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Dedicated to Professor Masatoshi Ikeda on the occasion of his 70" birthday

Introduction

This paper consists of two parts, a Text and an Appendix. In (T), we consider
a single example, i.e., a plane curve X:y* = &% — £2, £ being an odd prime, define the
Shafarevich-Tate set III(X/Q) without using p-adic numbers and determine its structure.
In (A), we take for X a quasi projective algebraic variety defined over a number field k
and define the Shafarevich-Tate set III(X/k) by conventional mode of Galois cohomology.
Two definitions are the same, of course. In (A), we assume the existence of a finite Galois
extension K/k so that every k-automorphism of X is already a K-automorphism. The
example in (T) satisfies this assumption with K = Q(i,v/2,v¥). Since the example is
so special, we can show that III(X/Q) = 1 (Hasse principle). In a certain sense, (T) is
much deeper than (A); (T) should be regarded as a torchlight for further research in the

framework (A), especially for an algebraic curve X of genus > 2 defined over a number

field k because the finiteness of MI(X/k) is guaranteed by Hurwitz theorem.

1. Structure of automorphism group over C.

First of all, we must review some necessary facts on the curve

X:yt=2*—¢? (= an odd prime (1.1)
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Since the projective equation of (1.1) is diagonal, X represents a smooth curve in P%(C),
the complex projective plane. As the degree of X is 4, its genus g=(4-1)(4-2)/2=3. Let
us denote by Aut X the group of automorphisms of X | i.e., the group of all birational
mappings of X into itself. A good thing about our curve X is that this group is finite.

This follows from the celebrated theorem due to Hurwitz:

Let X be a smooth curve of genus g > 2, then AutX is a finite group of order at most
84(g — 1)* (1.2)

Since our (1.1) has ¢ = 3, #Aut X < 84(3 —1) = 168. Tt is interesting that
the defining equation (1.1) and the upper bound 168 are sufficient to determine the finite
group structure of Aut X:

Let G = Aut X. Then G is a semidirect product G = A-C, ANC =1, A normal in G,
with A = Z/4Z x Z/4Z, C = Ss, the symmelric group on three letters. Consequently,
we have #G =4 -4-6 =96 =2°-3. (1.3)

In fact, let

142 =1
e=——, 0=V 1rr=(=1)7F L 1.4
7 (1) (1.4)

Consider rational mappings u,v,w,t given by

uwz,y) = (z,y), v(z,y) = (iz,y),
(1.5)
w(z,y) = (Bz/fy, L]y), tle,y) = (0y/(ix),L/(ex)).
It is easy to verify that all u, v, w,t belong to Aut X with relations:
ut=1 vt=1, uwv =y, (1.6)

* As for a proof of (1.2), see, e.g., [2, p.242].

558



ONO

w?=1, 3 =1, wt = t*w, tw = wt?, (1.7)

wuw ™t = (wv) " wow = v, tutTt = v, tutT! = (ww) Tt (1.8)

Since u? # 1, v? # 1, (1.6) means that u and v generate an abelian subgroup A of G of

order 16 which is a direct product of two cyclic subgroups of order 4:

A= (u,v) = (u) x (v) = Z/AZ x Z/AZ." (1.9)

The relation (1.7) shows that C' = {1,w,¢,¢* wt,tw} forms a subgroup of G of order 6

which is isomorphic to Ss:

C = (w, 1) = S5, with w= (12),1 = (123). (1.10)

The last relation (1.8) shows that A is normal in H = {(u,v,w,t). From (1.5)-(1.10), it
follows that H = A-C, ANC = 1. Since 2#H = 2-96 = 192 > 168, we find G=H by
(1.2).

2. Action of the Galois group on Aut X.

Let &, 6 be the 8th root of unity and the quadratic number, respectively, introduced
n (1.4). Clearly K = Q(e, ) is a finite algebraic extension of degree 8. As is easily seen
it is a Galois extension. The cyclotomic field E = Q(¢) may be written £ = Q(i,\/2);
hence K is the union of three distinct quadratic extensions Q(i), Q(v/2) and Q(\/E_*)
Therefore the Galois group g = Gal(K/Q) = Z/2Z x Z/27 x Z/2Z with generators

o, T, p!

2.1
T 1 —V/2 —& 8 21

p ? V2 e -0
As we see in (1.5) the generators u, v, w, t of G=Aut X are described as rational
mappings defined over K. So the Galois group g acts on Aut X. The following is the

action on the generactors:

tFor a group G, we write G = {a,b,c,...) if the set {a,b,c,...} generates G.
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U v w [
olu!l v w uvit
(2.2)
T U v w o u’t
P U v viw v
The portion of (2.2) on the abelian subgroup A implies:
a =ata" =a’=a, acA. (2.3)
In particular,
A% = the subgroup of fixed points under g = A% (2.4)

Unlike A the subgroup C is not stable under the action of g. However, (2.2) shows that

g acts trivially on the quotient group G/A. (2.5)

Later we shall find useful the following table on C:

1w wt tw t 12
o |1 w ulowt wotw w?t ulet?
(2.6)
T|1 w wolwt  Witw u?t  uo??
p |1 viw wi utw vt u?t?

Writing ¢ = ac,g € G,a € A, ¢ € C according to the decomposition G = A - C in
(1.3), we have, from (2.4), (2.6):

¢°=9g <= a’=landc=1l,w<=g=aoraw,a® =1,
g =g <<= c=1orw<= g€ (uv,w), (2.7)

¢’ =g <= c=1orwt<= g€ (uv,wt).
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3. Generators of decomposition groups.

Notation being as in 2, for a prime p in Q let P be a prime in K = Q(¢,6) which
divides p. We shall denote by g, the decomposition group of B, i.e., the the subgroup
of g = Gal(K/Q) formed by all s € g such that P* = . Since g is abelian, g, does
not depend on the choice of B. As usual, we write e,, f,, for the ramification index,
residue class degree, respectively, of p for the extension K/Q; hence #g, = e,f, and
gp = #(g/9p) = the number of distinct prime factors of p in K. It is very important to
know generators of g, for each p.

Let £ = Q(¢) = Q(5,v/2),L = Q(8) = Q(\/E_*) Then K is the composite of
E L:K =FL, and F and L are linearly disjoint over Q.

Suppose P divides primes p, P in E, L, respectively, as the picture shows. From (2.1)
we see that L, F correspond to subgroups (o, 1), (p), respectively, in the sense of Galois

theory. We summarize here the mode of decomposition of p in £ and L:

Case F/Q.

p | c(olp) F(olp) g(plp)
P 4 1 1
(3.1)
p=1mod 8 1 1 4
p=3,5,7Tmod 8 1 2 2

Case L/Q.
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p e(Plp) f(Plp) 9(Plp)
‘ 9 1
2 F=1mod8| 1 1 9
(3.2)
2 F=5mod8| 1 9 1
p (&/p)=1 1 1 2
p (F/p)=-1 1 2 1

Now, back to the composite K = EL, when we fix a prime p of Q, we shall use
Z for the decomposition group g, and 1 for the inertia group for p. Thus, T'= 1 if
and only if e, = e(P|p) = 1 and in that case Z is a cyclic group of order f, = f(P|p)
generated by the Frobenius automorphism (K/Q,p). As usual, we denote by Kz, Kr
the corresponding fields in the sense of Galois theory.

To determine the structure of g, = 7, we shall consider the three cases separately.
Case 1. p#2,¢.

Since p is unramified in both of E, L by (3.1), (3.2),s0isin K ; hence T'=1, and
Z is cyclic. As g=27Z/27Z x Z/27 x Z/27Z,#7 = 1 or 2. Now we have

#7 =1 <= p splits completely for K/Q
<= p splits completely for E/Q and L/Q

Therefore, by (3.1), (3.2), we have

#7 =1<=p=1mod8and (£*/p) = 1. (3.3)

and hence

#7=2<=pZ*1lmod8or ("/p)=—1. (3.4)

In Case 1, we have 7 = ((K/Q,p)) because the Frobenius automorphism is the generator

of 7:

g = (K/Q,p)), p#2,L (3.5)
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Conversely, for any s € g, with s> = 1, there is a prime p # 2, £, such that (K/Q,p) = s.
Although this follows from Chebotarev density theorem, the following table which results
from (2.1), (3.1), (3.2) reveals the Artin reciprocity for K/Q:

p 9p
p=1 mod8, (£/p)=1 1
p=1mods, (¢/p)=-1| ()
p=>b mod8, (£*/p)=1 ()
p=>b mod8, (&/p)=—1| {rp) (3.6)
p=3 mod8, (£*/p)=1 (oT)
p=3 mod8, (£*/p)=—1]|{(oTp)
p=7 mod8, (£*/p)= (o)
p=7 mod 8, (&*/p)=—1| {(op)

Case 2. p=1{.

From (3.1), (3.2), we have e(p|{) = e(B|P) = 1, e(P|f) = 2. Hence #T = ¢, =
e(Pf) = e(P|P)e(P|) = 2. Since the quotient group g¢/7T" is cyclic, either g, = T or
lg¢ : T = 2. Now,

£ is unramified for £/Q <= E C Kr <= (p) D T. Comparing orders of {p) and

T, we have

T = (). (3.7)
Next

bl

£=1mod 8 <= {splits completely in E/Q «— F C Kz

— (p) D<= (p) =g,

so we have

{=1mod8<= g, =T = (p). (3.8)

Suppose now that £ Z 1 mod 8. from (3.7) (3.8), we find that g; D T = (p) and #g, = 4.
Let F=Q(i); this field corresponds to {(r,p). If £ =5 mod 8, then
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£ splits completely in F/Q <= F C Kz <= (1,p) D g¢, and so we have

£ =5 mod 8 <= g; = (7, p).

(3.9)

Replacing F' = Q(i) by Q(v2), Q(v=2), we get statements like (3.9) for the case of

£ =17,3 mod 8, respectively, and obtain the table:

4 e
=1 mod8 (p)
£=3 mod8 | (p,or)
=5 mod8 | (p, 1)
=7 mod8 | {p,o)

Case 3. p=2.

(3.10)

From (3.1), (3.2), we have e(P|2) = e(Blp) = 1, e(p|2) = 4. Hence #T =4 =
ez = e(P|2) = e(Plp)e(p|2) = 4. Since 2 is unramified for L/Q, we have L C Kr, i.e.,

(o, 7y D T. Compairing orders of (o, 7) and T, we have

Therefore, either go =T or g, = g. Next,

£ =1mod8 <= 2 splits completely in L/Q <= L C Kz

< (0,7)Dgs<=T = ga,

so we obtaln the table:

2 ‘ g2
=1 mod8 (£=1,7mod8) | {c,1)
=5 mod8 (£=3,5mod8) g

Case 4.p = o0

(3.11)

(3.12)

In accordance with the convention, we understand by the decomposition field of

p = 0o, the maximal real subfield Q(v/2,v/?) of K. As i = —i, we have

564



ONO

doo = (o). (3.13)

4. The family H({).

Having determined generators of g, (p = oo inclusive), it is natural to introduce
a family H(¢) and its subfamily H*({) of subgroups of g = Gal(K/Q), K = Q(=,6),
e=(144)/v2, 0 =", as follows.

=
=
=

(l

{hC g, bh=gp,forsomep (p= oo inclusive)}, (4.1)
{h € H(¥); b is maximal } (4.2)

N
*
Py
(o
=

where h is maximal if it is not contained in any group in H({) other than b itself. The
tables in 3 help us to determine H(¢). First of all, from (3.6), we see that, for each

£, H(¢) contains a subfamily Hy in common:

Ho ={1,{(0),(1), (), (07),{ap), (Tp), (pTO)} (4.3)

Next, using (3.10), (3.12), we obtain the following tables:

I4 H(¢)
£=1mod 8 Hy, {0, 1)
{=3mod 8| Hy,{or p)g (4.4)

{=b5mod8 | Hy(rp)g
0=T7mod 8 | Hy,{op), (o),

I4 H*(0)
t=1mod 8 | (p),(op),(Tp), (oTp), {0, T)
£ =3 mod 8 g (4.5)
f=5mod 8§ g
{=Tmod 8| (rp),{cTp), {o,7), {0, p),
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5. Shafarevich-Tate set for X over Q.

Let G = AutX and g = Gal(K/Q) as in 1,2. We remind the reader the definition
of the cohomology set H(g,G). First, we define a cocycle to be a function f:g — G

which satisfies

f(st) = f(s)f(1)°, siteq (5.1)

We denote by Z(g, G) the set of all cocycles. Two cocycles f, f' are equivalent if there
exists ¢ € (G such that

F'(s) =g f(s)g’. (5.2)

The quotient

H(g, G) = Z(8,G)/ ~ (5.3)

is the cohomology set. Z(g, () contains a distinguished function 1 given by 1(s) = 1 for
all s € g We set

B(g,G) ={f € Z(8,G); f ~1}. (5.4)

A function fin (5.4) is a coboundary and, by (5.2),

f is a coboundary <= f(s) = g~ '¢* for some g € G. (5.5)

Let b be a subgroup of g. We have the restriction map

vy H(g,G) = H(b,G) (5.6)

induced by — flh, f € Z(g, G). This mapping sends the distinguished class in H (g, ()
to the one in H(h,G). Hence Ker ry makes sense. If b’ is a subgroup of h then we see
at once that Ker ry C Ker 7y . Therefore, in view of (4.1), (4.2) the following definition

of the Shafarevich-Tate set makes sense:
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n(x/Q) = ﬂ Ker ry = ﬂ Ker ry. (5.7)
hEH (¢) he*(0)
We have TII(X/Q) = 1 if £* =5 mod 8. (5.8)

Proof. If * =5 mod 8, ie.,if £ =35 mod 8, then g € H*(¢) by (4.5). Since ry is the
identity mapping of H (g, G), we find III(X/Q) = 1 by the definition (5.7), Q.E.D.
Needless to say, the remaining case where £* = 1 mod 8 is more interesting. In

this case, again by (4.5), we have

Hl(X/Q) = ﬂ Ker 75, = <p>’ <0-p>’ <Tp>, <O'Tp>, <0-’ T> (5'9)
b
if¢ = 1mod8
and
Hl(X/Q) = ﬂ Ker 75, h = <Tp>, <O'Tp>, <0-’ T>’ <Ua p> (5'10)
b
if¢ = Tmod8&

Since h = (o, 7) is contained in H(¢) by (4.4), if we take a class [f] € II(X/Q),

with f € Z(g,G), we have f(o) = ¢7'¢%,f(r) = ¢7'¢", 9 € G. Replacing f by a
cocycle equivalent to it using ¢, we may assume without loss of generality that

fle)=f(r) =1, forany [f] € HI(X/Q). (5.11)

Since h = {p) is contained in H(¢), we have

flp) =g~ 'g" forsomegeG. (5.12)

Tt is useful to determine explicitly the values (5.12) in A using tables in 2. By (1.3), write
g=ac,a€ A= (u,v),c€C = (w,t)=2.55. The g~tg? = c¢~tef by (2.3). By (1.8), (2.6),

we have
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c ‘1 w  wt  tw t t?
e’ 1 v?w wt uwHw vt u?t? (5.13)

flp) |1 »? 1 u?  u? P

If f(p) =1, then f(o) = f(r) = f(p) =1 and so f ~ 1.Next, suppose that f(p) = v2.
Consider a coboundary defined by ¢(s) = w=tw?®, s € g. Then, by (2.2), we have
plo) =w™lw? = 1= f(o),p(r) = w™lw” = 1= f(r) and ¢(p) = w'w’ = v* = f(p);
hence f = ¢ ~ 1, again. The last possibility is:

flo) = f(r) =1, f(p) = u*. (5.14)

Now, by the definition of the cocycle, we have, from (5.14),

flrp) = flpr) = F(p)f(7)" = u’. (5.15)

On the other hand, since h = (rp) belongs to H(¢) and [f] € HI(X/Q), we must have

f(rp) =z~ '™ for some z € G. (5.16)

Comparing (5.15), (5.16), we have

et = (5.17)
Writing, as usual, = ac, a € A = (u,v), ¢ € C = (w,t), we find zt2™ = c71c7¢
by (2.3). In view of (5.17), we are reduced to solve the following equation in the group
C = 531

cle™h =P (5.18)

Now, look at the following table similar to (5.13)

c ‘ 1w wt tw t 12
c 1 2w uw?vPtw tw uwvit PP (5.19)
flrp) |1 2?2 u?v? 1 v u?v?
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Since u? does not appear in the last row, we see that the equation (5.18) has no solutions.
Hence the last possibility (5.14) is unreal. Consequently, in view of (5.8), we proved
(5.20) For the curve X : y* = a* — (% ¢ an odd prime, we have

H(x/Q) = 1.

(5.21) Remark. The famous quartic X : z3y + y®z + 232 = 0 is a smooth curve over Q
with ¢ = 3 and G = AutX = PSLy(F7), a simple group of order 168 = 23.3.7. In
[3], Klein shows that each automorphism of X is induced by a collineation of P?(C) and
finds collineations u,v,w in PGL3(C) which generate G. Three matrices in G L3 (C)
inducing u, v, w are described in terms of elements in K = Q((),( a primitive 7th root
of unity. Since the prime 7 is totally ramified for the absolute cyclotomic extension K/Q,
the decomposition group g7 = g = Gal(K/Q) and so we obtain III(X/Q) = 1 without
any effort.

Appendix

Let X be an algebraic variety defined over a number field % of finite degree over
Q. The curve y* = 2* — % is an example of X with ¥ = Q. Another variety Y over k
is called a k-twist (or a k-form) of X if YV is isomorphic with X over k, an algebraic
closure of k. Let a be an isomorphism X ~ Y over k. Then, for s € g, = Gal(k/k),a®
is also such an isomorphism; and so f(s) = a~la® becomes an automorphism of X
over k : f(s) € Autg(X). For simplicity we shall set G = Autz(X). Then, the map f
is continuous for the Krull topology on gi and the discrete topology on G with the
equation f(st) = f(s)f(t)*,s,t € gi, i.e., a cocycle of the Galois group gi in the
group G. Two cocycles f, f' are equivalent: f ~ f’ if there exists g € G such that
F'(s) = g71f(s)g®, and the quotient set H(k, () is the cohomology set. Notice that
there is a distinguished class in it. Let us denote by Twist (X/k) the set of all k-twists
of X modulo k- isomorphisms. Then, in most cases (e.g. X is quasi projective, i.e. X
is isomorphic to a locally closed subvariety of some projective space), the above cocyle

induces a bijection:
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Twist(X/k) = H(k, G). (A.1)

When a cocycle f = f(s) comes from Y € Twist(X/k) as above, we have the follow-
ing chain of equivalences showing that the distinguished elements of two sets in (A.1)

correspond each other:

f~le=fs)=ala’ =g "¢’ yed

< ga~t = (ga™h)F, for all s € g, <= ga~"
is defined over k <—= X =Y over k.

Now, for each place v of k, let &k, denote the completion of &£ at v. We take an
algebraic closure k, of k, and embed k in k,. For simplicity, put g = g = Gal(k/k),
gy = Gal(kjv/kv). Since k, is the composite of k and k, over k, g, may be identified
with Gal(k/(kNk,)) and we shall consider g, as a subgroup of g. In this situation, the

Shafarevich-Tate set makes sense:

HI(X/k) < 1k, G)

= Ker {H(k, G) =[] H#(k, G)}

= {V;Y = X over k and over k,, for all v}

In particular, the Hasse principle (for twists) means:

II(X/k) = HI(k,G) = 1,

in other words,

Y >~ X over k and k, forall v <= Y = X over k.

If the group g = Gal(k/k)acts trivially on G then (A.2)
MI(X/k) = UI(k,G) = 1.
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In fact, by the assumption, g and g, act on G trivially. Hence the set HI(k, &)

is nothing else than the kernel of the natural map

6 : Hom(g,G) — HHom(gU,G).

Now take any p € Ker 8. Then there is an open normal subgroup h of g such that
p(h) = 1, and hence p(gyh) = 1 for all v. Call K/k the finite Galois extension
corresponding to . To g,h corresponds the decomposition field of a place w of K
which induces v on k. For any s € g, put s* = sh € g/h = Gal(K/k). By Chebotarev
density theorem, we have t*s*(t*)™! € Gal(K/(K Nky)) for some finite prime p of k
and t* € Gal(K/k). If t* = th with t € g, then ¢st~! € gph. Since p(gph) = 1, we have
p(tst™1) =1, and hence p(s) = 1 for any s € g, i.e., 0 is injective, Q.E.D.

(A.3) Let h be an open normal subgroup of g = Gal(k/k) and K/k be a finite Galois
extension corresponding to h. Assume that h = Gal (k/K) acts trivially on G. Then

there is a bijection
Mk, G) = (K /k, G), where

(K /k,G) = Ker {H(K/k, G) = [[ H(Kw)/ ko, G)}

and K,y s the field which is the completion of K in ky .

Proof. Consider the following commutative diagram:

1 1 1
! ! !

1 - INE/kG S ke 5 1K G)
! !

1 - HE/MRG M oHkG S H(KG)
Iy bo

1 = [ HEw/k, G = I,k G) — Tl, H(Kw,G)
where all columns and the middle row are exact, a, inf, £ are injective and K, 1is

the completion at a place w of K. We shall show that Im o = Ker 3. In fact, take
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z € MMI(K/k,G). Then we have fa(x) = res inf(z) = 1 and hence Im o« C Ker 3.
Next, take y € Ker 3 C Ker(res). Then y = inf(z) for some z € H(K/k,G). Tt then
follows that 1 = d(y) = ¢ inf(x) = ey(x). Since e is injective, we have vy(z)=1, i.e.,
z € HI(K/k,G) which shows that Ker 3 C Im «. Now, as III(K,G) =1 by (A.2), the
relation Im a=Ker § means that « is surjective, which proves our assertion.

Let X be, as before, a quasi projective variety defined over a number field k.
Assume that there is a finite Galois extension K/k so that G = Autp(X) = Autg (X)),
ie., every k-automorphism of X is a K-automorphism. This is certainly the case of
our curve (1.1) with £ = Q, K = Q(&,60). In accordance with notation in the text, put
g = Gal(K/k), g, =the decomposition group of a prime P in K which lies above a prime
pin k.} Asin 4, weintroduce afamily H (K /k) and its subfamily H*(K/k) of subgroups
of g = Gal(K/k) as follows.

H(K/k) = {bCg;h=g, for some p (p|oo inclusive)} (A.4)
H*(K/k) = {bhe H(K/k);h maximal }.

For a subgroup h of g, we have the restriction map ry: H(g,G) — H(h,G). If
b’ is a subgroup of fj, then we see that Ker ry C Ker 7y . By (A.4), we can speak of the
Shafarevich-Tate set

Mi(X/k) = ﬂ Ker 7y = ﬂ Ker 7. (A.5)

beH(K/k) beH* (K/k)

In view of (A.3), (A.4) and (A.5), the two modes of defining the Shafarevich-Tate set
II(X/k) coincide with each other.

For a prime p in &k, set

P, = {; prime in K dividing p}. (A.6)

{ We include as a prime p the one at infinity in k. I beg of readers to be generous with a crash of
notation g, gy, occuring above in Appendix. Since the conjugacy of subgroups of g does not affect the

cohomology, we can use the notation gy, safely.
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The finite group g = Gal(K/k) acts on this finite set. We see that g has a fixed point
in P, if and only if H*(K/k) = {g}. Now, assuming that K is a field of rationality for
G = Aut;(X), we obtain, from (A.5), an inexpensive theorem

(A.7) (Hasse principle for X/k). Let X be a quasi projective variety over k, G the group
of automorphisms of X over k. Assume that there is a finite Galois extension K/k so
that every element of G is defined over K. If, for a prime p, g = Gal(K/k) has has a fived
point in the set (A.6), then the Shafrarevich-Tate set (X /k) = 1.

(A.8) Remark. The statement (5.8) for our curve X : y* = 2% —(? is a (very) special case

of (A.7). On the other hand, (5.20) is not a consequence of (A.7). a
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