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GEODESICS IN A TENSOR BUNDLE

Abdullah Kopuzlu & A. A. Salimov

Abstract

The main purpose of the present paper is to study geodesics in a tensor bundle

Tpq (Mn) with respect to the horizontal lift H∇ of an affine connection ∇ .
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1. Introduction

Let Mn be an n-dimensional differentiable manifold of class C∞ and T pq (Q) the

vector space of tensors type (p, q) at a point Q of Mn that is, the set of all tensors of

type (p, q), of Mn at Q . Then the set

T pq (Mn) =
⋃

Q∈Mn

T pq (Q)

is, by definition, the tensor bundle over the manifold Mn . For any point Q̃ of T pq (Mn)

such that Q̃ ∈ T pq (Q), the correspondence Q̃ → Q determines the bundle projection

π : T pq (Mn)→Mn .

Let xi be local coordinates in a neighborhood U of Q ∈ Mn . Then a tensor t of

type (p, q) at Q which is an element of T pq (Mn) is expressible in the form (xi, tj1···jpi1···iq ) =

(xi, xi) (xi = t
j1···jp
i1···iq , i = h + 1, · · · , h + np+q), where t

j1···jp
i1···iq are components of t with

respect to the natural frame ∂
∂xi . We may consider (xi, xi) as local coordinates in a

neighborhood π−1(U) of T pq (Mn).
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To a transformation of local coordinates of Mn ; xi
′

= xi
′
(x1, · · · , xn), there

corresponds in T pq (Mn) the coordinates transformation

xi
′

= xi
′
(x1, · · · , xn)

xi
′

= t
j′1···j

′
p

i′1···i′q
= A

j′1
j1
· · ·Aj

′
p

jp
Ai1i′1
· · ·Aiqi′qt

j1···jp
i1···iq = A

(j′)
(j)

A
(i)
(i′)
xi
′

(1)

where Aii′ = ∂xi

∂xi
′ , Ai

′

i = ∂xi
′

∂xi
, A(j′)

(j)
= A

j′1
j1
· · ·Aj

′
p

jp
, A(i)

(i′)
= A

j′1
j1
· · ·Aiqi′q .

The Jacobian of (1) is given by the matrix(
∂xI
′

∂xI

)
=
(

Ai
′

i 0

t
(j)
(k)∂i(A

(k)
(i′)A

(j′)
(j) ) A

(i)
(i′)A

(j′)
(j)

)
(2)

where I = (i, i), I′ = (i′, i
′
), t(j)(k) = t

j1···jp
k1···kq

2. Horizontal Lifts of Affine Connection

We denote by T pq (Mn) the set of all tensor fields of class C∞ and of type (p, q) in

Mn .

We now assume that Mn is a manifold with an affine connection ∇ . Let Xh and

Γhji be components of X ∈ T 1
0 and ∇ , respectively, with respect to the local coordinates

(xh) in Mn . Then the horizontal lift of X have components

HX =

(
HXi

HXi

)
=

(
Xi∑q

µ=1 ΓmhiµX
ht
j1···jp
i1···m···iq −

∑p
λ=1 ΓjλhmX

ht
j1···m···jp
i1···iq

)

with respect to the coordinates (xi, xi) in T pq (Mn) (see [1]).

Let Aj1···jpi1···iq be components of A ∈ T pq (Mn). We can easily verify by means of (2)

that the ÃJ defined by

Ãi = 0, Ãi = A
j1···jp
i1···m···iq

determine in T pq (Mn) a vector field. This vector field is called the vertical lift of the

tensor field A ∈ T pq (Mn) to T pq (Mn) and denoted by V A (see [2]).

We shall now define the horizontal lift H∇ of an affine connection ∇ in Mn to

T pq (Mn) by the conditions

H(∇XY ) =H ∇HX
HY ,V (∇XA) =H ∇HX

V A,H ∇VA
HX = 0,H ∇VA

VB = 0
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for any X ,Y ∈ T 1
0 (Mn), A ,B ∈ T qq (Mn), from wich we have (see [3])

HΓims = Γims

HΓims =
q∑
b=1

Γjbslbδ
j1
l1
· · · δjb−1

lb−1
δ
jb+1
lb+1
· · ·δjplp δ

m1
i1
δm2
i2
· · ·δmqiq

−
q∑
c=1

Γmcsic δ
m1
i1
· · ·δmc−1

ic−1
δ
mc+1
ic+1

· · ·δmqiq δ
j1
l1
· · · δjplp ,

HΓims =
p∑
b=1

Γjbmkbδ
j1
k1
· · ·δjb−1

kb−1
δ
jb+1
kb+1
· · · δjpkpδ

s1
i1
· · ·δsqiq

−
q∑
c=1

Γscmicδ
s1
i1
· · ·δc−1

ic−1
δ
sc+1
ic+1
· · ·δsqiq δ

j1
k1
· · ·δjpkp , (3)

HΓims =
p∑
b=1

(∂mΓjbsq + ΓjbmrΓ
r
sq − ΓrmsΓ

jb
ra)tj1···jb−1ajb+1···jp

i1···iq

+
q∑
c=1

(−∂mΓasic + ΓrmicΓ
a
sr + ΓrmsΓ

a
ric)t

j1···jp
i1···ic−1aic+1···iq

−
p∑
b=1

q∑
c=1

t
j1···jb−1rjb+1···jq
i1···ic−1aic+1···ip (ΓjbmrΓ

a
sic

+ ΓamicΓ
jb
sr)

+
1
2

q∑
b=1

q∑
c=1

t
j1···jp
i1···ib−1rib+1···ic−1lic+1 ıq

(ΓlmicΓ
r
mib + ΓrmibΓ

l
sic)

+
1
2

p∑
b=1

p∑
c=1

t
j1···jb−1rjb+1···jc−1ljc+1···jp
i1···iq (ΓjbmrΓ

jc
sl + ΓjcmlΓ

jb
sr),

where δij -Kronecker delta, xm = t
l···lp
m1···mq , xs = t

k···kp
s1···sq .
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3. Geodesisc (paths) In A Tensor Bundle of The Horizontal Lift H∇

Let C̃ : [0, 1]→ T pq (Mn) be a curve in T pq (Mn) and suppose that C̃ is expressed

locally by xA = xA(t), i.e.,

xh = xh(t)

xh = xh(t)

with respect to the induced coordinates (xh, xh) in T pq (Mn), t being a parameter. Then

the curve C = π ◦ C̃ in Mn is called the projection of the curve C̃ and denoted by πC̃

which is expressed locally by xh = xh(t).

A curve C̃ in T pq (Mn) is a geodesic with respect to H∇ (a path of H∇), when it

satisfies the differential equation

d2xI

dt2
+H ΓIMS

dxM

dt

dxS

dt
= 0 (4).

Consider the case where p = 1, q = 2, for example. By means of (3), (4) reduces to

d2xi

dt2
+ Γims

dxm

dt

dxs

dt
= 0

d2xi

dt2
+H Γims

dxm

dt

dxs

dt
+H Γims

dxm

dt

dxs

dt

+HΓims
dxm

dt

dxs

dt
=
d2tj1i1i2
dt2

+[(∂mΓj1sa + Γj1mrΓ
2
sa − Γ2

msΓ
j1
ra)tai1i2

+
2∑
c=1

(−∂mΓasic + Γ2
mic

Γasr + Γ2
msΓ

a
ric

)tj1.a. (5)

−
2∑
c=1

tr.a.(Γ
j1
mrΓ

a
sic

+ ΓamicΓ
j1
sr)

+
1
2

2∑
b=1

2∑
c=1c6=b

tj1.r.l(Γ
l
micΓ

r
sib + ΓrmibΓ

l
sic)]

dxm

dt

dxs

dt
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+[Γj1sl1δ
m1
i1
δm2
i2
−

2∑
c=1

Γmcsic δ
mc−1
ic−1

δ
mc+1
ic+1

δj1l1 ]
dtl1m1m2

dt

dxs

dt

+([Γj1mk1
δs1
i1
δs2
i2
−

2∑
c=1

Γscmicδ
sc−1
ic−1

δ
sc+1
ic+1

δj1k1
)
dxm

dt

dtk1
s1s2

dt
= 0,

where xi = tj1i1i2 .

From first equation in (5), we have

Γj1mat
a
i1i2

d2xm

dt2
= −Γj1mat

a
i1i2Γmrs

dx2

dt

dxs

dt
,

−Γami1 t
j1
ai2

d2xm

dt2
= Γami1Γmrst

j1
ai2

dx2

dt

dxs

dt
, (6)

−Γami2t
j1
i1a

d2xm

dt2
= Γami2Γmrst

j1
i1a

dx2

dt

dxs

dt

. By means of (6), the second equation in (5) is reduced to

δ2tj1i1i2
dt2

= 0 (7)

where the left-hand side is defined by

δ2tj1i1i2
dt2

=
d

dt
(
dtj1i1i2
dt

+ Γj1ma
dxm

dt
tai1i2

−Γami1
dxm

dt
tj1ai2 − Γami2

dxm

dt
tj1i1a)

+Γj1sr
dxs

dt
(
dtri1i2
dt

+ Γrma
dxm

dt
tai1i2

−Γami1
dxm

dt
trai2 − Γami2

dxm

dt
tri1a)− Γrsi1

dxs

dt
(
dtj1ri2
dt

+Γj1ma
dxm

dt
tari2 − Γamr

dxm

dt
tj1ai2

−Γami2
dxm

dt
tj1ra)− Γrsi2

dxs

dt
(
dtj1i1r
dt

+ Γj1ma
dxm

dt
tai2

−Γami1
dxm

dt
tj1ai2 − Γama2

dxm

dt
tj1i1a).
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By similar devices, we can prove the formula (7) for general case. Thus we have

from (5) and (7).

Theorem. A curve C̃ : xi = xi(t), xi = t
j1···jq
i1···ip = t

j1···jq
i1···ip (t) = xi(t), in T pq (Mn) is

a geodesic of the horizontal lift H∇ of an affine connection ∇ given in Mn , if and only

if the projection πC̃ is a geodesic of ∇ in Mn and the tensor field t
j1,···,jq
i1,···,ip along πC̃ has

vanishing second covariant derivative.
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Atatürk Üniversitesi

Fen-Edebiyat Fakültesi
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