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Abstract

The general solution of SL(2,R)/U(1) WZNW theory is constructed by a gauge
invariant reduction. This is done within both Lagrangian and Hamiltonian frame-
works.

1. Introduction

About ten years ago the Dublin group [1] showed that Toda theories can be obtained via
nilpotent gauging (or Hamiltonian reduction) of Wess-Zumino- Novikov-Witten (WZNW)
theory. Due to their relationship with Lie algebras, the Toda systems are among the
models of the theory of integrable non-linear equations [2]. More recently U. Muller
and G. Weigt found a Lax pair representation for non-nilpotent gaugings of WZNW
theory [3]. Without integrating the Lax pair the authors gave the general solution for
the SL(2,R)/U(1) case [3]. In this note we show how one can obtain the solution given
in [4] in systematic way directly from the gauge invariant reduction procedure.

*Talk presented by G. Jorjadze in Regional Conference on Mathematical Physics IX held at Feza
Giirsey Institute, Istanbul, August 1999.
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2. Classical Dynamics and Reduction

2.1. Lagrangian for SL(2,R) WZNW Model
Let us introduce a 2-form

2

F=—
T at(ugogh)

L, AN R,, (1)

given on SL(2,R) group manifold. Here g € SL(2,R), a is a parameter, u and v are
some fixed non-zero elements of sl(2.R) algebra, (u g v g~1) := —1/2 tr (ugvg—!) and
the ‘left’; ‘right’ 1-forms are defined by

Ly, = (udg 9_1>a R, = (v 9_1 dg). (2)

One can verify (see Appendix) that, for a® = (uu)(vv), (1) provides

2 ~ _
dFu = 39 YdgAg~tdg A g ldg). (3)

The function A(u,v;g) = (u g v g~!) is positive (see Appendix) for ‘time-like’ u and v
((uu) > 0, (vv) > 0). Choosing a = +/(uu)(vv) one gets the globally well defined 2-form

Fop = ———————+ La N Ry, 4
Y+ (agogt) T @

with normalized vectors 4,0 ((44) = 1, (00) = 1), which satisfies (3).
Integration of F over 2d closed surface gives the topological Wess-Zumino term of

SL(2,R) WZNW theory. As a result, we find the Lagrangian

L=Ly+Lwz, with  Lo= (90,9 g7 '0_g), (xg ==z £1)

(0drg g " )0 g7'0g) —(@d_gg ") (0 g" drg)

Lwz = 1+ (agvgt) ’ )
which leads to the same dynamical equations as WZNW theory
d-(0+9 97 =0, d4(97'0-g) =0. (6)
Lagrangian (5) is invariant under the global U(1) transformations
g ha(e)ghs(e), with hg(e) = % and hy(e) = e?, (7)

We construct the coset SL(2,R)/U(1) model by gauging of (7) symmetry.
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2.2. Coset Model

The gauging procedure amounts to the introduction of auxiliary gauge fields A4+ and
construction of a new Lagrangian

Lc(g, A, 0+g) = L(g, 0+g — Ax (g + g0)), (8)
which is invariant under the gauge transformations
Ay — Ay + 012, g ha(e)ghe(e) (e =e(xq,22)).

The gauge fields A4 can be easily eliminated from (8) using the corresponding variational
equations 0Lg/0AL = 0. These equations define

_ (adigg™t) _ (0g7' g
L= I A= —— 9)
14+ (agdg™") 14+ (dgdg)
and after elimination of A4 we obtain the gauged Lagrangian

(@0:9 9 )(0g'0-g)+ (@ 0-g g~ ) (0 g~" Drg)

1+{(tgdg™h) (10)

Lol = (970199 0_g) —

The gauged Lagrangian (10) can be rewritten in terms of gauge invariant variables. Let
us consider the case & = 0. To analyze (10) it is convenient to introduce the basis of
sl(2,R) algebra T,, (n =0,1,2)

(1) -(00) (3 0) w

Without loss of generality, we can assume 4 = Ty. Then, the gauge invariant fields are
(see Appendix)
a1 = (Trg), q2 = (T2g). (12)

Introducing go = (Tog), one can parameterize g € SL(2,R) by

—cl4+q"T,=( ¢ 2 ~0—D ith ®+q"qn = 1. 13
R <_Q1+(J0 c+q )0 M CH (13)

Inserting this parameterization in (10) we find the gauged Lagrangian expressed only in
terms of gauge invariant fields
1
Lg| =55 (0+010-q1 + 0+q20-¢2) . (14)
1+¢f+a3
This Lagrangian has a natural complex structure and for the complex valued field w =
q1 + iq2 we get the dynamical equation
0w o w

S 1
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Described gauging procedure can be done for arbitrary time-like u and v. It can also
be generalized for the cases when both u and v are space-like ({(vu) < 0, (vv) < 0) or one
of them is light-like ((uvu) = 0 or/and (vv) = 0). For all these cases the Wess-Zumino
term Ly z has singularities at (u g v g71) + /(uu) (vv) = 0.

Note that the space of gauge orbits (which defines the space of gauge invariant vari-
ables) essentially depends on the choice of v and v generators. For example, in the case
@ = —0 = Ty the gauge invariant fields are ¢ = —(g) and go = (Tpg). According to (13)
c? 4+ q2 > 1. Therefore, in this case the configuration space of the reduced system is the
manifold with edge. Consistent quantization of coset models should take into account
this peculiarities.

2.3. Integrability of the Coset Model

The dynamical equations (6) are invariant under the transformations

9@, v-) = gy(vy) g(z4,2-) g-(2-), (16)

where gy (x4) are arbitrary SL(2,R) group valued functions. This symmetry provides
integrability of WZNW theory and the general solution has the form

g4, 2-) = g4(z4) g-(x-). (17)

One can check that the Lagrangian (5) is invariant under (16) upto a total derivative.
Let g(z4,z_) be a solution of (6), which satisfies the conditions

(To 04997 1)=0 and (Th g o _g) =0. (18)

Then, the set (g, Ay, A_), with Ay =0 (see (9)) is a solution of the dynamical equations
for the system (8), and vice-versa, if the set (g, Ay = 0, A_ = 0) is a solution for (8),
then § satisfies (6) and provides (18). Since the dynamics of the gauge invariant fields
¢1 and g2 does not depend on the choice of gauge fields Ay, the solution to (15) can be
written as

a1 = (T1 g4 (z4) g-(z-)), a2 = (T2 g4+ (z4) g-(z-)), (19)
where g4 (24 ) satisfy the restrictions
(To g/ (x4) 95 (z4)) =0 and  (Th g-"(z_) g/ (x_)) =0. (20)

Using (19) and (20) one can derive the general solution of (15). To give the explicit
form we use the representation (13) for the chiral and anti-chiral fields

g+(z+) = cx(z)] + ¢t (x2)Tn (21)
and introduce polar coordinates for the components (c, ¢'}):
c+ = Ry cos (s, q% = Rysin s,

gL = —ricosayg, q3 = +risinayg. (22)
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Conditions (20) lead to R2 3, —r2a’, =0. Since R2 —r2 =1 (see (13)), we find
1Py —rioy T —TY

o %
Ry=|—F—, I R — 23)
A Ver-m (

Inserting (21) and (22) in (19), we get
w=q1+1iq2 = R+7“_6i(a’_6+) + 7“+R_e_i(“+_6*). (24)

One can check that (24) indeed satisfies (15) if Ry and ry are given by (23). Since the
solution (24)—(23) depends on four arbitrary functions a4 (z4), B4 (z+) we get the general
solution of (15).

As a conformal field theory (14) has a traceless energy momentum tensor (74— = 0)
and for the chiral and anti-chiral parts we find

(0!8l — BLot)?
oL (ol — )2

Tiy = O+wo+w = O/iﬁli + (25)

1+ ww

2.4. Hamiltonian approach

Hamiltonian reduction of WZNW theory is an alternative method for the construction
of coset models. Passing to the Hamiltonian approach we introduces the phase space
as a set of functions R(z),g(z) (z € [a,b]), where R(z) and g(x) take values in the
sl(2,R) algebra and SL(2, R) group respectively. The boundary behaviour of these fields
should provide non-degeneracy of the symplectic form. The 1-form and the Hamiltonian
obtained from (5) are

Y A (To g 'g')(To dg g7') — (To ¢'g~ ' )(To g~ 'dg)
9_/a dx[ (Rg~'dg) + Tt Ty Tog D) , (26)
b
H=—3 [ @ (rR) 6" o g ) (27)

The functions R(x) and g(z) are dynamically related by g~ !¢ = R. Taking into account
this relation and the form of the general solution (17) we introduce the ‘chiral” and ‘anti-
chiral’ fields g4 (), which parameterize the phase space

g(@) =gy (2)g-(x),  R(z) =g~ (2)lg;" (2) ¢ (2) — g" (@)~  (@)]g-(2).  (28)
The Hamiltonian (27) splits into chiral and anti-chiral parts H = H; + H_, with

1 [ _ _
Hi= —5/ dz (g=' g 95" gl) - (29)
a
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The 1-form (26) leads to the symplectic form of WZNW theory [4]

b
Q=df =/ dr [(g7" dgy (97" dgy)') —(dg- g~" (dg— g="))] +
+(g7 " dgy dg— g~ "5 (30)

One can check that the differential of the 1-form 6 = 64 4 0_ gives the same symplectic
form €, if the 6+ are given by

b
b. = / de [ (g gos’ dgs) +

(To 9= g)(To dg= g=") — (To gy 95" ){(Th g%" d9i>]

+ =
L+ (Ty g+ To 95")

(31)

Thus, 1-form (26) can also be split into chiral and anti-chiral parts (up to an exact form
and boundary terms).

The gauging procedure of SL(2,R) WZNW theory, which leads to the coset model
(14) corresponds to Hamiltonian reduction with the constraints

(Ty ¢',97")=0 and (Tp g;'d,) =0.

Using the parameterization of g+ functions (21) we obtain the reduced Hamiltonian H| =
HH‘ +H|_, with

b /
H 4 :/ do [f2 +o/B.], where tanh®f = ﬁ—,i (32)
a oy
and the reduced 1-form é| =04 +0,_, with
b
9|i = / dx [flidfi + ﬁidai]. (33)

Differentiating of (33) reproduces the symplectic form of the (14) model and the integrand
in (32) coincides with the energy-momentum tensor (25).
To get the canonical form of the chiral Hamiltonians (32) and chiral 1-forms (33) we
pass to the new fields ¢+ ; and ¢+ o:
sinh ¢+ 1 + je®1 Fi
\/sinh2 Gy + €201 F2

cosh g4 1 — jePt 1 Fy

\/cosh2 i1+ €201 F2

] ] / -2 /
eFiax — oidx2 , where F| =e d+1 ¢i,2 )

TPt — pidx2

, (34)
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These equations provide

P+ alfy = Iﬁ,1 + (/5@,2,
frdfs + Brday = ¢l 1dds 1+ ¢y odds o (35)

Substituting (34) into the general solution (24), we obtain (see [3])

w = %eimﬂei"ﬁ**2 [eP+1eP=1 (1 +4F, F_) — e P+1e %=1

+2i(Fyef+ie™0=1 £ F_e™P+1ef-1)). (36)
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3. Appendix
The matrices (11) satisfy the relations
T T = —Nimn I + €mn : 1, (Al)

where [ is the unit matrix, 7,,, is a metric tensor of 3d Minkowski space: 7y, =
diag(+, —, —), €012 = 1. The normalized trace of matrixes (4) := —1/2 tr (A) gives

(Tm Tn> = Nlmn, <Tl T Tn> = €lmn- (AQ)

For w = w™T,, and v = v"T,,, we have (u T,) = un, (u v) = u™v, and we get the isometry
between si(2, R) algebra and 3d Minkowski space.
The ‘left’ and ‘right’ 1-forms

Lyn=(T,dgg™"), Rn.=(T,g "dy) (A3)

are related by
Lin = Ay, (9) R, (A.4)

where A,,"(g9) = (T, g T" g~ '). The 3-form h = (g7'dg A g~'dg A g~ dg) can be
expressed in terms of ‘right’ (or ‘left’) 1-forms, since from (A.3) we have

g ldg=T"R,, dg gt =T"L,. (A.5)
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Using (A.2) we get
h=6 Ry N Ri N\ Rs. (AG)

The differentials of (A.3) and (A.4) give

dL, = €,"™ L; A Ly, dR, = —€,'™ Ry A Ry,
dApnn = 26, * Apr(9) Ry (A.7)

Taking differential of (1) and using (A.6), (A.7) we obtain (3).

The matrices A,,"(g) belong to the group SO;(2.1). The property A’ > 1 can be seen
by direct computation (A" = 1+ 2(¢? + ¢3) (see (13)). The property (u g v g=!) > 0 for
time-like u and v follows from the isometry between the si(2.R) algebra and 3d Minkowski
space.

Since T§ = I, we have exp(eTp) = I cose + Ty sine. From (A.1) we find

exp(eTy) Ty, exp(eTy) =T, for n=1,2,

which provides gauge invariance of (12).
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