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Abstract

An exact solution of unsteady flow of a viscous fluid due to a sudden pull with constant velocities of
non-coaxial rotations between two porous infinite disks in the presence of uniform transpose magnetic
field is investigated. Two different methods are used to obtain the solution at large times and the
solution at small times. The effects of magnetic field suction and injection on the velocity distributions
are presented.
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1. Introduction

Most of the fundamental concepts of unsteady viscous flows have been known since the early part of
the century. However, the past decade has seen an unprecedented number of publications in this area.
Interest is concentrated here on the behavior of viscous fluids and, in particular, their response to time
dependent external conditions. The solid boundaries of such flows as well as the conditions of the oncoming
flow are time-independent, and yet, unsteadiness sets in by itself. Such phenomena have been predicted
with some success by analytic methods. A straightforward approach to the problem has been possible via
the solution of Navier-Stokes equations [1]. Typical problems are the instability and transition of boundary
layers, free shear layers and jets, the shedding of vortices, the development of unsteady wakes, a boundary
layer and, of course, all problems involving turbulence. In most of the problems, the body forces in the
Navier-Stokes equations are neglected for simplicity and convenience. It is observed theoretically [2, 3, 4]
and experimentally [5] that, when magnetohydrodynamics (MHD) forces acts as the body forces in the flow
field phenomena, it controls the boundary layers. Also, MHD is the theory of the macroscopic interaction
of electrically conducting fluids with a magnetic field and it acts perpendicular to the velocity field. It has
significant applications in many engineering problems, geophysics and astronomy.

In the present work, we assume the same geometry as that of Ersoy’s [6] paper, in which he discussed the
flow due to a pull arising from eccentric rotating disks with constant angular velocity. We have generalized
the results when the disks are porous and an external uniform magnetic field acts perpendicular to them.
The magnetic Reynold number is small so that the induced magnetic field is neglected [2, 3]. Solutions for
large time and small time is obtained by the method of eigenfunction and Laplace transform, respectively.
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Although the large time solution can be obtained from the small time solution, it converges effectively via
the method we have used for large time [6].

The paper is organized as follows. In section 2, formulation of the problem and basic equations are
derived. Section 3 deals with large time solution of the problem. Section 4 is devoted to the small time
solution. In section 5, the case of blowing is discussed and finally concluding remarks are given in section 6.

2. Formulation of the Problem

The flow field of the problem is bounded by two infinite disks located at z = h and z = —h. The top disk
and the bottom disk rotate about the z’-axis and z"-axis with the same angular velocity €2, respectively.
The two non-coincident axes are separated by a distance 2[. The disks initially rotate eccentrically and are
assumed to be infinite. The upper and the lower disks are suddenly pulled along their common axis with
constant velocities U and —U, respectively. The velocity U has two components: U; in the z-direction and
Us in the y-direction. Therefore, the appropriate initial and boundary conditions are given by

u=-Qy+f(z), v=Q+7g(z), w=—-wo at t=0 for —h<z<h,
u=-Qy—-0)+U, v=Qr+Us, w=—wy at z=nh for t >0,

u=—-Qy+1)-U;, v=Qz—-U;, w=—wy at z=—h for t >0, (1)

where f (z) and g (z) are the known functions and they represent the flow between eccentric rotating disks
for a Newtonian fluid. Abbott and Walters [7] found that

—= — _ sinh kz
F2) g (2) = Qs

where k = 4/ 2% (1+14) and v is the kinematic viscosity.
The components of the velocity field are

u:_Qy+f(27t)7 U:QLL'-i-g(Z,t), w = —wo, (2)

where wg > 0 is the suction velocity and w < 0 is the injection velocity.

The appropriate generalization for arbitrary, time-dependent flows is [8, 9]
T = —pi+7
2
= —pd+pu[VV+(VV) ]+ <§u — m> (V-V)s,

where (VV)T is the transpose of the dyadic (VV) and § is the unit tensor. This expression reduces
to the hydrostatic pressure when there are no velocity gradients; it contains all possible combinations of
first derivatives of velocity components that are allowed if one assumes that the fluid is isotropic and the
momentum flux tensor is symmetric [10, 11]. The symbol p represents the thermodynamic pressure, which is
related to the density p and the temperature T' through a “thermodynamic equation of state,” p = p(p, T);
that is, this is taken to be the same function that one uses in thermal equilibrium. The stress 7 is the part
of the momentum flux tensor or stress tensor that is associated with the viscosity of the fluid. An equation
that assigns a value to 7 is called a constitutive equation for the Newtonian fluid. Note that in generalizing
Newton’s law of viscosity to arbitrary flows an additional transport property k, the dilatational viscosity,
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arises. The dilatational viscosity is identically zero for ideal, monotonic gases; for incompressible liquids
V -V =0, and the term containing x vanishes.

For all fluids the density pdepends on the local thermodynamic state variables, such as pressure and
temperature. However, for fluids it is often a very good assumption to take the density to be constant. Such
an idealized fluid is often called an incompressible fluid, and the momentum flux tensor simplifies to [8]

T=-pd+7=—pd+p,

in which ¥ = VV +(VV) T is the rate of strain tensor or rate of deformation tensor. Thus the Navier-Stokes
equation become
\4 .
pgp = POty +IxB, (3)
where d/dt is the usual material time derivative and J x B are MHD body forces arising from the Maxwell’s
equations:

V-B=0, VxB=yu,J, V-E=0
in which J is the electric current density, B is the total magnetic field so that B = Bo+b; and b is the
induced magnetic field. The magnetic Reynolds number R,, is assumed to be small as is the case with
most of conducting fluids, and hence the induced magnetic field is small in comparison with the applied

magnetic field and therefore not taken into account [2, 3, 9, 12]. The magnetic body force J x B now
becomes o0(V x B) x B (o is the electrical conductivity of the fluid), that is

o(VxB)xB=—-0BV.

Substituting (2) in (3)and eliminating the pressure, we obtain

2f  of of o B2
Vo g Ty T =G, W
0%g 0Og o} oB?

_ o 0f -0 =y (t 5
vom gt~ = =g =Ca (1), (5)

where C1(t) and Cs(t) are arbitrary functions of time ¢t. The corresponding boundary conditions (1) become

f(z,0)= (), 9(

0)=f(z), for —h<z<h,

f(h,t) =QU+ Uy, g(h,t)=Us, for t>0

f(=h,t) ==Ql - U,

To obtain a symmetry velocity distribution we have the following condition:

f(ovt) =0,

g(=h,t) = =Us, for t>0.

g(0,t) =0, for t>0

Applying (7) in (4) and (5) and then coupling, we get
0’F _OF oF

— — (iQ F=0 8
1/822 ot +w062 (7’ +¢) ) ( )
and the conditions (6) and (7) takes the form
sinh kz
B0 =
F(0,t) =0, F(+h,t)=+[(Q+U1)+ U], (9)

where

(5t g(zt)
o o
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3. Solution at Large Times

At long times, we anticipate that the flow will reach a steady state with a velocity profile given by

wo p__ySinh &z
F,. (2.8) = [(Q + Uy) + Uy e (h—2) ELSZ
(z,8) = [(U+Th) + U] e sinh &R

In order to obtain the solution of (8) we take the form

wo () sinh §z

F(Z,t) = [(QZ+U1)+U2]6 Snh éh

-G (z,1), (10)
where the first term on the right hand side is the steady-state solution and the second one is the deviation
from it. Inserting (10) into (8) and (9), we obtain the system

0?’G oG G

v = 5 Hwss — (i2+6)G =0, (11)

wo (__ysinh &z sinh kz
G (2,0) = [(U + Uy) + Up] e (=) 2052
(2,0) = [(AU+T1) + Us] ez sinhéh  sinhkh’

G(0,8) =0, G(+h,t)=0, (12)

where

Vwg +4v (iQ + ¢)
&= 2u '

To obtain the solution of (11) we introduce the transformation
G (2,t) = el 25, (2,1) (13)
so that the equations (11) and (12) takes the form

0%w _ Ow —(
Vo2 T ot

Q1+ ¢)wy =0, (14)

w inh inh k
w1 (2,0) = [(Q + Uy) + U] e (h—n) ShEZ ¢ sinhi k2

sinh £h sinh kh’

wi(0,8) =0, wy(+h,t) = 0. (15)

Equation (14) is solved by the method of separation of variables and its solution is given by
wi (2,t) = ,;1 Cy sin n%z et (16)

where A\, = v (%)2 + (¢ 4 iQ). The coefficient C, is determined from the initial condition and given as

_ wyy n(=1)"
Cn——27T[(Ql+U1)+U2]€2“ m
ArQlIn (—=1)" sinh (k +c¢) h sinh (k —c¢) h

sinh kh B2 (k+c)® +n2r2  h2(k—c)® + n2n2
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Finally, substituting (16) in (13), and then the resulting equation in (10), we obtain

F(a0t) = [0+ ) U] 302 S0hEs

sinh &b
e 4thC sin oL . g=Ant, (18)
and
wo R
o [<1+v1>{P<1>P<> Q(1)Q M)}
Ql A —V2{P (1) Q) —Q (1) P(n)}
+2W6—W‘§—R(1+n+§wm)—%
o (1+V1)c+ Vad}cost n . —n2n?r/R
g [ +{Vac— (14 Vi) d} sinr ]n( 1)"sinnmy - e
e~ (4 70r) e
X Z [[Jll sint — Jigcos 7| n (—1)" sinnmy - e_"Q’TQT/R} , (19)
n=1
wo R
g _e s [ 1+ VO{P W) Q) - Q (1) P ()} ]
Q A +V2{P(1)P(n)+Q(1)Q(n)}
+27.re—mg—R(1+n+%ﬁoT)—$T
oo {cVo —d(1+4Vi)}cosT iV Cn?r2r/R
g [ —{c(14+ V1) +dVa}sinT n(=1)"sinnmy - e
e~ T8 (4 70r) e
X Z [[Jll cosT + Jigsint|n (—1)" sinnmy - e mT/R| (20)
n=1
where
Qh? z Uy Uy _  wo — ¢
R = T,T]—E,T_Qt,‘/l_m,‘/?_mj wo = Qhu(b 57
A = (sinhacosb)® + (coshasinb)®,
P(1) = sinhacosb, @Q(1)=coshasinb,
P(n) = sinhancosbn, Q (n) = coshansinby,
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2
1 1 — 1 _
o = +5 \/(ZRQE?J—FRQS) +4R2 + 5R%}%+2R¢>>,

-

) IR IR /IR . |R
Ji = sinh ECOS ox Jo = cosh 58111 ox
R
wo, Ag=1— \/ 3 %o,

2
_ 1 _
R>w3 + R¢>> +4R2 — 53?@3 + 2R¢>> ,

N

Moo= 14

I

R R R R
J3 = sinh\/i)\lcos X J4 = cosh 5)\1 sin\/i,
R R R R
Js = sinh\/i)\gcos‘/i, Jg = cosh 5)\25111\/5,
R 2,2
o= g <A§—1+2"T”>, A= MR,
R 2,2
o= 3 <A§—1+2"T”>, As = MR,
. a? — b? + n?n? J— 2ab
(a2 —b% 4+ n27r2)2 + 4a2b2’ (a2 —b% + n27r2)2 + 4a2b?’
g J1 (J3As + Mg dy) + Jo (Asdy — Ay J3)
2 2\ ()2 2 )
T (JE+ J3) (A3 + AF)
g Ji A3y — Ay J3) — J2 (J3hs + AsJy)
S (JE+T3) A+ A7) ’
g J1 (JsA5 + A6 Js) + J2 (AsJs — A6 J5)
b (JE+J3) (2 + X) ’
T . Jl ()\5J6 — )\6J5) — J2 (J5)\5 + )\GJG)
v (JE+J3) (2 + X) ’
Juu = Jr+Jy, Jiz=Jsg+ Jio.

4. Solution at Small Times

In order to obtain the solution at small times we use Laplace transform technique which converges rapidly
at small times. Let us consider the function

F(z,t) = H(z,t)e ™ (21)
so that equation (8) and the initial and boundary conditions (9) take the form

0*°H OH OH
_ = — _6H=0 22
Vo ot T W, —oH=0 (22)
sinh kz
sinh kh’

H(z,0)=Ql
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Applying the Laplace transform to equation (22) and (23), we obtain

dQFI tw dH s+ ) sinh kz
i T sinh kh’
— QU+ U U =
H (+h,s) = j:[(+—M, H(0,s) =0.
s — i
The solution of (24) subject to boundary conditions (25) is given by
H(z5) = [(Q+ Uy) + Us] sinhmz o0 (h—z) _ Ql sinhmz 20 (hz)
’ 5 — i) sinhmh s — 1) sinh mh
Ql sinhkz
s —psinh kh’
where
B wi+4v (s + ¢)
N 2v '

Laplace inversion of (26) is given by

H(z,t) = [(QU+Uy) + Us]em =2 .y

where

1
L = —
! 211
1

270

1

I =
3 270

In equation (27) we solve the integrals by residue method. Therefore in I; the residue at s — 2 is

Res (iQ2) =

where

o1 =

The other singular points are the zeros of

Setting m = ic, we find that

/.

L - /*HOO sinh mz
¥
/.

vtioo sinh mz

100

oo 1) sinh mh

vtioo sinh kz
s1nh kh

100

sinho1z ;04
——— €
sinho1h

\/wg +4v (i + ¢)
2u '

sinhmh = 0.

sinah =0

(s— ’LQ sinh mh

stds

Stds

+[(Q + Uy) + Us] €.

—Qlem =) [, 1 QL I,

StdS,

(27)



MOHYUDDIN

and a, = 5%, n=1,2,3,...,00 are the zeros of equation (28); then

wi +4a2v? + v

n = — ’ :172737"'7
S 4 n (0.9]

are the poles. Since all a,, n = 1,2,3,...,00 are symmetrically placed about origin on the real axis, all
poles s, lie on the negative real axis. These are the simple poles and the residue at all these poles can be
obtained as

2(=1)" " navesnt | nm

Res (s,) = HE (5n =) sin —~2.

So that the complete solution of I; is given as

. o0
sinhoyz ;o 27V (=1)" nest  nm

Il = Res (ZQ) + Res (Sn) = mez — W m sin 72 (29)
n=1 n
Similarly,
sinhopz 270 o= (—=1)" et nw
= — - — - — 30
sihooh” B A= (s, —y) ok (30)
and
sinh kz n
" sinhkh Z w (31)

Using the values from (29)—(31) in (27), we obtain the complete solution

inhoyz | 211 o= (=1)" ne*nt | nm
H(z.t) = [(Ql + U + Uy e3> (h—2) | SRO1Z ior (=1) ne™ . nmw
(z,t) = [(U+Uy) + Us]e sinh01h6 7z 2 (5 — i) sin W z

sinh oghe h2 (sn — ) S

—Qles *=2) [M gt 2TV — (—1)" nesnt mrz}
n=1

sinh kz "
lsmh kh Z v 1 ’ (32)

where

wg +4v (¥ + ¢)

72 = 2v
Finally, from (21) we have
F(n,T sinh |/ Z612 + (¢+1i) Ry
ULT) (14 vh) + 1] v

sinh \/wU +(¢+i) R

" Z 8nm (—1)" sinnwn — (3T R+ 224 T—ir
e
WaR2 + 4n272 + 4R$ + 4iR
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. EgRQ — R . _
Ty, )smh I —i—me/?—i—zR (1+w0 )77
2 -n

sinh \/“545"2 + Ry /& +iR (1+ mo[)

[V ER (D]

)

Sy

N Z 8nm (—1)" sinnmn e_(ing+ 2222 F)rmir
n=1 Wy R? + 4n?72 4 4iR + 4Rwo /& (1 + 1)

Smf}ﬂ (mo 3 (VB -

and

! _&[uwl){xz(l

)Xo (n) +Y2(1)Ya(n)}
Ql 92 —V2 {X2 (1) Y2 (

Y
n) —Ya (1) X2 (n)}

> 8n (—1)" sinnay —(tw3 R+ 22 49) -

+6U3R
R2 + R§

X [Rs {(1 +V1)cosT + Vasint} + Rg{VacosT — (1 + V1) sin7}]

eng(l—n)‘F(wO\/g_E)T cos (wo\/7 ) X1 Xi(n)+yvi(H)Yi(n)}
b —sin (T £7) {X (1) Vi (n) = Y3 (1) X1 (n)}

w 8 1 1 _ _EQ n?x2 |7 T .
e"H - ”’Z = mizgmne S (RicosT — RasinT)

n=1

o/ -9) 7 cos |w
L VED) (Toy/57) X (DX () +Y (V)Y ()} )
5 —sin (0 §7) {X ()Y () — Y (1) X (n)}
gziﬁ;;[u+mn%unﬂm—nmxwm]
Q 5 +V2 {X2 (1) X2 (n) + Y2 (1) Y2 (n)}

o~ S (—1)" sinny (1w Re 23 47)
RZ + Rg

X [R5 {VacosT — (1+V1)sinT} — Rg{(1+ V1) cosT + Vasin7}]
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01

eng(l—”)‘F(wO\/g_a)T cos (wo\/7 ) {X1()Yi(n)—-Y1(1) X1 (n)}
)

+sin(w0\/7 ){Xl( )Xi(m) +Y1i(H)Yi(n)}

no_. _ 2 2 —
1)" sinnmy - (4w R+ 23

TR 1\ e SN (-
+e 2 (1 n) Z
n=1

e (EO \/g—a) T

* 5

Here,

I +¢)T (RysinT + RocosT)

cos (EO@T) XY () -Y(1)X ()}
)

"t sin (mo\/%) (X)X () +Y Q)Y ()}

b
S
Il
w,
=
=
m
3
o
]
l\gl’;o
)~<
Il
o
K
=
o)
3
2]
=

R
(n > D)

/R /R /R . |R

X (1) = sinh 3 §,Y1 ) = cosh 3 sin 5,

R R
6 = |sinh 5 — cosh\/—sm\/
4w0R3 4wy R?
Ri = R’w,+4n’n®+ , Ro =4R + ,
! 0 V2 V2

2
1 1 . /R _ |R

2

1 /R
+ (ZR%%; + Rwy 5>,

2 2
1 1 . IR _ |R 1 . /R
R4 = :|:§ (ZR2’LU(2J+RU}O 5) +R2 <1+w0 5) _<ZR2w3+RwO 5),

Xi(n) =
X1 (1)
0 =
Ry =
Xo(n) =
X2 (1) =
0y =

R; = =+

132

sinh Rsncos Rym, Y1 () = cosh Rsnsin Ry,
sinh Rg3 cos R4, Y1 (1) = cosh Rssin Ry,
[sinh Rs cos Ry)® + [cosh R sin Ry)?,

R*W2 + 4n*1® + 4R¢, R = 4R,

sinh R7ncos Rgn, Ya (1) = cosh Rensin Rgn,
sinh R7 cos Rg, Y2 (1) = cosh R7sin Rs,

[sinh R7 cos Rs]” + [cosh Ry sin Rg)?

2
\/GR%%; +R$> + R+ GR%@ +R$>,
1 272 )2 2 1 272 b
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5. Injection
In case of injection wy < 0, we take wy = —e so that € > 0. The solution is given by

f 6_%(1_’0)

—eR(1- n)z&”m —1)" sinnmy —(iﬁzR*‘#-i-E)T
R2 + R}

n=1

X [1%5, {(1+ Vi) cosT + VasinT} + Rg {Vacos T — (1 + Vl)sinT}}

e—%(l—")_(ﬁ\/g“‘a)T cos (6@7’) {)?1 (1)21 (n) + ?1 (1) ?1 (77)}
5 tsin (e/Er) {0 ()i ()~ T2 (1) K1 ()}

01
- n)z&”m —1)" sinnmn —(iﬁzR-i-#-i-E)T(
R? + R3

RicosT — RosinT)

n=1

VIR cos (/) (XX () +Y ()Y ()} (56)
5 tsin (6@7) (XY () - Y (1) X ()}
g _ et [+ {Kmhmn - )Xz(n)}
Q 5 Vs {)?2 (1) X2 () + Y2 (1 }
_R(1-p) 8nm (—1)" sinnmy _(igR_k%Jrg)T
nzl R2+R2
X [1%5, {VacosT — (1 + Vi)sin7} — Rg {(1 + V1) cos T + ‘/QSiIlT}}
O (VI [ cos (6\@7) {ZiW¥ )= (1) % ()}
5 —sin (6\/%7’) {)?1 (1) Xl (n) + ?1 (1)?1 (77)}
_eR(1p 8nm (—1)" s1nmr77 —(LeR+222248)r (5 . 3
(- )nzl R2+R2 ( R+ +¢) (Rl SlnT+R2COST)
VIR cos (e ) (XY () =Y O X )} -
5 —sin (ey/Zr) (X () X () +Y ()Y ()}
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where

. /R /R /R . |R
X (n) = sinh 51 cos E,Y( = cosh 2 nsing/ o,
X(1) = sinh\/Ecosy/E,Y(l)z h\/Eln\/E,
2 2 2 2
2
. |R /R /IR . |R
0 = [smh 5 084/ 5 cosh 58 in )
R3

3
_46R2,§2:4R_46 ,
V2

w0,

R, = —R%+ 4n’r?

X, (n) = sinh ]%377 cos ]%477, Vi (n) = cosh ]%377 sin ]%477,
)?1 (1) = sinhﬁgcos]§4, 3?1 (1) =c0sh1§3sin§4,

~ . 12 N 12

0 = {sinh R5cos R4} + [cosh Rzsin Ry|

§5 = 1%2@2) + 47’L27T2 + 4&5, Eﬁ = 4&,
X, (n) = sinh ]%777 cos Eg?’], Ys (n) = cosh ]%777 sin Eg?’],
)?2 (1) = sinh]fbcos]%g, 5?2(1) =c0sh1§7sin§g,

~ . 12 N 12

0y = {sinh R7 cos Rg} + [cosh R7sin Rg} ,

1 1 _\?2 1
— _ ZR2.2 2 —R2.2
R; j:\/i \/<4Re +R¢> +R +<4Re +R¢>,

2
RBe = +- \/GR%MFRE) +R2—GR262+R$>.

6. Conclusion

In the present work the magnetohydrodynamics effects are applied to the flow of a Newtonian fluid
between eccentric rotating porous disks. The flow equations are solved analytically by two different methods.
To obtain the large time solution, we applied separation of variable method; and for small time solution,,the
Laplace transform method is used. Suction and blowing cases are discussed separately. It is found that with
an increase in V; and Va,,the velocity increases;;and with decrease in Vi and Va,,the velocity decreases [13].
The results in this paper is similar to the results of [6] if there are no MHD effects and disks are non-porous.
It is in general observed that the boundary layers are controlled by the MHD effects [13]. However when
the disks are porous, the boundary layer decreases for the suction case (similar to MHD effects) and the
boundary layer increases for the injection or blowing case [14].
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