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Abstract
An exact solution to the quartic equation in the wiggler frequency w,,, which represents the dispersion
relation for this system, is obtained. The effects of the frequency of the wiggler w,, on the electron’s velocities
(v and vy) are investigated. The regions of interest for the allowed wiggler frequency w., for both group

I and group II electron trajectories are discussed.
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1. Introduction

Free-Electron Lasers (FEL) represent an incredible departure from classical lasers, where they provide
widely tunable, highly intense, ultrashort laser pulse in any part of the electromagnetic spectrum [1-4].

Several studies have been reported that investigated trajectories in different electromagnetic wiggler
models. An exact solution to the relativistic equation of motion for a charged particle in a constant magnetic field
and a transverse electromagnetic wave propagating along the field had been found by Roberts and Buchsbaum
[5]. Freund et al. studied the interaction between a relativistic electron beam and an electromagnetic wiggler
in the second stage [6]. We have investigated the relation between the energy of a system consisting of a large
amplitude electromagnetic wiggler FEL in the presence of a constant axial guide magnetic field and both the
parallel and perpendicular components of canonical momentum [7]. Hiddleston et al. studied the equations of
motion for the electromagnetically pumped FEL with an axial electrostatic field [8]. Bourdier and Gond studied
the dynamics of a charged particle in both circularly and linearly polarized traveling electromagnetic wave [9,
10]. A theory on a free-electron laser with electromagnetic wiggler and ion-channel guiding have been developed

by Esmaeilzadeh et al. The electron trajectories for this system are found and the stability of orbits is studied
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[11]. Electromagnetic wiggler free electron laser was constructed and operated experimentally [12, 13]. The
effects of the reverse guide magnetic field have been investigated for different free electron lasers configurations.
Tsui, K. H. studied a system consisting of circularly polarized external wiggler with a reverse guide field by
introducing the self-fields of the electron beam. He found that the competition between the self fields and
the wiggler field plus the action of the guide field are responsible for a new reverse guide field singularity [14].
The behavior of electron beam in combined self generated field and a reversed axial-guide field in the tapered
helical wigglers has been studied by S. K. Nam, et al. They reported that the electron beam loss is reduced by
optimizing the magnetic field strength and tapering the parameter of the reversed axial guide field [15]. Conde
and Bekefi reported a new regime of free electron laser operation using a helical wiggler field and a reversed
axial guide magnetic field. The orientation of the axial field is such as to oppose the rotation of the electrons
imparted by the helical field. The 33.3 GHz electron laser amplifier is driven by a mildly relativistic electron
beam (750 kV, 300 A, 300 ns) and generates 61 MW of radiation with a 27% conversion efficiency. The results
are compared with those obtained when the axial guide field is in its conventional orientation where considerable
loss of power and efficiency is observed [16]. G. Zhang et al. studied the FEL amplifier performance with a
reversed axial guide field theoretically and numerically. They found that group I orbits can be reproduced by
assuming an anomalously large emittance, while group II results are not consistent with the single frequency
model [17]. Xiao-jian Shu studied the single-particle trajectories of relativistic electrons in FEL with a reversed
axial guide magnetic field. He reported that when the cyclotron wavelength approaches the wiggler period,
there is a beat between two rotations, which makes a large dip occur in the radiation power [18]. Bazylev et al.
studied the electron trajectories for a FEL configuration in the presence of a reversed axial guide magnetic field
analytically. He considered two types of electron trajectories close to antiresonance. One belongs to a linearly
polarized motion and leads to a moderate coupling with radiation field [19, 20].

A previous study on an electromagnetic wiggler FEL with a constant forward guide magnetic field had
been reported by H. P. Freund et al. [6]. Numerical solution for the dispersion relation have been investigated.

In Section II we investigate the electrons trajectories for the same wiggler given in [6], but with constant
reverse guide magnetic field. To study the effects of the wiggler field frequency w,, on the electrons velocities
(v)] and wy,) for our system we solved the quartic equation in the wiggler frequency w,, for this system exactly.
Section III concentrates on studying the analytical results we have derived numerically in Section II. Dependence
of the parallel and transverse components of the electrons velocities (v)| and wv,) on wiggler frequency w,, is

investigated.

2. Formulation of the problem

A system consisting of a uniform reverse axial magnetic field, — By é,, and a backward propagating

electromagnetic wave described by
By, = By [é5 cos (kwz + wyt) + €y sin (kwz + wyt) ] (2.1)

E, = :—wa [ — és sin (kw2 + wwt) + éy cos (kwz + wwt)] (2.2)
wC

where B,, is the amplitude of the wiggler magnetic field, By is the guide magnetic field amplitude, while k., is

the wiggler field wave vector and w,, is the corresponding angular frequency.
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The relativistic equations of motion for this system are

dP d v
o= E(m'yv) = —e [Ew + X (Bo + Buy) (2.3)
and
dry e
E = —mc2 v - Ew; (24)

where P is electron momentum, m is electrons mass, v is electron velocity, e is electron charge, c is the velocity
of light, and ~ is the relativistic factor. To simplify the analysis we will introduce the following set of basis

vectors which are rotating with the wiggler

€1 = €508 (kwz + wyt) + €y sin (kyz + wyt) (2.5a)
€y = —éy5in (kwz + wuwt) + éycos (kwz + wwt) (2.5b)

So, the velocity of the electron in this wiggler frame of reference can be written as
Vv = 01 €1 + Vg €s + v3€3. (26)

The equations of motion for this system are given in the Appendix. Steady state orbits are found for constant

dvg —

o . . . . d o
energy (7 = constant). This implies that vo=0 and Gt = %

0. If we define v; = v, and vz = vy,
equation (2.6) becomes

Vo = Uy €1 + v)é3, (2.7)

where the set of the steady state trajectory equations are given by

—Qu (ww + k}w’UH)

Uu) = k;w [QOJ,»'y ((,uw J,» k:wvH)] (2.8)
and
V2 2 1
Il Vw _
a2ta =15 (2.9)
where
eBO w
Qo.w _—,
0 mc

Here, € is the cyclotron frequency of the guide magnetic field, and €2, is the cyclotron frequency of the wiggler
field.

To analyze the effects of frequency w,, and wave vector of the wiggler k,, on the electrons trajectories,
we will use the following Maxwell’s Equation:

o2 1 92 4
] (2.10)
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where A, is the wiggler vector potential given by

By L
A, = — T [éz cos (kwz 4+ wwt) + éy sin(kyz + wwt) | . (2.11)

Substituting equation (2.8) for v,, and equation (2.12) for the vector potential A, in equation (2.10) results

in the dispersion relation

Ww + kyv

W =k — Wl ( ) = 0. (2.12)
[Qo + v (ww + k‘wUH)]

Here, w? = % is the plasma frequency and n; is the bulk density of the electron’s beam.

To show the dependency of the orbital velocities (v and v,) on the wiggler frequency w,,, we merged
equations (2.8), (2.9) and (2.12) so that we have the following quartic equation in w,, in normalized (dimen-
sionless) form:
ot

4 2
w w Q%U

1
(vﬁ -1+ ?> +1=0. (2.13)

In the above, we introduced the following set of normalized quantities:

v v w Q Qo wp
! v = Vuw = Wy - Qw; — Qo, I Wb (214)
c c kyc Yokwc Yokwe 'y§k' .
0 Fw

This fourth degree polynomial equation (2.13) has the following set of exact analytical solutions:
Wy, = £ /a1 (2.15)
Wy, = £ Q2 (2.16)

where
o =1++8 (2.17)
ar=1—-+/8 (2.18)
and
4 1
ﬂ—g—%(lvﬁ?>. (2.19)
3. Results

We conclude from Equation (2.8) that the usage of the reverse axial guide magnetic field results in a
reduction in the wiggler velocity compared to that without a guide magnetic field. This ends with a decrease in
the linearized gain related to the expected values for group I and IT [4]. Also, there is no resonant enhancement
in the wiggler velocity if the Larmor period belongs to the axial reverse field is comparable to the wiggler
period. Previous studies concluded that that the inhomogeneity in the wiggler field introduces a sinusoidal
driving term to the electron trajectories [4]. The inhomogeneity of the wiggler field will not affect the beam
transport compared to Group I and II orbital instabilities appeared when the axial guide magnetic field is

pointed in the forward direction with respect to the wiggler field.
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Since we are using a backward propagating electromagnetic wiggler field, the analysis is concentrated on
positive wiggler frequencies. This reduces the values of w,, from four to just two only. Equations (2.15) and

(2.16) restrict the values of 8 to 8 > 0 which put un upper limit on the value of the normalized parallel velocity

of the beam v < (1 — 71—2) Also, the values of a; and «s are restricted to a; > 1 and 0 < as < 1.

These values for a7 and s constraint the allowed range of wy,1 and wys to w1 > 1 and 0 < wye < 1,
where w,,1 belongs to group I trajectories, while w2 belongs to group II trajectories.

In addition to our exact results we have obtained in section II and presented by equations (2.15) and
(2.16), we show these results numerically. In Figure 1 we show the dependence of the parallel particle’s velocity
V]| on the wiggler field angular frequency w,,. The range of the allowed values for both group I and group II
orbits are shown. There is an upper limit on the axial velocity V}| = 0.98 when the angular wiggler frequency
wy approaches 1 for both group I and group II orbits. The plot shows that the axial velocity V| increases with
respect to the wiggler frequency w,, for group II orbits, while it decreases with respect to the wiggler frequency
wyy for group I orbits. So, we can adjust the angular wiggler frequency w, to reach the desired axial velocity
Vi

In Figure 2 is shown the relation between the electron wiggler velocity v,, and the angular frequency w,,,
clarifying the linear dependence for both group I and group II. The specific range of the wiggler field angular
frequency w,, is shown in the figure for both group (I) and group (II) orbits.
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Figure 1. The axial electron’s velocity V|| as a func- Figure 2. The wiggler electron’s velocity v, as a func-
tion of the wiggler field frequency w, . The normalized tion of the wiggler field frequency w, . The normalized

parameters are vo = 3.5, wp = 0.1, wy, = 0.05. parameters are yo = 3.5, wp = 0.1, w,, = 0.05.

To investigate the effect of the reverse guide magnetic field By (included in the reverse guide magnetic

field cyclotron frequency () on the axial velocity of the electrons, V], we rearrange equation (2.8) and rewrite
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it in the normalized form

Q
Q = -
01,02 (wwl,wz + U||) (70 v

+ 1) . (3.1)

The variation of the axial electron velocity v with respect to the reverse guide magnetic field frequency € is

shown for group I orbits, which are characterized by wy1 > 1 in Figure 3. The lower bound imposed on the

allowed values for the reverse guide magnetic field frequency Qg for group I orbits is limited to Qg > -1.68.
Figure 4 shows the variation of the axial electron velocity V|| with respect to the reverse guide magnetic

field frequency €y for group II orbits which are characterized by 0 < wy2 < 1. The allowed values for the
reverse guide magnetic field frequency Qg for group II orbits are restricted to —3 < Qy < -0.94.
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Figure 3. The axial electron’s velocity V|, as a function = Figure 4. The axial electron’s velocity V|, as a function
of the reverse axial guide magnetic field frequency 2o for  of the reverse axial guide magnetic field frequency Qg for
group I orbits. The normalized parameters are 7o = 3.5,  group II orbits. The normalized parameters are vo = 3.5,
wp = 0.1, wy = 0.05. wp = 0.1, wy, = 0.05.

Our results in Figure 3 and Figure 4 lead to the same results found for the forward guide magnetic field
system investigated in [6] if we substitute -y instead of Qp in the previous analysis.

By tuning the wiggler frequency w,, we plot the variation of the electrons’ parallel velocity V|, with
respect to the electrons’ wiggler velocity v,, in Figure 5.

Figure 5 shows that selecting a higher axial velocity constraints the wiggler velocity to small values for
both groups. The obtained results are helpful in obtaining a collimated electron’s beam and limiting off axis

effects.
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4. Concluding remarks
In conclusion, we derived an exact analytical solution for the dispersion relation of our system. The

effect of wiggler frequency w,, on the behavior of the electrons trajectories for both group I and group II orbits

have been discussed. We obtained the suitable values of the wiggler field frequency w,, for group I and group
Our results concerning the

IT analytically, and show it numerically in Figure 1 and Figure 2, respectively.
relation between the axial electron velocity and the reverse axial magnetic field show identical behavior when

transformed from reverse to forward constant guide magnetic field (see Figure 6) compared to the numerical

analysis reported by Freund et al. [6].
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Figure 6. The axial electron’s velocity V| as a function

Figure 5. The axial electron’s velocity V|| as a function
of the forward axial guide magnetic field frequency 2o for
group I & group II orbits. The normalized parameters are

of the wiggler electron’s velocityv,, for both group I and

IT orbits. The normalized parameters are v = 3.5, wy =
Yo = 3.5, wp = 0.1, wy = 0.05.

0.1, wyw = 0.05.

Appendix
Rewriting equations (2.3) and (2.4) in the reference frame rotating with the beam, the equations of

motion for the electrons will be
1 W V1
U1 7[ 0+ 7 (Ww + kwvs) + e 0]02 (A1)
by = — 2 [0 + 7 (W + Fas)] 01 + Qup |05 + 22| = Lo v3 (A2)
2 = 0 Y w w3 1 w 3 kw Ckw w -
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1 Wy U3
S o W B R et A
3 [ o ] Vo (A3)
. Wap
Py - C2kw QU}UQ) (A4)
where g, = %
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