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Abstract

The convolution, or folding, theorem related to Fourier transforms is applied to the evaluation of
interaction integrals of certain extended bodies for the specific purpose of nuclear applications The
integrals give analytical results for a class of functions when chosen from among uniform sharp and
leptodermous spheres, delta-points, Yukawa, and Coulomb shapes. Such shapes are convenient to use as
models for source density and point-point interaction.

1. Introduction

The main purpose of this work is to demonstrate a property of the so-called convolution/folding operation
as a method to evaluate interaction integrals in physics. Many problems in physics involve the construction
of the expression for the interaction between two extended charge (not necessarily electrical), or rather source
distributions which generate potentials as per their functional forms and related two-body /point interactions
(see, e.g., [1]). We shall apply these results to obtain a “realistic-looking” surface-interaction potential for
two nuclei: a nucleon-nucleus potential [2, 3], and the potential energy contribution to the total energy of a
nucleus in a further publication. We exhibit here the forms of the results in a series of figures (Figures 2-4),
using some representetive parameters appropriate to two medium-sized nuclei, shown in Table.

The convolution/folding operation is defined as

(Fra) = @02 [[[ 16 =) av’ = (s (1)

and appears in the study of Fourier and similar transformations. This has the following important and very
useful property that [4]

(FUFf x Foh)r = (f * 9)r, (2)

where F denotes the Fourier or similar transform operator. The integrals involved in these can easily be
converted to take the same form as the very same folding process:

*Part of the Ph.D. thesis, “Folding-model Calculation of Nuclear Potential Energy” by S. K., unpublished, Bogazi¢i Uni-
versity Physics Department, 2003.
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U(r) = (p1 * Viz * p2)r, (3)

where r is the displacement between the centers of two extended body distributions, p; and ps, and Vis is
the two-body or point-point interaction potential responsible for the interaction. As mentioned above, in
this work, we use the form in (2) to evaluate integrals such as (3). Conventionally, however, such problems
have been usually treated by the method of multipole expansion (see, e.g., [4]). And though this method is
certainly not without good purpose-it is an approximation method that has found success in more general
distribtions-it has limitations wheras the distributions and interactions chosen in this work results give exact
results.

2. Interactions and Distributions

We consider contact or point-delta, Yukawa and Coulomb-like potentials as two-body interactions as
illustrative examples. For extended sahapes, on the other hand, we use the density distributions “uniform
hard” and so-called “leptodermous” spheres. The latter are uniform hard spheres “softened” by folding-in
a Yukawa shape which results in a shape quite similar to that of so-called Fermi distribution [4]: f(r) =
1/{1 + exp[(r — ¢)/a]}. Such a shape has been in wide use as a model for leptodermous nuclear density
distributions (Figure 1). (For similar works related to spherical distributions see, e.g., [5]). The reason
why we have chosen the distributions and interactions in equations (4—9) below is because all the integrals
involved in evaluating (3) by means of (2) result in ezact analytical expressions.

Table.
Ri=3.00fm A;=40 k1 = 1.45 fm~!
Ro=4.20fm As= 60 ko = 1.50 fm™1!

C = £ — 1.44 MeV-fm

4meq

w/k = —58.33 MeV-fm

Z; = Ai/2

Kk = 0.8333 fm~!

J = —1519 MeV-fm

*The parameters used for Figures 2-4 are comparable to those relevant to some medium-size atomic nuclei. Note
that A12 and Zi1,2 enter only to the normalization of p). (All figures are produced through Mathematica® 4.0)
dashed line: A leptodermous sphere. Vertical line corresponds to Ra.
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Figure 1. Two equivalent leptodermous distributions [3]. The best fit between a Yukawa-folded uniform sphere
(solid line) and a “Fermi distribution” (dashed line).

The expressions for the above-mentioned spherically symmetric particle distributions, or density func-
tions, are as follows:
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A- The uniform sphere,

Pr(r) = poOr(r) (4)
where,
Or(r)=1: 0<r<R;
0: r>R,
and,
B- The leptodermous sphere,
2
pn(r) = pOE(QR * Yn)r = pOFn(Ra 7"), (5)
where,
F.(R,r) =1—-(1+ nR)e*“RS“T(T) : r<R
=T(kR) Y= . r>R
inh
S.(r) = M,F(m) = g coshz —sinhz,
and

Y.(r)=e " /r.

C- Point-delta distribution, to complete the list, to represent a particle,

pp(r) = 6(r). (6)

One very interesting and useful feature of (5) is that its complete space integral is independent of x and
equal to that of (4), namely of a uniform sphere: po4rR3/3. This is quite advantageous in evaluating the
normalization factors, i.e., pg, which, for almost all of the conventional distributions (see, e.g., [6]), can only
be calculated numerically and/or approximately.

The model two-body interactions we consider are:

a- Contact interactions,

Vp = Jo(r), (7)
b- Yukawa-like interactions,
w
VY - _Yn(r)a (8)
K
¢~ Coulomb-like interactions,
Vo= (9)
c=0=

(Here, it is good to remember that the Fourier transform of (9) is usually obtained as the long-range, i.e.,
the limit k — 0 of the Fourier transform of Y(r) (see, e.g., [7]).) We give below results for some model
combinations of these interaction forms.
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3. Details and Results

Using the relation (2) we derive the interaction of a uniform sphere and leptodermous sphere, individually,
in contact with Yukawa and Coulomb-like potentials (Eqns. (7-9)). We then apply relation (3) to two uniform
hard spheres (i.e., Eqn. (4)) and to two leptodermous spheres (i.e., Eqn. (5)), each pair interacting through
on of the two-body interactions described in Eqn.s (9), (8) and (9).

Two uniform hard spheres would result in interaction potentials for pairs of two similar extended distri-
butions, and the point-delta and leptodermous sphere would result in interaction potentials for a particle
and an extended distribution. Furthermore, for two identical distributions, one half of the interaction po-
tential at » = 0 would obviously give the internal potential energy of that distribution. The results of items
1 to 3 above are listed below (and depicted in Figures 2-4, where for comparison curves for uniform and
leptodermous spheres are shown together).

It is, however, important to mention here that the integrations leading to the results below, although
straightforward using residue theorem, are neither trivial nor short —tens of hand written pages. So, in order
to save space we have not included the details of the integrations.

Note that in all the relevant expressions below, Ry > R; and G(z) = coshz — z sinh .

1) Contact interaction of two uniform hard spheres (see also Figure 2a):

(pry * Ve % pry)r = p1oJpag 5t : r<Ry— Ry
= proJpaoml5r® — 5(R: + R3)r — (R3 — R})* 4
+2(RY + R3)] : Ry — Ry <7 < Ry + Ry;

= 0: r> R+ Ro

2) Yukawa interaction of two uniform hard spheres (see also Figure 3a):

(pr, * Vy * pRry)r = Pm%ﬂzo%z{%Ri’ - (H}%%l)[e*n(RHR”(’iRl +1)
e iR (K Ry — 1)]S,(r)} - r< Ry — R
— puton 5 (3R} + RY + H - §(R3 - ) - D)
- MR+ R+ 1
+Z{(k*R 1Ry cosh k(Ro — Ry)

—Glr(Rz — R1)]}Yi(r)

2¢r(R1+R2)
TR

(kR1+1)(kR2 4+ 1)Sk(r)} : Ro — Ry <7 < Ry + Ry;

= P1o%pzow’r2 Y. (r)I'(kR1)I'(kR2) : r> Ry + Ry.

P

3) Coulomb-like interaction of two uniform hard spheres (this well known form constitutes a check on
Yukawa results in the limit: K — 0) (see also Figure 4a):
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(pr, * Vo * pro)r = proCpog = (RIR3 — RS — —L1R3%) r < Ry — Ry;
= p10Cp202Z- 3 [(RBR + RIR3) — %(R? + R3)
—5r(RIR; + R{R3) + Z-RIRS + 53 (RS + RS)
+3(R3 — RY)?r — 3(RY + R3)r?
+3(R}+ R3)r® — o5r°] : Ry — Ry <r < Ry + Ry;

2
= plocpzoR:{’Rglg—f : r > Ry + Ro;

4) Contact interaction of two leptodermous spheres (see also Figure 2a):

(prs * Vo % ) = prodpaok2nd2n] 32R1 (5(152+1) Sy, (r)[em 1 (B2t B (5 Ry + 1)
e (g Ry — 1)) — (5(252H) Spea (r)[e7"2 TR (13 Ry + 1)
ter2(Ra=R) (46, Ry — 1)]} - r < Ry — Ry,

3 3 2 2)(,2 4 2 2 232
= piodp2orirdm{ 2(5,.1;?2) - (Rﬁ}:%?@(grﬁ ) (ﬁig:é#)
2i+rd)? 2 (RIARHr | (i) r
+ RORGT ;o o 2r2K2 + kTkg + 127 K2

+W [V, (1){(R1R2r3 cosh k1 (Re — Ry)
—G[k1(R2 — Ry)]
—em ) () Ry + 1) (k1 Ry + 1)y, ()]
+om ey Vs (N{(R1 Rk cosh sy (Re — Ry)
—Glr2(R2 — Ry)]

752(R1+R2)(/€2R1 + 1)(:‘{2RQ + ].) ( )]} Ry —Ri<r<Ri+Rs

5) Yukawa interaction of two leptodermous spheres (see also Figure 3a):

(PR, * Vp % pro)r = P10 paoktr38T

KR
X{Sn2n n2 - HG(Hf(fnj)J(rfiéfnﬂ S’i (T)

x[e MRt B (5 Ry + 1) + e " (Fe=F) (ki Ry — 1)]
A g S (1)

x[emm B2t B) (g Ry + 1) + e~ (=) (5, Ry — 1)]
o 6(5552152)?;12) 52)5 (T)

x[em 2 (et ) (o Ry 1) + e 2 (B2 R (o Ry — 1)]} : 7 < Ry — Ry,
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= prod paorirddn [Pl Ra) y () 4 e BURGeRa) (1)) -1 > Ry + Ry

= pro¥poodniairs{ S,

+

+

kS (k2 —K?) kS (K2 —K2)

2(R +R2 (R2+R2)r
12k2 nlng 2k2 nln2

)+

Gl e il | A (R?+R§)] _ (R3=R})”

1,4,.74 3,22
KIKRT KRG T AK2RIKST
2 2 2\2
2(k nl+n2nl+n K3) 2(n +nl+n2)
6,6 1,7
SrSKSr KARTRGT

_ 2(kRi+1)(kRg+1)e "(F1+52) (r)
KO (K2 —rK2)(KZ—K2) ad

2(!{1R1+1)(H1 R2+1)67N1 (R1+R3)
- K1 (T)

1§ (12 — k1) (K3 — K1)

2(52R1+1)(H2R2+1)67N2(R1+R2)
- K2 (T)

+

+

+

_ 2,2
= plo%pg()].G’lT K1K3

+

+

1S (k2 —k3) (K] —K3)

2[k2 R1 Ry cosh k(Rz —R1)—G[k(R2—R1)] Y, (7,.)

k0 (k3 —kK2)(KE—K2)

2[H§R1R2 cosh K1 (R27R1)7G[H1 (R27R1)] Y

kS (k2 —K?) (K2 —K3) K1 (T)

Z[HgRlRQ COShH2(R2*R1) G[K/2(R27R1)]Y (/r)} . R2 _ Rl < r < Rl +R2
K2 . >~ =

wS (k2 —rK3) (K] —K3)

St V()

F(HlRQ)F(HlRl) Y ( )
K1

RS (R =R (RE—r7)

Dleglia) Do)y, ()] . Ry +Ry<r

RSN =) (w3 —r3)

6) Coulomb-like interaction of two leptodermous spheres (see also Figure 4a):

(pRl * Vo * pRz)T

2,.2,.2
plocpzogﬂ R1K3

352 155
{R1R2*5R1 . 2R3 (k2 4+K32) i R3r?
?mfng 35‘1‘53 95%5%

TS [ By Demm R 4 (0 By — e (B=R]S ()

+ B (e Ry + 1) (FbRe) o (y Ry — 1)e e (R RIS, (1)

r<Ry—R;

2,2,2
p10C p20dT KT K5 X

{73 (IR + R3RY) — S(RE + RY) — SR (3(RY + RY) + &

—L(R2 + RY)r - YBEHEY o5y L(RE 4 RY)® — (RS + Ry

6 3 p3 2 4 4 52
1 2 _ p2)2 R1+R2 2R Ry (R1R2+R1R2)
(R5 — R3)*r b + o

+

2 2 6, ,.4,2,,.2 4,6
K] +ni+4nln2 (R +R . 7") o nl+nln26+len2+n2 g]
KIKS T KSKS T

(51R1+1)(51R2+1)6 r1(Ry+Ry) (52R1+1)(52R2+1)67*€2(R1+R2)
+2 g S, (1) +2 ST

Siey (1)
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K2Ry Ry cosh k1 (Ra—R1)—G[k1 (R2—R
_orifil, 1’58 2;27;)2 (k1 (R2 1)]Yn1(7ﬂ)
1(r3—k%)

_2H§R1R2 COShH2(R27R1)7G[H2(R27R1)]Y (/r)} . R2 _ Rl < r < Rl +R2
K2 . >~ =

GRS

R¥R}  D(kiR1)I(k1R2)
anr 1(;27521)2}/ ()

= p100p20167r Iilliz[

_LesROC(aRa)y 91 R4 Ry < .

K5 (KT —K3)

7) Contact potential of a uniform sphere (see also Figure 2b):

(Ve *pr)r = Jpy : r<R
=0: r > R.
50
0 e ——
- 0~ =
-2000— &
- -50—
4] i J
£ -4000- 3 Z-100- ]
> / S !
2 6000 o 2 e
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& -8000— y -200~ ;
-10000- & -250~ 2
A -300
—lZOOO‘l | | | | | | | | | | | | |
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Figure 2. a) Contact interaction between two extended distributions. Solid line: Two uniform hard spheres; dashed
line: Two leptodermous spheres. The vertical line pairs represent the positions corresponding to Rz — R1 and Ra +
R:. b) Contact potential between an extended distribution and a particle. Solid line: A uniform hard sphere; dashed
line: A leptodermous sphere. Vertical line corresponds to Rs.

8) Yukawa potential of a uniform sphere (see also Figure 3b):

w  4AnF.(R,7)
(Vi 5 pr)e = L po et 1)
K K
50
o- ) ———— o I
.II"’II: - .-.:u'h-_r
-2000— // -50— I,-'":
3 % =-100- f
=-4000- . 2 50
D s ..__ > ot Fi
6000- o S -200— et
- o . P
& -25Q =—"
-8000- -
—= -300—
| | ! | | | | | | ! | | | \
0 2 4 6 8 10 12 0 2 4 6 8 10 12
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Figure 3. a) Yukawa interaction between two extended distributions. Solid line: Two uniform hard spheres;
dashed line: Two leptodermous spheres. The vertical line pair represent the positions corresponding to Ry —
R; and Ry + R;. b) Yukawa potential between a leptodermous sphere and a particle. Solid line: A uniform
hard sphere; dashed line: A leptodermous sphere. Vertical line corresponds to Ra.
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9) Coulomb potential of a uniform sphere (these well-known results —obtained here by the same method
as the others— are included for completeness, comparison, and a check.)
(Figure 4b):

_ 4rR% 1 2.
(Vo xpr)r = Cpy=3=5B—4=): r<R
_ 4TR3 |
= Cpo eyl r> R.
300 20
250 17.5—
- --m_."*-... 15 T ——_
< 200 3, <125 %
[ _-:_L‘ [9) 'H.\.
2 150 2 10- i 4
) l‘.'\"‘--..\_ > '\.\H
— 7.5 4
100~ — =
— 5l i
50~ 25-
\ \ \ \ \ \ \ \ \ \ \ \ \ \
0 2 4 6 8 10 12 0 2 4 6 8 10 12
r (fm) r (fm)

Figure 4. a) Coulomb interaction between two extended distributions. Solid line: Two uniform hard spheres; dashed
line: Two leptodermous spheres. The vertical line pairs represent the positions corresponding to R> — R1 and R +
R:. b) Coulomb potential between a leptodermous sphere and a particle. Solid line: A uniform hard sphere.

10) Contact potential of a leptodermous sphere (Figure 2b):
(VP * pr1)r = Jp1oFk, (R, 7).
11) Yukawa potential of a leptodermous sphere (Figure 3b):

4 Fnl (Rla 7") FH(RQ’ T)
[ 2 o J

w
(VY * pnl)r - EplO(

K2 — K?) K2 K2
12) Coulomb potential of a leptodermous sphere (Figure 4b):
2 ks
(Vo * pr1)r = Cp1047r[% — % — Llfgl’ )] : r<R
= Cp1047'('[}§—§ — %fglﬂ’)] : T Z Rl.
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