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Abstract

The Thomas-Fermi (TF) model is used to calculate the equation of state of thermal polarized neutron
matter. The properties of cold and hot neutron matter have been investigated. A realistic density-
dependent M3Y effective nucleon-nucleon (NN) interaction where the Yukawa strengthes are based on
the G-matrix of the Paris interaction has been used. Special attention is devoted to the effect of the
spin excess parameter on these properties. Moreover, the effect of some realistic density dependence has
been studied. The results obtained are in reasonable agreement with previous theoretical estimates using
different methods of calculation.
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1. Introduction

One of the fundamental goals of theoretical nuclear physics is to explain the properties of nuclear matter.
Another important topic is the properties of dense neutron matter which are useful in the study of supernova
and neutron stars [1-3]. In the center of a supernova at the point where neutron star is formed, the
temperature is on the order of T ∼= 10 MeV. Also, among the high energy heavy ion (HI) collisions the
temperature can be greater than 50 MeV [4]. This makes the calculation of thermal and dynamical properties
of neutron matter, based on realistic NN interactions, a matter of interest for the discussion of HI and super
heavy nuclei as well as for the calculation of equilibrium state of neutron stars. It is also of interest to study
the magnetic properties of neutron matter. A quantity which is important in studying these properties is
the magnetic susceptibility.

There are different theoretical models used to study the neutron matter, namely Brueckner’s theory [5-6],
variational methods [7], relativistic mean field theory [8-10] and the Thomas-Fermi (TF) model.

There are many neutron matter equations of state (EOS) derived from realistic interactions. Recently,
Chabanat et al. [11] used the neutron EOS obtained variationally by Wiringa et al. [12] with a Skyrme
parametrization from subnuclear to neutron star densities. Uma et al. [13], using Seyler-Blanchard potential
investigated the ferromagnetic phase transition by calculating the energy per particle for neutron matter,
minimising it with respect to spin polarization and compared this with that calculated for unpolarized
neutron matter. Zuo et al. [14] applied the Bruckner Hartree Fock approximation extended to include
ground state correlation, in the study of the single particle properties of neutron matter such as the effective
mass.

In the present work, we generalize the density-dependent M3Y effective Paris interaction to include the
spin component for the study of spin polarized cold and hot neutron matter. Actually, the purpose of this
paper is two fold. First, we study the properties of spin polarized neutron matter such as energy per particle,
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pressure, effective mass and magnetic susceptibility applying the TF model in the T2 approximation. Second,
we investigate the effect of different types of the density dependence on these properties.

2. Theory and Model

In the present work we take an extended density dependent effective interaction based on the original
M3Y Paris interaction with explicit form of the spin dependent component.

The direct and exchange parts of the central NN forces for neutron matter has the following general form:

V D(EX)(r) = V
D(EX)
◦ + V D(EX)

σ (r)σ1 · σ2, (1)

where

V D◦ (r) = 11061.625
e−4r

4r
− 2537.5

e−2.5r

2.5r
. (2a)

V EX◦ (r) = −1524.25
e−4r

4r
− 518.75

e−2.5r

2.5r
− 7.8474

e−0.7072r

0.7072r
; and (2b)

V Dσ (r) = 938.875
e−4r

4r
− 36

e−2.5r

2.5r
; (2c)

V EXσ (r) = −3492.75
e−4r

4r
+ 795.25

e−2.5r

2.5r
+ 2.615

e−0.7072r

0.7072r
; (2d)

These terms are obtained from the singlet and triplet even and odd components of the M3Y Paris nucleon
force [15].

Recognizing the fact that the M3Y interaction is not adequate to reproduce the saturation properties
of symmetric cold nuclear matter, realistic density dependence (types such as DDM3Y and BDM3Y in the
form) have been introduced into the interaction [16] vs2mm

V D(EX)(ρ, r) = f(ρ)V D(EX)(r), (3)

vs2mm
where

f(ρ) =
{
C(1 + α exp(−βρ)) DDM3Y type
C(1− αρβ) BDM3Y type (4)

The parameters C, α and β are chosen such as to reproduce the saturation of cold symmetric nuclear
matter at density ρ0 =0.17 fm−3and a binding energy of 16 MeV.

For polarized neutron matter one defines the neutron excess parameter as:

X =
ρN↑ − ρN↓

ρ
, (5)

where
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ρ = ρN↑ + ρN↓, (6)

and

N = N ↑ +N ↓, (7)

In this case there are two Fermi momenta: kn(N ↑) and λn(N ↓). These momenta are given by

k3
n = k3

f(1 + X), (8)

λ3
n = k3

f (1−X), (9)

where kf is the Fermi momentum of unpolarized neutron matter and is taken to be equal to 1.36 fm−1.
The energy per neutron for polarized neutron matter can be written as:

E = EV +
1
2
X2EX . (10)

EV =
3h̄2k2

f

10m
+

1
2
ρ f(ρ)

[
JD◦ +

∫
∧2
j1(η)V EX◦ (r)

→
dr

]
(11)

Terms higher than quadratic in X are neglected in Equation (11), and EV and EX are given by

EX =
h̄2k2

f

3m
+ ρ f(ρ)

[
JDσ +

∫
j2
1(η) V EX◦ dr+

∫
j2
◦(η) V EXσ

→
dr

]
(12)

where

JDi =
∫
V Di (r)

→
dr ; i = ◦, σ (13)

and

∧
j1(η) =

3j1(η)
η

; η = kfr, (14)

jn (η) being the nth order spherical Bessel function and m is the nucleon mass.
The pressure at zero temperature (P = ρ2∂E/∂ρ) is given by:

P = PV +
1
2
X2PX , (15)

where

PV =
h̄2k2

fρ

5m
+

1
2

{
ρ2a(ρ)

[
JD◦ +

∫ ∧2
j 1(η)V EX◦

→
dr

]
+ρ2f(ρ)

∫ [
2j◦(η)j1(η)

η
− 4j1(η)j2(η)

η
− 6j2

1(η)
η2

]
V EX◦

→
dr

}
; (16)
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a(ρ) = ρ
df(ρ)
dρ

+ f(ρ) (17)

and

PX =
2h̄2k2

f

9m
+ ρ2a(ρ)

[
JDσ −

∫
j2
1(η)V EX◦

→
dr +

∫
j2
◦(η)V EXσ

→
dr

]
+

2
9
ρ2f(ρ)η

[∫
(2j1(η)j2(η)− j◦(η)j1(η))V EX◦

→
dr−

∫
3j◦(η)j1(η)V EXσ

→
dr

]
. (18)

The magnetic susceptibility in X2 approximation (Equation (10)) is found to be [17]

χi =
µ2
nρn
EX

, (19)

where µn is the neutron magnetic moment.
It is more convenient to consider the ratio of χi to the magnetic susceptibility of the Fermi gas χf of non

interacting neutron [17]:

χf =
3µ2

nρn
2µ◦

. (20)

µ◦ is the Fermi energy of unpolarized neutron matter.
Thus one obtains

χf
χi

=
3EX
2µ◦

. (21)

To study the neutron matter at finite temperature one has to define the free energy which is given in
terms of the density ρ and the temperature T :

Fi(ρ, T ) = Ei(ρ, T ) − TSi(ρ, T ) i = V,X, (22)

S being the entropy of the system and E is the total energy.
According to the Fermi liquid approximation of Landau, the entropy can be calculated in terms of the

Fermi integrals [18].
The entropy of the system can be calculated from

S(ρ, T ) = SV +
1
2
X2SX , (23)

where

SV =
π2m∗

h̄2k2
f

k2T, (24)

k being the Boltzman constant and is taken to be equal to unity:

SX = −2
9
π2m∗x
h̄2k2

f

T. (25)
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Here m∗ is the effective mass and can be calculated from the single particle potential.

m∗

m
= 1 +

m

3h̄2 ρf(ρ)
∫
r2
∧
j1(η)V EX◦

→
dr (26)

and

m∗X
m

= 1 +
m

3h̄2 ρf(ρ)
∫
r2j◦(η)V EXσ

→
dr. (27)

The pressure can be obtained from

P Ti = ρ2 ∂Fi
∂ρ

. (28)

3. Results and Discussion

The above described formalism has been applied to the study of cold and hot neutron matter. The
calculations have been performed with explicit form of the spin dependent component of the NN Paris
interaction. In the present analysis, the effect of the density dependent term, introduced into the M3Y Paris
interaction, has been also considered. The values of the parameters C, α and β of f(ρ) are those given in
Table 1 of reference (16) for the Paris interaction.

The volume energy is shown as a function of the density ρ in Fig. 1 which has the same shape as those
obtained previously [19]. Comparison with the previous works of Arntsen et al. a [20], Owen et al. b
[21], Friedman and Pandharipande [7], Lattimer and Ravenhall [22] and Mansour et al. [23], shows that our
results are in good agreement with their calculations, particularly for the two types DDM3Y1 and BDM3Y0.

The pressure density isotherm at T=0, PV is plotted in Fig. 2. The present results are compared with
those of relativistic Hartree-Fock (HFI and HFII) of Weber and Weigel [24] and Friedman and Pandhanipande
[7]. Again, the results obtained with all types of interaction have the same trend as those found previously.
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Figure 1. The energy per particle of neutron matter as

a function of density using different density dependent

M3Y interaction together with the results of previous

calculations: a [20], b [21], FP [7],LR [22] and SKII [23].

Figure 2. The pressure-density isotherm at T=0 of the

volume term PV , using different density dependent M3Y

interaction, together with the results of previous calcula-

tions ( HFI [24], HFII [24], FP [7]).

171



MOHARRAM, El-SHAL

The symmetry energy EX of cold neutron matter as a function of density is displayed in Fig. 3. This
symmetry term does not differentiate between the different types of interaction. The present calculations
show the same behavior as those obtained by Friedman and Pandharipande [7], who used the Urbana v14

potential plus TNI which denotes the sum of the effective repulsive three-body force called TNR and the
phenomenological attractive three-body force (TNA) which are added by Friedman and Pandhanipande [7].
Also they used P1(Paris I) and P2(Paris II) in the same reference [7]. A plot of PX as a function of the
density ρ is presented in Fig. 4 corresponding to the three types of interaction. While Px increases steadly
with the density ρ for the DDM3Y1 type, it bends for large ρ (ρ ≥ 3 fm−3) for the BDM3Y1 type. This
may be due to the fact that the exponential dependence on ρ does not change sign as ρ increases, while the
situation is different for the power law dependence.
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Figure 3. The spin-symmetry energy EX as a function

of the density (PW) together with the results of previous

calculations (V14+TNI, P1, P2)[7].

Figure 4. The spin symmetry pressure PX as a function

of the density using different density dependent M3Y in-

teraction.

In Fig. 5 and Fig. 6 the ratio χf / χi of the magnetic susceptibility of a Fermi gas of non-interacting
neutrons to that of neutron matter is plotted as a function of ρ/ρ0and kf , respectively. The magnetic
susceptiblity of a system characterizes the response of the system to a magnetic field. The condition χf /
χi =0 gives the onset of ferromagnetic transition. In general, the system prefers a ferromagnetic state for
ρ > 4ρ0. In previous calculations in the non-relativistic formalism, one does not find such a ferromagnetic
transition [25]. However, in a relativistic framework, with an improved model [26] including mesons like
ρ and π in addition to σ + ω, one finds a transition at about ρ ∼= 3.5 ρ0 . But the incomperesssibility
of the normal nuclear matter obtained in this model is too high (K ∼=450 MeV). Fig. 5 shows that the
DDM3Y type of interaction does not predict a ferromagnetic phase transition. However, one observes a
ferromagnetic transition at ρ ∼= 6.8 ρ0 and ρ ∼= 9.5 ρ0 for the two types of interaction, namely BDM3Y1
and BDM3Y0, respectively [27]. Recently, Uma et al. [13], using a Seyler-Blanchard potential, found that
increasing the incompressibility of normal nuclear matter will decrease the value of the density at which a
ferromagnetic transition occurs. According to the present analysis, it was found that the incompressibility
of normal nuclear matter is 270 MeV and 218 MeV for the two types of interaction, namely BDM3Y1 and
BDM3Y0, respectively. This may partly explain the results obtained. Comparison with previous works is
shown in Fig. 6 for χf / χi as a function of kf . The present analysis (PW) is in good agreement with
what was found by Lattimer et al. [22] and SKII [23]. One also remarks that the three types of interaction
give the same results. The results of the present calculations and other previous works for the effective mass
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are shown in Fig. 7. A steadly decrease of m∗/m with the increase of the density, for the DDM3Y1 and
BDM3Y0 types, is observed while for the BDM3Y1 an increase of this ratio is obtained after passing by a
minimum at kf ∼= 2 fm−3.
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Figure 5. The ratio χf / χi as a function of the relative

density using different density dependent M3Y interac-

tion.

Figure 6. The ratio χf/ χias a function of the Fermi

momentum kf (PW) together with the results of the pre-

vious calculations ( a [19], b [28], c [29], LR [22], SkII

[23]).

For the study of hot neutron matter, the entropy is the key quantity. So the entropy S is plotted as a
function of the density in Fig. 8. The present calculations reproduce the same feature as the corresponding
ones obtained by Friedman et al. [7]. The free energy FV , at temperature T=6 MeV and 20 MeV is presented
in Fig. 9 as a function of ρ /ρ0 (PW) . Comparison with previous works shows a good agreement. Figure 10
presents the dependence of the free energy FV on the temperature T up to T=50 MeV. The pressure-density
isotherms at T=6 MeV and T=20 MeV are plotted in Fig. 11 with comparison with the results of Friedman
et al. [7]. The dependence of the pressure on the temperature is displayed in Fig. 12. The symmetry free
energy FX , as a function of ρ is plotted in Fig. 13 for different types of interaction at T=6 MeV. Figure
14 shows the dependence of this term on the temperature. While FV steadly decreases with temperature,
the behaviour of FX is reversed as can be observed by comparison between Figs. 10 and 14. This may be
attributed to the different sign of the entropy for these two terms. The symmetry term of the pressure PX as
a function of ρ is displayed in Fig. 15 for different types of the interaction, at T=6 MeV. While PV steadly
increases with temperature, PX decreases as the temperature increases as can be observed when comparing
between Figs. 12 and 16.

In summary, one has calculated the binding energy, pressure and several thermal and magnetic properties
of pure polarized neutron matter, using TF model. The potential model employed is a generalization of the
M3Y Paris interaction where realistic explicit spin dependence with density dependence has been introduced.
In general it is gratifying to see that our results are quite similar to those obtained previously. However, one
may hope to improve the results by considering other effects such as three-body forces and /or relativistic
effects which are not taken into account in the present calculations.
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Figure 7. The effective mass m∗/m as a function of

kf using different density dependent M3Y interaction to-

gether with the results of the previous calculations (a

[19], b [30], c [31], LR [22], SKII [23]).

Figure 8. The entropy as a function of the density (PW)

at T=6 and 20 MeV, together with the results of Fried-

man and Pandhanipande FP [7].
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Figure 10. The free energy FV as a function of the

temperature.
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Figure 11. The pressure- density isotherms at T=6 and

20 MeV together with the results of Friedman and Pand-

hanipande FP [7].

Figure 12. The pressure PV as a function of the tem-

perature.
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Figure 13. The spin-symmetry free energy as a func-

tion of the density, at T=6 MeV, using different density

dependent M3Y interaction.

Figure 14. The spin-symmetry free energy as a function

of the temperature.
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Figure 16. The spin-symmetry pressure as a function
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