Turk J Phy
24 (2000) , 175 - 191.
(© TUBITAK

Analysis on the 2-Dim Quantum Poincaré Group at
Roots of Unity*

Haji AHMEDOV
Feza Girsey Institute,
P.O. Box 6, 81220 Cengelkoy, Istanbul-TURKEY

Received 23.03.2000

Abstract

2-Dim quantum Poincaré Group Fq4(1,1) at roots of unity, its dual Ug(e(1,1))
and some of its homogeneous spaces are introduced. Invariant integrals on Fq(1,1)
and its invariant discrete subgroup E(1,1 | p) are constructed. *—Representations of
the quantum algebra U, (e(1,1)) constructed in the homogeneous space SO(1,1 | p)
are integrated to the pseudo—unitary representations of F4(1,1) by means of the
universal T—matrix. Ug(e(1,1)) is realized on the quantum plane E,gl’l) and the
eigenfunctions of the complete set of observables are obtained in the angular mo-
mentum and momentum basis. The matrix elements of the pseudo—unitary irre-
ducible representations are given in terms of the cut off g—exponential and g—Bessel
functions whose properties we also investigate.

1. Introduction

Finite dimensional representations of the quantum algebra Uy (g) for real g is very similar
to the representations of the universal enveloping algebra U(g) where g is the complex
simple Lie algebra [17, 19, 23, 24]. Theory of the algebraic quantum group G, which is
the Hopf algebra of the quantized polynomials on the Lie group G is essentially the same
as that of G too (see [26] and references therein ). Matrix elements of the irreducible
representations of G, are expressed in term of the g-special functions which are the
generalization of the ones related to the Lie group G. There also exist an invariant
distance [1], an invariant integral and Peter—Weyl approximation theorem [27] on the
compact quantum group G, and its symmetric spaces.

*Talk presented in Regional Conference on Mathematical Physics IX held at Feza Gilirsey Institute,
Istanbul, August 1999.
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On the other hand the quantum algebra U,(g) at roots of unity admits finite di-
mensional irreducible representations which have no classical analogs [6, 10, 11, 20, 22].
Because of the peculiar algebraic structure of these representations quantum algebras at
roots of unity have found interesting applications, especially in determining knot invari-
ants [21] and in the quantum Hall effect [13]. Unlike the case of real ¢ theory of the dual
space G4 at roots of unity is not well established :

(1) what is the structure of the quantum group G, at roots of unity ?

(ii) what are the g—special functions related to G, at roots of unity?

(iii) are there invariants (integral, distance ) on G, at roots of unity?

For the quantum group SL,(2,C) at roots of unity some aspects of this programm
was developed in the series of papers [2, 9, 16]. Quantum groups at roots of unity appear
to be a natural generalization of the usual supersymmetry to the fractional one ( FSUSY
) which replaces the Zy—grading of the SUSY algebra with a Z,—graded algebra in such
a way that the FSUSY transformation mix elements of all grades [3] (see also [12] and
references therein ).

The purpose of this paper is to solve the problems (i), (ii) and (iii) for the 2-dim
quantum Poincaré group E,(1,1) at ¢ = 1. This group is the Z,—graded product of
the p3-dimensional invariant E(1,1 | p) and translation R? subgroups. We define the
invariant integral on F4(1,1) and demonstrate that all the methods of representation
theory available at generic g can be extended on this group.

In Section 2 we define the quantum Poincaré group E4(1,1) at roots of unity, its
homogeneous spaces E(1,1 | p), SO(1,1 | p), M1, Eél’l) and the dual space Uy(e(1, 1)).
Section 3 is devoted to the construction of the invariant integral on E,(1,1) and its
invariant discrete subgroup E(1,1 | p). The irreducible s—representation of U,(e(1,1))
constructed in Section 4 are integrated to the pseudo—unitary irreducible representations
of E,(1,1) by means of the universal T-matrix in Section 5. The matrix elements of
these representations and some of their properties are investigated in Section 5 also. In
Section 6 we realize the quantum algebra U,(e(1,1)) on the quantum plane Eél’l) and
obtain the eigenfunctions of the complete set of commuting elements of Uy (e(1,1)) in the
angular momentum and momentum basis.

2. 2-Dim Quantum Poincaré Group E,(1,1) at Roots of Unity

Let us start by reviewing the principal facts of the 2—dimensional complex quantum
Euclidean group E,(2,C) and its dual Uy(e(2,C)) [4].
The quantum group E,(2,C) is the Hopf algebra A(E4(2,C)) generated by ni+ and
0T satisfying the relations
D=1t = -, 120 = ¢2 0+ (1)
and
Ane) =nr ®@1a+6F @ne, A =69,
e(6F) =1, e(ex)=0, S(EF) =07, Sny)=—0"'ns. (2)
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The quantum algebra Uy (e(2, C)) is the Hopf algebra generated by p+ and x*! satisfying
the relations

Pip- =p-Py, PR =q Rpx (3)
and
Alps) =pr @k + K ' @ps, Ak)=k®k,
E(pi) =0, E(Kil) =1, S(pi) = —qilpi, S(,‘Qil) = xFL (4)

The duality pairings between A(E,(2,C)) and Uy(e(2,C)) are given by

(Kj,(gj’) —_ qjj’, i, jl cz (5)
and
Py = i"qFE [n)'6pm,  n, mE N, (6)
where
qn _ q—n
=200 =2 )

where

|

The Hopf algebra A(E,(2,C)) has two real forms A(FE,(2)) and A(E,(1,1)) defined by
the involutions
=61 ni=ng for ¢q€R

and
0" =06, mi=mn+ for |q|=1 (8)

respectively. The 2-dimensional quantum Euclidean group E,(2) which is the «—Hopf
algebra A(E,(2)) was treated in detail in [25, 28, 5]. A(E,(1,1)) is the 2—dimensional
quantum Poincaré group FE4(1,1). The Hopf algebra U, ( (2,C)) has two real forms
U,(e(2)) and Uy(e(1,1)) defined by the involutions

pL =pg, K =k for geR

and
pL=psr, kK'=k for |q|=1 (9)

respectively.
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For future convenience we would like to introduce the convolution product ¢. Let
£ : A — V be the homomorphic map of a Hopf algebra A to a linear space V. We set

§of=(d@A(f), [fol=(E@id)A(f), £o&=((®EA

Clearly £ ¢ f and f ¢ & belong to A ® V and V ® A respectively; £ ¢ £ is homomorphic
map of AR Ainto V®@V.

When ¢ is a root of unity ¢ = 1 (we deal with odd p ) the duality relations (5) and
(6) become degenerate. To get rid of these degeneracies we have to redefine the *—Hopf
algebras A(E,(1,1)) and Uy,(e(1,1)).

To remove the degeneracy in (5) we put

P =14 (10)
and
kP =1yp. (11)
Instead of (5) we then have
("Qn, C(m» = Onm, n, me [0,p - 1]) (12)
where
15
Cm)==>_q "™, melo, p—1],
n=0

which satisfies the periodicity property ((m + pj) =((m), j € Z.
To remove the degeneracy in (6) we put

ni =0 (13)
such that new variables z4+
»
. il T4
ze = lim (—-1)=2 — 14
+ qp:l( ) ]! (14)

are well defined. The above limiting process stems from the work De Concini, Kac and
collaborators, and Lusztig which also appears in two recent monographs [7], [15], from
which it can be traced back to the original references. The expression (6) now reads

(L nt) = i"¢* 2 [n)16um, n, me[0, p—1] (15)

and
(PR, 2" =i"nlénm, mn, m €N, (16)

where P, = p/. Inspecting (1) and (14) we conclude that the new variables 2z commute
with n4 and 0. By the virtue of (7) and (14) we obtain

—1

m
i)

Alz4) =24 ®@1a+14® 24 + (- mi SET @t

=1

3
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Moreover, we have
S(zg) = —2z4, e(z4)=0, 2z} =z1.

At this point we would like to introduce the short hand notation
A(z) = Z + B,
where z = (24, 2_), Z=(Z4+, Z_), B= (B4, B_) and

+n?

p—1
pt1 _
Zy =24 ®@1a+1a®2e, Bi=(-1)72 Z mnﬁi "eET @l
— I[n]!

Since B2 = 0 for any function f from the space C°°(R?) of all infinitely differentiable
functions on R? we have

d*f
dzydz_

AP = 1@+ B DBy

,—z BLB_. 17
. l.=z B+ (17)

We can also define the antipode, counite and involution on C*°(R?). They are given by

S(f(2) = f(=2), e(f(2)) = £(0), (f(2))" = [f(2), (18)

where the bar denotes the usual complex conjugation.

Let A(E(1,1] p)) be the space of polynomials of 1 and §. The restrictions (10), (13)
together with (1),(2) and (8) imply that it is finite *~Hopf algebra with dimension p3.
We call it reduced quantum Poincaré group and denote by E(1,1 | p).

Definition 1 Quantum Poincaré group E4(1,1) at roots of unity is the x— algebra
A(E,(1,1)) = A(E(1,1 | p)) x C*(R?) with a Hopf algebra structure given by (2), (17)
and (18).

Let us define the homomorphism ¢ : A(E,(1,1)) — C°°(R?), such that

§cne) =0, &c(0) =1, &c(zx) = 2.

From (17) we get
o o&o(f(2)) = f(2). (19)
The operations (18) and (19) define a Hopf algebra structure on C*°(R?). The transfor-
mation law
fcobo(ze) =26 ®@1+1® 2y

implies that the *—Hopf algebra C°°(R?) is the space of all infinitely differentiable func-
tions on the translation group R?. The quantum Poincaré group E,(1,1) at roots of unity
contains the invariant discrete F(1,1 | p) and translation R? subgroups. Using the group
multiplication law (17) and analogies with the supersymmetry theory we call E,(1,1)
Z,—graded product of E(1,1 | p) and R
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The quantum group F(1,1 | p) contains p-dimensional invariant subgroup SO(1,1 | p),
which is the *—Hopf algebra A(SO(1,1 | p)) of polynomials of § subject to the restriction
(10). The right sided coset M (V) = E(1,1 | p)/SO(1,1 | p) is the subspace A(M1:1)) of
A(E(1,1] p)) defined as

AMEVYY ={ac A(E(1,1]p)): Esca=a®1},
where &g be the homomorphic map of A(E(1,1 ] p)) into A(SO(1,1 | p)), such that

Es(ne) =0, &s(d) =6.

One can show that
Es oot =iy e* @ o
which implies that #tn™, n, m € [0, p — 1], form a basis of A(E,(;l’l)). The elements

p—l-n p—l-m | n m
efm = 1= 14— , n,m € [0,p—1] (20)

/q2n+1 + q—2n—1

also form a basis in M 1)) which are independent in the range

n€0,ng—1], me[0,2n9] and n=mng, m € [0,ng,

where p = 2no + 1. The number of independent vectors e, and e, are ’FT‘H and ”27_1
respectively.
The quantum plane Eél’l)z E,(1,1)/S0O(1,1] p) is the subspace A(E((Il’l)) of A(E,(1,1))
defined as
(1,1)y — (1,1) 2
A(Eq )= A(Mp ) x C°(R?).

Definition 2 The quantum algebra Uy(e(1,1)) at roots of unity is the x—Hopf algebra
generated by py and k subject to condition (11). The monomials

PLPsptp™kE, n, m, ke0, p—1], t s€N, (21)

where Py = ph., form a basis of Uy(e(1,1)). The x—Hopf algebra structure of Uy(e(1,1))
is given by (3), (4), (9) and

A(Pi) =P ®14+1® Py, S(Pi) =—Pq, E(Pi) =0, Pi = P..

The *—Hopf algebra U(r?) generated by P+ forms the invariant *—sub—Hopf algebra
of Uy(e(1,1)), which is dual to the Hopf algebra C°°(R?). More precisely due to the
Schwartz theorem U (r?) is isomorphic to the subspace of distributions on C°°(R?) with
support at the unit element (0, 0) € R2.

The homomorphism &, : Uy(e(1,1)) — U(e(1,1 ]| p)) given by

fc(ps) =ps, (k) =r, E(Pr)=0
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defines another sub—Hopf algebra of Ug(e(1, 1)), which is generated by the elements pi
and k subject to the conditions

ph =0, KP=1p.

U(e(1,1 | p)) is in non—degenerate duality with A(E(1,1 | p)).

3. Invariant Integral on E,(1,1)

Theorem 1 The linear functional T on A(E(1,1|p)) such that

m

Zn™ %) = ¢ 6, p—16m.p—10k 0(mod p)
defines the unique invariant integral on the reduced quantum Poincaré group E(1,1 | p).

Proof. Let us find the linear functional 7' on A(E(1,1 | p)) which for any element a
from A(E(1,1] p)) satisfies the left

T'oa=7"(a)la

and right
aoZ' =T1'(a)la

invariance conditions. By the virtue of (7) for a = ninT&k the left invariance condition
reads

n,m

Z [ TtL ] [ 7: ] q2t(s_m)771_t77T_s5k_s+tII(Uini5k) — 1AII(77177T51€)

t,s=0 + -

which implies
AR (nini&k) =0 for te[0,n—1], s€[0,m—1]
and
k+n—m = 0(mod p). (22)
If n, m € [0,p — 2] we can employ the above reasoning for the element a = 5’} ™' n™ !5

and obtain
I’(ninT&k) =0 for n, me0,p—2]. (23)

(22) and (23) imply that the linear functional 7’ satisfies the left invariance condition if
II(UiUT(Sk) = W6n,p—15m,p—15k,0(mod p)s

where w is an arbitrary complex number. In a similar fashion one can show that the right
invariance implies the same condition on Z’. Thus every linear functional on A(E(1,1 | p))
satisfying the left and right invariance conditions is proportional to Z. O
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Define the bilinear form (-, -), on E(1,1 | p) by
(a,b) = Z(ab"). (24)

Because of the property
Z(a™) =Z(a)

this bilinear form is Hermitian. The vectors e}, spanning the basis of the coset space

A(M®1) are orthonormal with respect to the above form
(eX ef ) =40 Omm, (e . eF, ) =0. (25)

nm? “n'm/’ nm? ~“n’m’

Thus A(M,Sl’l)) equipped with the Hermitian form (24) is the pseudo—Euclidean space

with ’FT‘H positive and L2—1 negative signatures.
Let Z¢ be the linear functional on the space C°°(R?) of all infinitely differentiable
functions with finite support in R? given by

ze(f) = [ [ dmdsfleis) (26)
and let Ag(E,(1,1)) be the subspaces
C5o(R?) x A(E(1,1]p))

of A(E4(1,1)) whose any element F is the finite sum
F= Z an fn
n

where f, € C§°(R?) and a,, € A(E(1,1 | p)). It is clear that Z¢ is the invariant integral
on the translation group satisfying the properties

(Zc ®@id)(§c o &c)(f) = C(f), (id@Zc)(§c o éc)(f) =C(f) (27)
for any f € C§°(R?).

Theorem 2 The linear functional Zg on Ao(Eq(1,1)) given by

Ip(F) = I(an)Ic(fn)

defines the unique invariant integral on the quantum Poincaré group E4(1,1).

Proof. By the virtue of (17) and (19) for G = af we have

TpoG = (id@IEnA(a){(gcogc)(f)+B+<§c<>§c>(%>
+B—(§c<>§c)(di—f_)+B+B—(§c<>§c)(dziglfz_)}]-
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By making use of (27) we get

TroG = LZ(@Io(f)+ (d 9 DAWN B I(0) + B-Te(7-)
d2
+(id ®I)(A(a)B+B_)IC(dz+C‘le_).
Using the properties ,
d, d
Cc(é) =0, Cc(dZJrC{Z_) =0

satisfied by the functions f € C§°(R?) we arrive at
Ip oG =14Z(a)Zc(f) = 14ZE(G),
which together with the linearity of the functional Zg implies
Ipo F =14Zg(F)

for any F € Ag(E4(1,1)). We have proved the left invariance condition. In a similar
fashion one can prove the right invariance condition. The uniqueness of the invariant
integral Zg follows from the uniqueness of the invariant integrals Z and Z¢. O

By means of the invariant integral we define in Fy(1, 1) the bilinear form by
(F,G)g =Ig(FG"), (28)

where F, G € Ag(E,(1,1)). Because of the property

Ip(F*) =Ip(F)

this bilinear form is Hermitian.
Let Ag (Eél’l)) be the subspace

C(R?) x A(MWY).

of A(Eél’l)) whose any element X is the finite sum
X =2 fim€im + D FamCom:
nm nm
where e form a basis of A(M™Y) and f,,, € C°(R?). By the virtue of (25) we get

(X, X)p =Y Te(finfim) = > Zc(frm fam), (29)

nm

which implies that AO(E((II’I)) equipped with the Hermitian form (28) is the pseudo—
Euclidean space.
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4. Irreducible *—Representations of U,(e(1,1))
The homomorphism £* : U,(e(1,1)) — Lin A(SO(1,1 | p)) given by
LMp2)8™ = A8, LA(K)ST = g" 6™ (30)

for A = (Mg, A_) # (0, 0) defines p—dimensional irreducible representation of the quan-
tum algebra U,(e(1,1)) in the linear space A(SO(1,1 | p)). Since 6 = 14 for any
a € A(SO(1,1 | p)) we have

LN Py)a = Na

This representation is cyclic. For A = (0, 0) we have one dimensional representation
£ (pe)d™ =0, L (5)5" = g7 (31)

with the weight m € [0, p —1]. The homomorphisms £* and £™) exhaust all irreducible
representations of the quantum algebra U,(e(1,1)). This is rather trivial consequence of
the general theory presented in [11], to which we refer for proof and details. Representa-
tions of the quantum algebra U, (e(1,1)) is also considered in [8]. However the quantum
algebra studied in [8] differs because there the restriction (10) is not considered.

Let us find out when the homomorphism £* defines *representation of the quantum
algebra Ug(e(1, 1)), that is when for any ¢ € U,(e(1,1)) we have

(LX) = LN9%) (32)
For this purpose we define in A(SO(1,1 | p)) the Hermitian form
(a,b)s = Zs(a™D), (33)
where Zg is the invariant integral on SO(1,1 | p) given by
Zs(0™) = Om,0(mod p)-
For n, m € [0,p — 1] we have
(0",0™)s = Omin,0 + Ominp, (34)

which implies that the vectors

1 —1
et = —_(m+or ™), melo, 2]

m \/5 9
are orthonormal with respect to the Hermitian form (33)
(ef,ei)s = £0mk, (ef,ei)s =0.

The *—Hopf algebra A(SO(1,1 | p)) equipped with the Hermitian form (33) is pseudo—

Euclidean space with % positive and % negative signatures.
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The adjoint (L£L*(¢))* of the linear operator £*(¢) is defined as

(‘C)\((b)aa b)S = (aa (‘C)\((b))*b)S;

where a, b are arbitrary elements from A(SO(1,1 | p)). Using the representation formula
(30) and the involution (9) we conclude that when Ay are real numbers the homomorphism
L defines *-representation of the quantum algebra U,(e(1,1)). The homomorphism £(™)
also defines *—representation of U, (e(1,1)).

5. Pseudo—Unitary Irreducible Representations of E,(1,1)

Let us briefly recall the construction and the main properties of universal T— matrix
[14]. Consider two Hopf algebras A(G) and U(g) in non—degenerate duality. Let {z,}
and {X°} be dual linear basis of A(G) and U(g) respectively, with @ and b running in an
appropriate set of indices, so that (x4, X®) = 6,,. We define the element T' € U(g) ® A(G)
as
T=>Y 2,®X"
a

The universal T—-matrix is a resolution of the identity which maps the Lie group G into
itself. Moreover, if we choose the representation of U(g) we correspondingly obtain the
corepresentation of A(G) or representation of G.
The elements z! z*ntn™((k) and (21) defines the linear basis in A(E4(1,1)) and
U,(e(1,1)) respectively. Introducing the cut off g—exponential
p—1 im(m—l)

x q 2 m
et =y T ——am (35)

by the direct calculation we arrive at the following result.

Proposition 1 We have the duality relations

n—

(PLPSpp™ s 228 y™ C(k)) = an it = ) ) [m)!

Onn’ Omms Ottr 011t O -t+1, k7 »

which implies that the universal T-matriz in Uy(e(1,1)) ® A(E4(1,1)) has the form

T — ¢~ P+ ®z4 —iP-®z- e$+®n+ 61_6—®TI—D(K, 5),

where )
€x=—q Tpir!
and
1 2=
D(k,0) = - g " E™ @ oF
p m,zzo
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The universal T-matrix satisfies the properties
[(*@*)T]'T:1U®1A, T-[(*@*)T]Zly@l,q (36)
and
(id @ A)T = (T ®14)(id @ 0)(T @ 14), (37)
where 0o(F @ G)=GQF, F, G € A(E,(1,1)) is the permutation operator.
Define the linear map T)‘ A(SO(1,1]p)) — A(SO(1,1 | p)) ® A(E,(1,1)), such that

TAg = e_iﬁx(P+)®z+—i£A(P,)®z, eiﬁx(€+)®n+ ei_ﬁ (E—)®77—D(£)\ (K),8)(a®1). (38)

Due to (37) and the irreducibility of the representation £* we conclude that the above
linear map defines p—dimensional irreducible representations of the quantum Poincaré
group in the linear space A(SO(1,1 | p)). Let us extend the Hermitian form (33) to the
form {-,-}s by setting

{a® F,b®G}s = F*G(a,b)s, (39)
where F, G € A(Ey(1,1)) and a, b € A(SO(1,1 | p)). When Ay are real numbers due to
(36) we get

{T*a,T*b}s = (a,b)s1a. (40)

Thus the irreducible representation T of the quantum group E,(1,1) in the pseudo—
Euclidean space A(SO(1,1 | p)) is pseudo—unitary when Ay € R.

By the virtue of the representation formula (38) and the relation (34) we obtain
the integral representation for the matrix elements of the irreducible pseudo—unitary
representations T

D) = {07 @14, T2 "} s. (41)
After lengthily but straightforward calculations we have the following result.

Proposition 2 The matrixz elements of the pseudo—unitary irreducible representations of
E,(1,1) are

p—1l—n+m (_)\Q)kq—k(m+n)

D)\ _ e—i)\iz+—i)\ziz,[
mn 1;0 [k]'[k +n — m)!

gk(_iq(%—n))\_n_)n—mé‘n

n—m
. —22 k k(m+n)
+(_iq(—5—n))\+77+)p+m—n5n Z ( ) q

[k]![k'i‘p-i-m—n]!gk] for n>m

k=0
and
m—n
v, )\2 k —k(m+n) .
D)\ _ —iAP Lzp—iAl o (5_"))\_ 5 p+n—m5n
n Z Mt prne ],6( iq n-)

=0

p—1—m+n (_)\2 )qu(m+n)

_ig(—=3—n) m—nsn ANRANVAR: S

& for m>n,

where &€ = qnyn_ and \*> = A \_.
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For the special case D), we have the explicit formula

Dy = e M TN [T (N2 (—igEA_n_ )P 4 (—ig T A )" T (A2E)],  (42)

where m € [0, p— 1] and
Tnlw) = 3 g (43)

The pseudo—unitarity condition (40) implies

p—1
(Dé\m)*Dé\n +Z(Dl)c\m)*D;z);\—kn = (5ma5n)5114' (44)
k=1
Special cases are
p—1
(Dgo)* Day + Z(DIQ\O)*D;}—kO =14
k=1

and
p—1
(Dé\s)*Dé\p—s + Z(Dl)g\s)*D;;\_kp_s = 1A,
k=1

where s € [1,p — 1]. Moreover, we have the addition theorem
p—1
A(ng) :ZngQ@Dl)c\m (45)
k=0

The pseudo-unitary representation 7" of the quantum Poincaré group corresponding
to the x—representation L™ is given by

Tmem =6m @ 6™,
where m € [0, p — 1].

Remarks. (i) Recall that the Hahn—Exton g—Bessel functions J,,, () related to the unitary
irreducible representations of the quantum Euclidean group E4(2) are [18]

Im () = i i(qu)k.
2 TRk + m]!

Comparing (43) to the above expression we conclude that the matrix elements of the
pseudo—unitary irreducible representations of the quantum Poincaré group are the cut off
Hahn-Exton gq—Bessel function.

(ii) Inspecting (38) we observe that irreducible representations of E,(1, 1) are induced
by the irreducible representations of the translation subgroup R?.

(iii) The linear map T(™) defines the one dimensional pseudo-unitary representations
of the invariant subgroup SO(1,1 | p) € E4(1,1).
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6. Quasi—Regular Representation

The comultiplication
A Ag(BSMY) — Ag(Eq(1,1)) ® Ag(E(Y) (46)

defines the left quasi-regular representation of the quantum Poincaré group E,(1,1) in
the vector space Ay (Eél’l)). Let us extend the Hermitian form (28) to the form {-, -} g
by setting

(FOX,GR®Y}p=FG*(X,Y)s,

where X, Y € AO(E((II’I)) and F, G € Ag(E,4(1,1)). Since the Hermitian form (-,-)g is
defined by means of the invariant integral we have

{AX), A(Y)}e = 1a(X, Y)E, (47)

which implies that the left quasi-regular representation (46) is pseudo—unitary.
The right representation R of the quantum algebra U,(e(1, 1)) corresponding to the
left quasi—regular representation (46) is given by

R($)F = Fo ¢.
We have )
Rpe)nk =ig 2 [kni™", Rpe)nk =0, R(x)nk = ¢*nk (48)
and
(=D d d
R ) =igH e I e =il RGf=f @)

where f € C5°(R?). Using the following relations satisfied by the right representation R
R(¢¢') = R(¢")R(¢),
R(p+)(XY) = R(p+)XR(r)Y + R(k™")XR(p4)Y,
R(k)(XY) =R(k)XR(k)Y

we can define the action of an arbitrary operator R(¢) on any function from Ay (Eél’l)).
Due to the identity

(0, F*) =((5(9))", F),  F € Ag(Ey(1,1))
and the pseudo—unitarity condition (47) for any ¢ € Uy,(e(1, 1)) we have

Thus the antihomomorphism R : U,(e(1,1)) — Lin Ay (Eél’l)) defines *—representation
of the quantum algebra U,(e(1,1)) in the pseudo—Euclidean space AO(ESII’I)).
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The quantum algebra U,(e(1,1)) has three Casimir elements Py and pip_ with one
restriction

Py P_ = (p_py)’.
Therefore irreducible representations of Uy(e(1, 1)) will be labelled by two indices. We
construct the irreducible representations of the quantum algebra Uy (e(1, 1)) in the pseudo—
Euclidean space Ag(Eq B 1))
U, (e(1,1)) in Ag(E" ”).

by diagonalizing the complete set of commuting elements of

(i) The angular momentum states. Choose the following complete set of observables :
R(P1), R(p+p-), R(x). Inspecting (48) and (49) we observe that the functions

X = e T X (O + 0T Xa(6),

with X7 (§) and X5(&) being some polynomials, are eigenstates of the linear operators
R(Py) and R(k) with eigenvalues A\ and ¢™ respectively. The eigenvalue equation

R(p+p-)X = N°X

is solved by
X =D}

m0?

where A2 = A\, A\_ and D)\, are the matrix elements (42). By direct calculations we arrive
at the following results.

Proposition 3 The right representation of U,(e(1,1)) on the matriz elements D, is
given by

R(p-i-)DmO_)‘-i' m—1,0> m € [1,])—1],

R(p—) mO_)‘ D m~+1,0° mE[O,p—Q]
and

R(p+)D8\0 = )‘+D;z);\—10) R(p—)D;;\—Lo = )\—Dé\o-

Proposition 4 The matriz elements of the irreducible pseudo—unitary representation
satisfy the orthogonality condition

(DnOa D )E = A(S()‘-i- - )‘I—i-)(s()‘— - )‘I—)5n+m70(mod p)s

where

:_Z —1—k]!)2'

2
k=0

1s the normalization constant.
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ii) The Plane wave states. We choose the following complete set of observables: R(Py),
R(p!.), where

1 _ _1
Py =q Fpyrt, Pl =q Fpok.
Due to the relation Py = —(p/, )P it is sufficient to solve the eigenvalue equations
R(pL)Y = x+Y. (50)

Proposition 5 The eigenfunctions of (50) are

VY — e;%’mm e_—kiqxfnf ez'xiz+ eixﬁz,,
where €% is the cut off exponential (35).

Proof. Substituting o
V= e ey () Y- (1)

in (50) we get

and )
-1)% _
[R(p") - ([p XYL = Y
which imply the desired result. O
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