S T T 4T, T

1o le1Qiet1 ip Mie
1ec=1

S8
Il

§ : JiJp l r r l
t’il"'ibflTilr*,l""Llcfll’ic+11q (Fm’tc mib + Fmibrsic)

1c=1

_|_
|~
M=

o
Il

J1Jb—17rdet1 Je—1ljet1dp (mjb TriC jc b
+ t; (Fmrrsl + lersr)’

P10

-
M=

o
Il

1c=1

where 07 -Kronecker delta, a™ = tm,"m,, ©° =1ts,...5, .
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3. Geodesisc (paths) In A Tensor Bundle of The Horizontal Lift 7V

Let C:[0,1] — TP(M,) be a curve in TP(M,,) and suppose that C is expressed
locally by 4 = z4(t), i.e.,

" = 21

ot = xﬁ(t)

with respect to the induced coordinates (xh, xﬁ) in TP (M), t being a parameter. Then
the curve C = 70 C in M, is called the projection of the curve C' and denoted by nC
which is expressed locally by z" = z"(t).
A curve C in TP(M,) is a geodesic with respect to HY (a path of #V), when it
satisfies the differential equation
2.1 M 4.8
. (1)

Consider the case where p =1, ¢ = 2, for example. By means of (3), (4) reduces to

A%z’ - dx™ dx?®

S

az " Ems g g =Y
P’ oy demdet g o5 da™ dd
dt? ms gt dt ™S gt dt

g da™ da® d?tl,
™t dt dt2
+[(0m Iy + 1L T2 — T2 Tt

mr+ sa ms— ra/ i1t

2
+ D (~0mIG, + Th T + 15, T )t (5)

c=1
2
- Z tTa.(F%TFZiC + FZMCF;;)
c=1

2 2 N
1 3 dx™ dx®
3 Z Z (0. T, + Ffmbriic)]—dt at

b=1 Czlc;ﬁb
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sl i1 iz Sle te—1 let1l 1 dt dt

2 I ;
+[Fj1 gmigmz _ Z [ §Me—1 gMe+1 5]’1] dtmlmz ﬁ
c=1

J1 S1 £82 2 Se  $Sc—1 ¢Sct1 cj1 dz™ dtlgll”
+([ka1 51'1 51'2 - Z Fm’ic 51'071 5ic+1 5k1) dt dt - 0,
c=1

i 4j1
where z* = ity -

From first equation in (5), we have

A dQLm — _TJ1 4o md_xQﬁ
ma“i112 dt2 ma“t1127 TS dt dt b
Y d?z™ P da? da®
_Fmiltai2 dt2 = Fmilrrstahﬁ dt’ (6)
_Fa t]l dem — Fa Fmt_]l d_xQ dxs

mizi1a dtQ mig - rsvita dt dt

. By means of (6), the second equation in (5) is reduced to

52t
=0 (7)
where the left-hand side is defined by
2 dt' dt e
dz™ dx™
_FZ’L’il dt t-c]u'g - Z’L’iz dt t-zla)
4Tt ﬁ(dtf_ﬂ? T dx_m1f‘.1 )
Todt  dt masqr ot
; J1
_Te. dx_m roo_1a . dxmtr )_ T dxé(dtmé
muiy dt aly mio dt 11a S11 dt dt
odx™ dx™
Al e, — Tor tais
dx™ dx?® dtjll - dz™
_FZ’L’L'Q dt t%) _Fg’iz dt ( C;tr +F¥)’1La dt t’?2
_pe dx™ i _pa dx_m J1 )
miy dt ale masg dt 11a/”
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By similar devices, we can prove the formula (7) for general case. Thus we have
from (5) and (7).

Theorem. A curve C : z¢ = xi(t), = tfllf;’ = tfllf; (t) = x’_'(t), in TP(M,) is
a geodesic of the horizontal lift #V of an affine connection V given in M, , if and only
if the projection wC is a geodesic of V in M,, and the tensor field tfllf; along 7C has

vanishing second covariant derivative.
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