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Abstract

Let K be alocal field with finite residue class field and E a finite Galois extension
over K. In this paper, we study the Artin conductor fartin(Xx,) of a character
Xp associated to a representation p : Gal(E/K) — GL(V) of Gal(E/K) with
metabelian kernel ker(p). In order to do so, we first review the Artin character
AGal () K) of Gal(E/K) and review the metabelian local class field theory. We
finally propose the definition of the conductor §(E/K) of a metabelian extension
E/K in the sense of Koch-de Shalit local class field theory, and compute fartin (Xp)

under a suitable assumption.

§1. Introduction

Let K be a local field with finite residue class field Ok /px =: ki of qx elements,
where as usual, O stands for the ring of integers in K with the unique maximal ideal pg.
Let v denote the corresponding normalized valuation on K (normalized by v(K*) = Z*),
and v the unique extension of v to a fixed seperable closure K¢ of K.

Let E be a finite Galois extension over K, and let p : Gal(E/K) — GL(V) be an
irreducible (finite-dimensional) representation of the Galois group Gal(E/K) of E/K over
C. Furthermore, setting E¥*(?) to denote the fixed field of ker(p), suppose that E*er(®) /K
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class field theory
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1s an abelian extension. It 1s then well-known that

(11) f(EkGT(p)/K) = fArtin(Xp);

where f(E**(?) /K) is the conductor of the abelian extension E¥*(?) /K which is defined
in the sense of abelian local class field theory (cf. chapter 5, paragraph 1.6 of [5]), and
fartin(X,) 15 the Artin conductor of the character x, : Gal(E/K) — C associated to the
representation (p, V) of Gal(E/K) (which will be reviewed in the next section).

It is then natural to ask more generally the behaviour of fa,in(X,) without any

assumption on the kernel ker(p) of the representation (p, V). Tt seems that, this general

problem is closely related with the 2-abelian local class field theory of Koch and de Shalit,
and more generally with the n-abelian local class field theory.
In this paper, we start our investigation on this problem for the metabelian kernel

ker(p) case. In particular, in this paper, we will collect the necessary basic definitions,
propose the definition of the conductor f(E/K) of a finite metabelian (=2-abelian) exten-
sion E/K in the sense of metabelian local class field theory (following the main theorem
of higher ramification theory in metabelian local class field theory), and under a suitable
assumption, compute fAmn(Xp).

Our aim, which is the subject of our next paper is to study the following problem

(which should be viewed as the metabelian generalization of eq. no. (1.1)):

Problem 1.1 Let E/K be a finite Galois extension, p: Gal(E/K) — GL(V) an irre-
ducible (finite-dimensional) representation of the Galois group of E/K over C. Suppose
that E**(°) | K is a 2-abelian extension. Then,

f(Eker(p)/K) = fA’rtin(Xp)'

§2. Artin representation Ag,) g, k) of Gal(E/K)

For a finite seperable extension L/K, and for any o € Homg (L, K*¢P), introduce

i1/1c(0) = min {Flo(a) ~ )}

put
Ve :=# {0 € Homg (L, K*P) : i Kk (0) >t}

for =1 <t € R, and define the function ¢r/x : R>_1 — Rx_1 (the Hasse-Herbrand
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transition function of the extension L/K) by

terdt, 0<ucR,
el =, Jicu<o.

It is well-known that, ¢r/kx : R>_1 — R>_; is a monotone-increasing (piecewise linear)
function, and induces a homeomorphism R>_; — Rx>_1. Let ¢/ : R>_1 — R>_1 be
the mapping inverse to the function ¢y /x : R>_1 — R>_1.

Now, assume that E is a finite Galois extension over K with Galois group Gal(E/K) =:
G. The subgroup G, of G defined by

Gu={0€G: ig/k(o) >u+1}

for —1 < u € R is called the u'" ramification group of G (in the lower numbering), and
{GU}U,E]R271 induces a filtration on @G, called the lower ramification filtration of G. A
break in the filtration {Gy }uer._, of G is defined to be any number v € R>_; satisfying
Gy # Gyye for every 0 < e € IRT The function ¥ /x : R>_1 — R>_1 induces the upper
ramification filtration {G"},er._, on G by setting

G° = G"/JL/K(’U)

for —1 < v € R, where GV is called the v!" upper ramification group of G. A break in
the upper filtration {G"’},UE]R271 of G is defined to be any number v € R>_; satisfying

GV # G for every 0 < ¢ € R.
The basic properties of lower and upper ramification filtrations on G are as follows:

Suppose that K C F C E is a sub-extension of E/K, let Gal(E/F) = H.

(i) The lower numbering on G passess well to the subgroup H of G in the sense that:
H,=HnNG,

for —1 <u € R;

(i) and if furthermore, H < G, the upper numbering on G passess well to the quotient
G/H as:
(G/H)" =G"H/H

for -1 <v eR;

(iii) (transitivity of the Hasse-Herbrand function) pp,x = ¢r/k © QE/F.
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Let Bgsx be the set of all numbers v € Rx>_; which occur as breaks in the upper

ramification filtration of G. Then,

(iv) (Hasse-Arf theorem) If /K is an abelian extension, then Bg/x is a finite subset of
ZNRs_;.

Remark 2.1 If E/K is an infinite Galois extension with Galois group Gal(E/K) = G
(which is a topological group under the Krull topology), define the upper ramification
filtration {G'U}'ue]RZ,l on G by the projective limit

GY:= lim Gal(F/K)
—
KCFCE

defined over the transition morphisms

b2
tF

(G/Gal(E/F))"  —F—  (G/Gal(E/F"))"

GYGal(E/F)/Gal(E/F) «22 GvGal(E/F')/Gal(E/F’)

induced from (ii), as K C F C F’ C E runs over all finite Galois extensions F' and F’
over K inside E. Observe that:

(v) G7!1 = G and GV is the inertia group of G;
(vi) nveRZ,l G? =<1 >;
(vii) GV is a closed subgroup of G (with respect to the Krull topology) for —1 < v € R.

In this setting, a number —1 < v € R is said to be a break in the upper ramification

filtration {G'U}'ue]RZ,l of G, if v is a break in the upper filtration of some finite quotient
G/H for some H < G. As introduced previously, let Be/x be the set of all numbers

v € R>_1, which occur as breaks in the upper ramification filtration of G. Then,
(viii) (Hasse-Arf theorem.) Bic+ i = ZNR> _o0;
and the final important result, in the spirit of Koch-de Shalit local class field theory, is

(IX) BKH\//K = Q N Rz—oo~ Il
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Again assume that E/K is a finite Galois extension. Introduce the class function

ACal(B/K) ° Gal(E/K) — C on the Galois group Gal(E/K) of the extension E/K by

—f(E/K)ig/k(0), o#1;

AGal(s/x)(7) = f(E/K)ZiE/K(w)a o=1
w#1

As the set of irreducible representations y on Gal(E/K) forms an orthonormal basis of
the vector space C(Gal(E/K)) of all class functions on Gal(E/K) over C equipped with

the hermitian scalar-product
(,):C(Gal(E/K)) x C(Gal(E/K)) — C
defined by

(9= T > 1(0))

on the C-vector space C(Gal(E/K)), the function aGal(p/K) Gal(E/K) — Cis a

C-linear combination

AGal(e/K) = Z FOOx
X

of irreducible characters x of Gal(E/K), where the uniquely defined x-coordinate of
aGals i) s F(X) = (aQals k) X) € C.

Now, applying Hasse-Arf theorem for the characters x of Gal(E/K) of degree 1,
and then using Brauer induction theory for an arbitrary character x of Gal(E/K),
it follows that f(x) € Z>o. Hence the class function AQal(p/K) Gal(E/K) — C

is in fact a character (called the Artin character of Gal(E/K)) of a representation
AQal(e/K) Gal(E/K) — GL(V), the Artin representation of Gal(E/K). The explicit
construction of this representation is not known.

Let ¢ € C(Gal(E/K)) and put farin(¢) = (¢, aqal(m/xy) € C If X s a character of
Gal(E/K), define the Artin conductor fartin(X) of x to be the ideal in Ok defined by

fArtin(X) = p]?mn(X)'
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§3. Metabelian local class field theory

Recall that, a group G is called n-abelian, if the n**-commutator subgroup G(") of
G is < 1¢ >. Now, an extension E over any field K is called n-abelian, if it 1s a Galois
extension with an n-abelian Galois group Gal(E/K). Fix a seperable closure K of K
(when it is convenient, instead of K*°P, sometimes the notation K will be used to denote
the seperable closure of K), and let K(@)" denote the maximal n-abelian extension of K
inside K*P (cf. part 2 of [1]).

In [4], Koch and de Shalit have constructed class field theory for metabelian (that is,
2-abelian) extensions of a local field K, which induces the abelian local class field theory
when restricted to the abelian extensions of K. The main idea in [4] is the following: let
K be alocal field with finite residue field kK of g elements. Let Kx be a fixed seperable
closure of ki. Fix an extension ¢ € Gal(K®*?/K) of the Frobenius automorphism ¢g

over K, that is fix a Lubin-Tate splitting ¢ over K. It is then well-known that, depending
on the choice of ¢, there exists a unique norm-compatible set of primes

Ly={rp€L: KCLCKyst[L:K]<oo},

(where Ky denotes the fixed field of ¢ in K*®°P), which has a canonical extension to a

norm-compatible set of primes

Lo={mp el :KCLCK*"st|[L:K]< oo},
called the Lubin-Tate labelling over K attached to the Lubin-Tate splitting ¢ over K. For
a finite extension L over K which is pointwise fixed by ¢, there exists a unique Lubin-Tate

formal power series fr, € OL[[X]] (belonging to 7, for [7;, where 7, chosen from E;)
satisfying certain properties (cf. 0.3 in [4]), and a unique Lubin-Tate formal group law
Fp € O [[X, Y]] attached to fr. Let [u]y, : F, — Fp be the unique endomorphism of
Fp, over Oz, of the form [u]y, = uX 4+ (higher-degree terms) € XOz5: [[X]] for u € Oy,
and let

{u}p = [uly,  (mod mp).
Let KX denote the profinite completion of K, and fix the isomorphism KX 5 U(K) x Z

defined by a = uamye — (uq, v,) for a € I/(;, where g is the prime element in K chosen

uniquely from £g. For 1 < d € Z, consider the topological group

— 9 u
B (K. 0) = {m,@ e B ] & = @}

13 X
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under the law of composition defined by
(0, )b, 9) = (ab, €@ o {ua}sy))
for (a,€), (b)) € &K, ¢), and with a basis of neighborhoods of the underlying topology
6k, 0)) = {(a.€) € 8 (K, ) sa € U'(K), =1 (mod X7)}

for 0 < i,j € Z. Let PI(K, ¢) = liLning] (K, @), where the projective limit is defined

over the transition morphisms @5,] (K,¢) — @5] (K, ¢) for every 1 < d,d’' € Z with d | d',

which 1s defined by

(0,8~ [a, ] ¢

i< d
0<isdr

for (a,&) € 82K, ¢).
Let L be a ¢-compatible extension over K, ¢’ = ¢/ (E/K) (cf. 0.4 in [4]), and

My /K
—_

&l2(L, ¢) &PI(K, ¢)

the “2-abelian” norm map which is a canonical morphism defined via Coleman theory
(cf. 1.5 in [4]). As a notation, put My(L/K) = My 1/k (6[2]([/, ¢')), and for an
infinite extension E/K which is a union of ¢-compatible extensions L over K (such
an E will be called as an infinite ¢-compatible extension over K), define My(E/K) :=
Nrcrce Me(L/K) where L runs over all ¢g-compatible sub-extensions in E/K. The map

¢-compatible M, [ subgroups of
—
extensions over K BL2I(K, ¢)

defined by

L/K — My(L/K)
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for every ¢-compatible extension L/K, has a canonical extension

algebraic extensions
over K

subgroups of
BR2I(K, ¢)

T
-

¢-compatible extensions
over K :

The metabelian local class field theory of Koch-de Shalit states the following.

Theorem 3.1 (Metabelian local class field theory) Let K be a local field with
finite residue field ki of qi elements. Fiz an extension ¢ € Gal(K*?/K) of the Frobenius
automorphism ¢ € Gal(K™ /K).

(i) There exists an order-preserving bijection

2-abelian extensions | M, [ closed subgroups
of BBI(K, ¢)

over K

defined by
L/K — My(L/K)

for any 2-abelian extension L/K satisfying
(L K] = (SPI(K, 6) : My(L/K))

(ii) there exists a topological isomorphism

(7, K)e
e

62K, ¢) Gal(K@)* /K)

~

called the “2-abelian” local Artin map, which depends only on the choice of ¢;
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(iii) for any 2-abelian extension L over K, the surjective morphism

K (ab)?)
7‘68.l

(7, K)¢
e

62K, ¢) Gal(K®)"/K)

e QR

Gal(L/K)

induces the canonical topological isomorphism

(7, L/K)e
_—

GPI(K, ¢)/My(L/K) Gal(L/K),

where My(L/K) is the closed normal subgroup My 1,/ (&2(L, ¢")) of 8BI(K, ¢);

(iv) if K' is ¢-compatible over K, then the square

7,K") g 2
62K, ¢) L Gayk D’ k)
J\4¢'K,/Kl lreSK
62K, ¢) % Ga(K @) /K

15 commulative;

(v) the breaks in the upper-numbering of the ramification groups for 2-abelian extensions

over K occur at v =0 and at rational numbers of the form

G —1—7
Uij =1 — If i1
9 — 4k

with1 <i € Z and j € Z such that q?l <j<dq%. If E/K is a finite 2-abelian extension,
and
=1 < w1 <r<u; <i,

then

The 2-abelian local class field theory 1s related with the abelian local class field theory

as follows: if E/K is a 2-abelian extension, then

pri(My(E/K)) = N(E/K).
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The abelian extension over K which is class field to N(E/K) is the maximal abelian
sub-extension of E/K.

§4. Conductor of a metabelian extension E/K

In this section, let E be a finite 2-abelian extension over K.

Observe that, if 0 < r € R, then there exists a unique 1 < i(r) = ¢ € Z and a unique
jiry=j¢€ {q?l, ey q?l + (g% — q?l — 1)} such that
i(r) — 1 < wir),j(r)—1 <7 < Uigr),j(r) < 0(T)-
In fact, i(r) — 1 = [[r]], where 0 < [[r]] € Z is the “integer part” of the number r.

Define the conductor f(E/K) of the extension E/K (in the sense of metabelian local
class field theory) to be the ideal

(E/K) = pi
in Ok, where 1 < i € Z is the smallest integer defined by the condition
6PI(K, ¢)" ) C My (E/K).

Observe that, by the metabelian local class field theory, the conductor f(E/K) of the
2-abelian extension E/K is defined by f(E/K) = p%, where 1 < i € Z is the smallest
integer such that Gal(E/K)(") =1 for every i — 1 < i — _1q7,,1 <r<i.

i
9 9k

§5. Computation of farin(X,)

Let p : Gal(E/K) — GL(V) be an irreducible representation of the Galois group
Gal(E/K) of a finite Galois extension E/K. Let ker(p) be the kernel of the representation
(p, V) of Gal(E/K). Let EXeT() be the fixed field of ker(p). Note that, the representation
p: Gal(E* (") /K) = Gal(E/K)/ker(p) — GL(V) is an irreducible representation of
Gal(E*r(?) / K).

Now, if ¢ : Gal(E¥*(?) /K) — C is any central function on Gal(E¥*®?) /K) and ¢’ is
the corresponding central function on Gal(E/K) defined by

canonical map
I N

¢’ : Gal(E/K) Gal(Ek () /Ky —2—, C,

then fartin(¢) = fartin(¢). In particular, for the case ¢ = x, and ¢ = x5, we get
fArtin(Xp) = fArtin(Xﬁ)'
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We will now explicitly compute (xz, aGal(Eker(ﬂ)/K)) when Eker(”)/K is a metabelian

extension. For simplicity, fix the following notation: G = Gal(Eker(p)/K) and H =

Gal(E¥*(?) /Ey), where E; = EN K9 is the maximal abelian sub-extension in E/K. We
assume that H is not contained in the center Z(G) of G. Then it is well-known that there
exists a subgroup H C H, C G and an irreducible representation ¢ of H, such that

p = Ind§, (v).

We further assume that H = H,. Then, 1 is a 1-dimensional representation of H, since
H 1s abelian and by the Frobenius reciprocity:

fartin(Xp) = (IndF (¥), ag) = (¥, Resp(ag)).-

But Resy(ag) = ordy, (0, /k)ra + [kE, © kKlam, where dp, /k is the discriminant of

E1/K and rpg is the character of the regular representation of H. Hence,

fArtin(Xp) = OI'de (OEL/K) + ['%El : "iK]fArtin (w),

which yields

fArtin(Xp) — aEl/KfArtin(w)[l‘iEllK,K] — aEl/Kf(Eiter('t/J)/El)[&El :rcK]_
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