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Abstract: In this work proton emission from deformed nuclei is discussed with the quadrupole deformation values. The

deformation is investigated using potential energy surface plots. The identified proton emitters are found to have odd

Z since the unpaired proton is less bound, and they are readily available for emission. Using the exotic decay model

to the medium mass nuclei, the new proton emitters are analyzed with the inclusion of centrifugal barrier. The proton

decay half-lives are calculated and compared with literature values. A discussion pertaining to single proton emission

with structural effect will be a pivotal point in our study.
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1. Introduction

Proton radioactivity offers a definite probability for wealthy information about the nucleus located beyond the
proton drip line. The simplicity of the decay process has encouraged researchers to hold proton radioactivity
as an important probe into nuclear physics [1, 2]. Generally beta decay is allowed even for small differences in
binding energies of parent and daughter nuclei. Gamma emission occurs if the beta decay leaves the daughter
nucleus in the excited state [3]. Beta delayed emission of a single proton, diproton or one or more neutrons has

become a subject of interest in recent years [4]. The high repulsive Coulomb force pushes the line of minimum
energy closer to the valley of stability in the case of proton emission which is insignificant in the neutron rich side
[5]. The nucleus is a many body system in which the residual interaction affects the decay properties [6]. Due
to the strong energy dependence, the conversion of the branching ratio into the corresponding matrix element is
energy dependent [7]. Proton decay studies help in knowing the structural information of the emitting nucleus

because the proton decay rate varies depending on the orbital angular momentum of the emitted proton [8, 9].
This is due to the lower mass of the proton when compared to an alpha particle. In proton emission increase of
centrifugal barrier is observed because of the non vanishing angular momentum carried by the proton [10, 11].

To directly study the ground state proton emitters, however, one must look at nuclei with half-lives in the
range 1 μs to 1 s, to which current experimental capabilities are geared to handle. This has made investigators
look at heavier elements with Z > 50 [12]. The description of the theoretical framework that is used to identify

the proton emitters is given involving a separation-energy calculation. Exotic decay model [13–16] is used to
calculate the half-life of the known proton emitters. Then the theoretical formalism of the microscopic model,
namely, the Triaxially Deformed Cranked Nilsson Strutinsky Shell Correction method [17, 18] is given. This
model gives the role of normal and quadrupole deformations observed in the possible proton emitters. The
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novel idea used here is plotting the Potential Energy Surfaces (PES) for the shape calculations in the possible
proton emitters.

2. Theoretical formalism for single proton radioactivity

In this work, separation energies are calculated for different proton numbers Z for various isotones and different
neutron numbers for various isotopes. The mass excess for the parent, daughter and emitted nuclei are taken
from the Audi Wapstra mass table [19]. Separation energies are calculated for different proton numbers Z for

fixed values of N = {3, 6, 8, 10, 11, 12, 14, 16, 18, 20, 22. . . } and different Z for various fixed N values. The
separation energy is calculated using the relation

Sp(Z, N) = −M(Z, N) + (Z − 1, N) + mp. (1)

It has been known for a long time that single particle separation energies are valuable tools to extract systematic
trends over the chart of the nuclei [20]. Figure 1 shows the variation of one proton separation energy as a function

of neutron number (Sp vs. N) for different isotopes and Figure 2 shows the variation of one proton separation

energy as a function of proton number (Sp vs. Z) for different isotones. The probable one proton emitters
are identified from their separation energy values since the one proton emitters should have Sp value < 0.

From Figures 1 and 2 it is found that the nuclei like Sc39 , Sb105 , I109 , I111 ,Cs112,115 , La117,119 , Pr121,122,123 ,

Pm126,127 , Eu 130,131,132,133 , Tb136,137,138,139 , Ho140,141 and Tm146,147 having Sp < 0, showing that they

are efficient single proton emitters. Here Sc39 has not been observed in the Be9 (Ni58 , X) reaction, and so

should decay 100% by proton emission, with a half-life shorter than 300 ns [21]. For instance, as of this writing,

I111 , Cs115 , La119 , Pr122 , Pr123 , Pm126 , Pm127 , Eu132 , Eu133 and Tb136,137,138,139 have not been found in
experiment and the above nuclei are predicted theoretically as probable proton emitters.
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Figure 1. One proton separation energy as a function of neutron number for different isotopes (Z = 24 to 84).

3. Half-life calculations using exotic decay model – SK model

The half lives of proton radioactivity are studied using the SK (Shanmugam-Kamalaharan) model. A finite
range Yukawa plus exponential potential along with the Coulomb potential is used for the post scission region
and a third order polynomial is used for the overlapping region. While the centrifugal barrier has negligible
role to play in cluster radioactivity, it becomes appreciable in the case of alpha decay. For proton emission the
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Figure 2. One proton separation energy as a function of proton number Z for different isotones (N = 3 to 22).

centrifugal effect should become very much considerable; hence a centrifugal barrier is added to the post scission
region for considering proton radioactivity. Here, the parent is considered to be deformed and so to include the
deformation effects spheroidal deformation β2 and Nilsson’s hexadecapole deformation β4 are considered. The
half-life of the meta-stable system is

T =
ln 2
νP

, (2)

where

v =
ω

2π
=

Ev

h
(3)

denotes the number of assaults on the barrier per second. The zero point vibration energy is given by

Ev =
π�

2

[
2Q
μ

]1/2

C1 + C2
, (4)

where C1 and C2 are the “central” radii of the fragments given by

Ci = 1.18A
1/3
i − 0.48, i = 1, 2,

and μ is the reduced mass the system.

The probability per unit time of penetration P through the barrier is

P =
1

1 + eK
, (5)

where K is the action integral.

Proton radioactivity is an excellent platform to study quantum mechanical tunneling through a potential
barrier. The rate of proton emission is related the proton’s capability to tunnel through the barrier produced
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by the nuclear, Coulomb and centrifugal potentials. Orbital angular momentum in deformed nuclei cannot give
the complete information because the high penetrability, low value of the orbital angular momentum component
could have predominant effect over the decay width, even for a small value of the amplitude. During proton
emission, the proton has to tunnel through the nuclear potential to escape from the parent nucleus. If spin and
parity of the initial and final nuclear states were known, then the angular momentum of the emitted proton
would also be calculated [22]. Hence the proton has an expected angular distribution relative to the spin axis of
the emitting nucleus. This could be related to the time it takes for the proton to penetrate the potential barrier
that is the tunneling time. Proton emission half-lives depend mainly on the proton separation energy and orbital
angular momentum, but it is not depending on the intrinsic structure of proton emitters, e.g., on the proton-core
potential [23, 24]. This emphasizes that the lifetimes of deformed proton emitters will provide information on
the angular momentum of the nucleus concerned and so its structural information can be obtained thereafter
[25, 26].

4. Deformation studies in single proton emitters

The deformation in the ground state of proton emitters can be and is studied here using a deformed shell model
called the cranked Nilsson model with Strutinsky shell correction method [17, 18] . Quadrupole moments vary
systematically with proton and neutron numbers. Nuclei with magic number configuration are spherical and
have zero quadrupole moment. In the Nilsson model, the potential in Hamiltonian comprises the anisotropic
harmonic oscillator potential plus the spin-orbit and centrifugal potentials. The zero temperature potential
energy surfaces for single proton emitters have been obtained by the tuned Strutinsky procedure.

The calculation performed here assumes ground state spin, without temperature (0.0 MeV), with γ from
-180◦ to -120◦ in steps of 10◦ , and β from 0.0 to 0.8 in steps of 0.01. The Hill Wheeler expressions for the
frequencies have been used in the cranked Nilsson model.

The calculations are carried out by varying values of ω in steps of 0.01ω 0 from ω = 0 to 0.15ω 0 , ω 0

being the oscillator frequency. Since the work is focused on non-collective oblate (γ = -180◦ ) and collective

prolate (γ = -120◦ ) shapes, γ is varied from -180◦ to -120◦ in steps of 10◦ . The β values are varied from 0 to
0.8 in steps of 0.01. Obtaining potential energy surfaces of the considered nuclei as a function of deformation
β and non-axial γ parameters at ground state spin helps to identify the structure of the parent as well the
daughter nuclei. By minimizing the free energy with respect to β and γ (deformation parameters) at constant
spin and temperature the potential energy surfaces for the nuclei can be constructed and shape transitions
can be detected. PES is the three dimensional contour plot having plane polar co-ordinates, β cos γ along the
x-axis and β sinγ along the y-axis with corresponding energy values. The resulting energy values are normalized
according to triaxially deformed cranked Nilsson Strutinsky method with shell correction prescription and then
minimum at fixed spin over different deformations is searched for [27]. Deformed shape is nothing but the
deviation from spherical shape of a nucleus. A liquid drop takes a spherical shape maintaining minimum
potential energy value with small surface area to volume ratio [28, 29]. Any deformation from the spherical
shape is because of the competition between the Coulombic and surface energies. Coulombic force repels the
protons to stay far and favors deformation since the Coulombic force is not so strong to increase the nuclear
volume and create more surfaces among the protons. This increases the surface energy by increasing the surface
area. The surface tension force balances the Coulombic force to keep the surface area a minimum. The surface
energy tries to preserve the spherical shape. This surface energy domination is found in light nuclei making
them spherical. As Z increases, the Coulombic repulsion increases favoring deformation [30].
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As Z increases, the number of valence nucleons outside the closed shell increases. This decreases the
vibration energy as they become less compact. But the interaction between the valence nucleons and closed
core brings about slight deformation. For nuclei which are not far from stability line, this is the case. For
nuclei, far from stability, significant shape deformation in their ground state is observed. This is reflected in
the calculations of quadrupole deformation parameter. It also gives the theoretical framework for obtaining
potential energy surfaces of the considered nuclei as a function of deformation β and nonaxial γ parameters at
different spins by the Strutinsky shell correction method.

Our calculated deformation values are compared with the values of Moller [31] and it is found that our

values are in agreement with their values. For Sc39 , the nucleus is normally deformed. Moderate deformation is
observed for 62 < Z < 67. The variations in the calculated values of γ when compared with Moller calculations
are found to be negligibly small. Both oblate and prolate quadrupole deformed shapes are observed in the chosen
region. The potential energy surfaces for the nuclei are constructed to confirm the structural change and shape
transitions exhibited by the proton emitters.
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Figure 3. Variation of half-life as a function of Q value for the medium mass proton emitters.

5. Results and discussion

The half-life of proton decay strongly depends on the energy of the proton, that is, the Q-value of the reaction.

As the value of Q changes, the half-life changes from 1010 s to 10−12 s and are clearly visible in Figure 3. This
shows the strong dependence of the lifetime on Q falling with a small change in Q-value. It obviously shows
that the ground state emission will not be observed immediately above the drip line because when Q is less the

half-life is dominated by β+ decay. For small values of Q , proton emission half-lives are very long and the total
decay is dominated by beta decay. The Q-value which gives rise to proton emission increases with increase in
nuclear charge. For light nuclei it is found to be 0.5 MeV and for heavy nuclei it nears 2 MeV.

Beyond Z = 83, no one-proton emitter is identified as the nuclides are prone to fission or alpha decay
[32–34]. For heavier nuclei, several proton emitters are found to exist for the same element. The variation of Q

as a function of atomic number Z is shown in Figure 4. It is found that for light nuclei, no one-proton emitters
are identified. The region Z = 35 to 50 is a gap in the figure showing that this region is fertile for diproton
emission. As the atomic number increases, the Q value increases showing the enhanced emission of one-proton
from those parent nuclei (see Figure 3).
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Figure 5. Prolate shape determination by Potential En-

ergy Surface for Sc39 .

Half-lives for proton emissions depend exponentially on the energy and almost linearly on the angular
momentum (almost one order of magnitude for each unit of angular momentum). To find the effect of
deformation on proton emitters, PES graphs are a powerful tool to study the shape of the selected nucleus.

Figure 6 shows the potential energy surface for Tb138 (N �= Z case) at the ground state spin of 1� having

zero temperature. The minimum lies in the prolate region, confirming that Tb138 is prolate shape with normal

deformation. Significant deformation is obtained from Figure 7 in the odd Z nucleus of Ho141 using the cranking
model matches the β values as 0.286 concludes the triaxial shape in its ground state. While calculating the

half-lives of Holmium isotopes, Ho140,141 are more deformed (β ∼ 0.286) when compared with other Holmium

isotopes Ho142,143,145. The former are found to have shorter half-lives than the other isotopes, confirming that
deformation enables effective proton emission. Competing minima are found to occur along non-collective oblate
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Figure 7. Triaxial shape determination by Potential En-

ergy Surface for parent Ho141 .
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Table 1. Calculated quadrupole deformation values in comparison with Moller values.

Nucleus Calculated quadrupole Moller quadrupole
deformation values deformation values [31]

Sc39 0.022 0
Sb105 0.082 0.081
I109 0.152 0.16

Cs112 0.222 0.208
Cs113 0.183 0.207
La117 0.251 0.290
Eu130 0.330 0.331
Eu131 0.327 0.331
Tb138 0.205 0.217
Tb139 0.215 0.216
Ho140 0.275 0.297
Ho141 0.28 0.286
Tm145 0.225 0.249
Tm146 -0.159 -0.199
Lu150 -0.11 -0.164
Lu151 -0.05 -0.156
Ta156 -0.01 -0.053
Re160 0.05 0.080
Ir164 0.05 0.089
Ir167 0.15 0.116
Ir169 0.143 0.134
Au169 -0.05 -0.087
Au170 -0.05 -0.096
Au171 -0.065 -0.105
Au172 -0.1 -0.105
Au173 -0.052 -0.105
Au174 -0.057 -0.122
Au175 -0.1 -0.122
Tl176 0.045 -0.053
Tl177 -0.045 -0.053
Tl178 -0.042 -0.053
Tl179 -0.041 -0.053
Tl180 -0.052 -0.053
Tl181 -0.042 -0.053
Tl182 -0.05 -0.053
Bi184 0.05 0
Bi185 -0.05 0
Bi186 -0.04 0
Bi187 0.01 0.001
Bi188 0.01 0.002
Bi189 0.02 0.003
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and collective prolate lines. For ground state spins, the competition between collective oblate and non-collective

oblate states is significant, which may cause rotational isomers. Proton emission from Ho141 and Eu131 has
recently been observed at the Fragment Mass Analyzer [32, 33] and the decay rates cannot be explained by

spherical WKB calculations. These nuclei are predicted to be highly deformed (∼ 0.3). The observation of
these and other proton emitters expected to be found in the 57 < Z < 65 region should greatly increase our
understanding of the role of deformation in the proton decay process. The calculated ground state quadrupole
deformation of the nuclei in 56 < Z < 83 is shown in Table 1. Odd Z are found to be good proton emitters and
much deformed than their even Z neighbours. This is due to the reason that pairing correlations are strongly
reduced in odd Z nuclei and as a result the nucleus is driven towards larger deformation. Much stronger pairing
in even Z nuclei results in almost spherical shapes and the pairing energy prevents them from being proton
emitters.

These deformation studies on proton emitters offer insight into proton binding and the evolution of shell
structure at the edge of the stability line. A chain of proton emitting nuclei from Z = 63 to Z = 83 is established.

Ho141 is found to have a triaxial shape. It is also reported by Davids [9]. The triaxiality is clearly indicated

in the PES plot, Figure 7. Likewise, Lu151 is deformed and found to possess oblate structure with quadrupole
deformation β = -0.156. Ferreira and Maglione [26] reported the same nucleus to be deformed with -0.18 < β

< -0.14.
Ta isotopes are found to be nearly spherical with β = 0.045. A similar analysis is given by Lalazissis

et al. [25]. This may be due to the neutron number approaching the magic number 82. Table 2 shows the
calculated half-lives on comparison with experimental and theoretical half-lives for Ho isotopes. It is found that
the SK model used in calculating the half-lives gives values in agreement with the compared values. Using the
effective liquid drop model Guzman [34] has calculated the half-lives of various proton emitters. There (using

the effective liquid drop model) the angular momentum (�) values for the proton decay of Ta156 , Re161 and

Au171 are chosen in such a way as to give the best agreement between calculated and measured half-life values,
but are not the ones suggested in the experimental literature.

Table 2. Calculated Half-life of Ho isotopes.

Nucleus Quadrupole deformation Calculated Half-Life (s) Reference Half-Life (s)
Ho140 0.275 1.07 × 10−4 1.156 × 10−4 [37]
Ho141 0.28 18 × 10−6 11 × 10−6 [37]
Ho142 0.23 2.31 2.187 [34]

In the present work we have taken � = 2 for all the selected nuclei and hence there is a mismatch in the
half-lives of few emitters discussed in the table as those nuclei are assigned values � = 0, 2, 5, 7 in experimental
calculations. Since the proton is a point charge, the effect of centrifugal potential is important. By comparing
the deformation and the half-lives of the isotopes of different proton emitters, it may be considered that the

maximum deformed nucleus is found to have a short half-life. For example, Ho141 has the maximum deformation
among all the isotopes of Ho. It is found to have the least half-life of 18 μs. This value agrees with the reported
value of 11 μs by Rykaczewski et al. [35] and 14 μs by Barmore et al. [36]. The difference in 1 or 2 units of

angular momentum (�) yields a difference of one or two orders of magnitude in the half-life.

Tm145 is found to have a prolate shape and the same was reported by Blank et al. [1] with β = 0.23. The
present calculation predicts a slow change in shape from prolate to oblate for the Tm isotopes. The calculated

half-life values of Ho140,141 are quite agreeable with the values reported by Delion et al. [37].
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The respective β and γ values for a particular nucleus can be easily identified using trigonometric
calculations. The potential energy surface graphs declare the effect of shape occurrence in the ground state
parent and daughter nuclei. The sensitivity of the calculated half-life upon angular momentum and quadrupole
deformation play a significant role which allows proton emission to be a powerful tool to uncover triaxial shapes
in nuclei.

6. Conclusion

Using the calculated separation energy values, new one-proton emitters are identified. The region 50 < Z <

83 in the periodic table is found to be a fertile region for one-proton emission. The differences in deformation
between the isotopes are very small and it is one of the causes for changes in half-lives. Most of the nuclei are
found to have a modest non-zero quadrupole deformation in the chosen medium mass region and it indicates
the role of deformation in the proton emitters. Modest deformation shown by proton emitters is found with the
help of the potential energy surface plot.
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