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This note concerns algebraic K3 surfaces X admitting a finite group of symplectic

automorphisms G such that the quotient X/G is birational to a generalized Kummer

surface AG. To extend the classical case of G = Z2 which has been extensively studied

([9], [3], [5]), to more general groups one needs to determine finite groups with suitable

actions both on K3 surfaces and on abelian surfaces. To this end, finite groups with

symplectic actions on K3 surfaces were completely determined in ([7]) and ([11]) and

in the latter article the configurations of singularities on the quotients were also listed.

On the complementary side, Katsura’s article ([4]) contains the classification of all finite

groups acting on abelian surfaces so as to yield generalized Kummer surfaces (cf. ([1])

for related lattice theoretic discussion).

In this note, we mainly have two results :

1) a K3 surface X admitting a Shioda-Inose structure with G 6= Z2 has ρ(X) ≥ 19 in

general and ρ(X) = 20 if G is noncyclic,

2) on a singular K3 surface X, all Shioda-Inose structures are induced by a unique abelian

surface.

Throughout the paper we will consider only algebraic K3 surfaces over C.

Our notation will be as follows :

A (resp. X) denotes an abelian (resp. an algebraic K3) surface.
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AG is the Kummer surface constructed from A/G for a suitable finite group G.

K? denotes the canonical class of ?.

T? = the transcendental lattice of ?.

ρ(?) is the Picard number of ?.

We use the standard notation Ak, Dk, Ek to denote the rational singularities on surfaces.

We recall that a generalized Kummer surface AG is a K3 surface which is the minimal

resolution of the quotient A/G of an abelian surface A by some finite group G ([4],

Definition 2.1).

Definition 1 : A K3 surface X admits a Shioda-Inose structure with group G if G

acts on X symplectically and the quotient X/G is birational to a generalized Kummer

surface AG.

Generalized Kummer surfaces (in characteristic 0) arise only if G is isomorphic to one

of the following groups ([4], Corollary 3.17) :

Zk, k = 2, 3, 4, 6,

binary dihedral groups Q8, Q12 and

binary tetrahedral group T24.

All of these possibilities occur ([4], Examples).

Comparing this list with the list of finite groups acting symplectically on K3 surfaces

([11], Table 2), we see that all such G appear as a group of symplectic automorphisms of

some K3 surface.

In the classical case of G = Z2, we have the following lattice theoretic characterization

of K3 surfaces admitting Shioda-Inose structure ([5], Corollary 6.4).

Theorem [5] : An algebraic K3 surface X admits a Shioda-Inose structure if and

only if X satisfies one of the following conditions :

(i) ρ(X) = 19 or 20,

(ii) ρ(X) = 18 and TX = U ⊕ T ′,
(iii) ρ(X) = 17 and TX = U2 ⊕ T ′.

In this case, one can also prove the following elementary result.

Lemma 2 : Given an abelian surface A, there exists a K3 surface X with ρ(X) =
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ÖNSİPER, SERTÖZ

16 + ρ(A) admitting a Shioda-Inose structure induced by A.

It follows from ([4], p. 17) that a K3 surface X admitting a Shioda-Inose structure

with cyclic group G 6= Z2 has Picard number ρ(X) ≥ 19. It follows from Proposition 3

below that if G is noncyclic, then X is a singular K3 surface.

Proposition 3 : If G is a non-cyclic group acting on an abelian surface A to yield a

generalized Kummer surface, then the singularities of A/G are given as follows :

3A1 + 4D4 for G = Q8,

A1 + 2A2 + 3A3 + D5 for G = Q12 and

4A2 + 2A3 +A5 or A1 + 4A2 +D4 + E6 for G = T24 .

Remark :

An important application of classical Shioda-Inose structures is the proof of Tate’s

conjecture for zeta functions of singular K3 surfaces ([9], Theorem 6) which can be trivially

extended to give

Lemma 4 : Let X be a K3 surface defined over a number field K. If X admits a

classical Shioda-Inose structure induced from A with complex multiplication over K, then

Tate’s conjecture for ζX(s) holds true.

By the remark preceeding Proposition 3, we see that a K3 surface X admitting a

generalized Shioda-Inose structure already admits a classical Shioda-Inose structure and

hence these generalized structures do not lead to new interesting arithmetic results.

As to the variation of Shioda-Inose structures with respect to the isogenies of abelian

surfaces, we have

Lemma 5 : If X is a singular K3 surface, then each and every Shioda-Inose structure

on X is induced only by A.

Remark :

Let A1 and A2 are two abelian surfaces which are isogeneous via an isogeny of degree

n. If X1, X2 are two K3 surfaces which admit Shioda-Inose structures (not necessarily

with the same group) induced from A1, A2 respectively, then X1, X2 are isogeneous in the

sense of ([6], Definition 1.8). In case of singular K3 surfaces, it follows from Lemma 5 by

using ([2]) that stronger form of isogeny holds, that is we have rational maps X1 → X2,

X2 → X1 of degree n.
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