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Abstract: Approximate analytical solutions of Duffin-Kemmer-Petiau (DKP) equation under scalar and vector Kratzer
terms are obtained via an elegant ansatz after successive transformations. The results, after application of proper fits,
can be used in the study of relativistic spinless particles in various branches of physics such as cosmology and theoretical

nuclear physics including meson spectroscopy.
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1. Introduction

The Duffin-Kemmer-Petiau (DKP) equation appeared more than seventy years ago and introduced a basis which
enabled theoretical physicists to investigate both spin-0 and spin-1 particles on the basis of a single equation
in the relativistic regime [1-4]. This equation for spin-zero bosons under a vector potential possesses the same
mathematical structure of its well known partner, the Klein-Gordon (KG) equation. Consequently the physical
community thought the equations are completely equivalent. We now know, however, that the “equivalence”
exhibits violations [5-14] and the former is a more appealing for the study of interactions in comparison with
its alternatives, i.e. KG and Proca equations which are more well known [15-20).

The DKP equation has a range of applications from sub-atomic to large-scale physics [21-25] due to its
similarity with the KG equation and can be investigated by the well-known techniques of quantum mechanics
[26-29] under vector potential [30-40]. We intend to explore the equation under a scalar potential.

In the present work, we briefly review the DKP equation under scalar and vector potentials. Next, using
elegant successive transformations, obtain approximate analytical solutions of the equation under the most
applied interaction of quantum mechanics, i.e. the Kratzer interaction. As a final point, we wish to address
the interesting papers of [41-44] in which DKP was used to investigate related topics in the annals of particle

physics. The interested reader might find instructive points about the physical consequences within them.

2. DKP equation

The DKP Hamiltonian for scalar and vector interactions is
(8- pe+me® + Us + BOU2) o (F) = B Ey(r), (1)

where
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o= (Lo ), o)

iwlower

and the upper and lower components, respectively, are

1pupperE ( z )7

Ay (3)
1plowm‘ = A2

Also, 8% is the usual 5 x 5matrix and U, U2, respectively, represent the scalar and vector interactions. The

equation in (340)-dimensions is written [1-4]
(me®+U,) o= (E-U2)¢+heV - 4,

Vo= (me* + Us) A, (4)
(me? +Us) o= (B~ UY) e,

where A = (A, Az, A3). In equation (3) 1 is a simultaneous eigenfunction of J?and.J3, i.e.
L*) G )
J2 1pupper — upper — J J 1 upper ,
( 1plou}(a?‘ ) ( (L + S)2wlowe7‘ ) ( + ) ( 1plowm‘
wu er ) ( LSwu er ) ( wu er )
J PP — PP - M PP :
8 ( 1plou}(a?‘ (LS + SS)wlower 1plowm‘

and the general solution is considered as

Fna(r)Yn ()
Yom(r) = | gns(r)Ysn () : (6)
iZL thL(T)YJAgl Q)

where spherical harmonics Y,/ (€2) are of order J, Y (€2)are the normalized vector spherical harmonics and
fng, gnsand hyyp denote the radial wavefunctions. The above equations yield the coupled differential equations
[30-38]

(EnJ — US) Fo(r)= (mc2 + US) G, y(r), (M’"d'i;(” — %FnJ(T)) = —a—l‘] (mc2 + US) Hy p,5(r),
(dF"T{(ﬂ + %Fn7J(T)) = C% (mc2 + US) H_17n7J(T), —Q g (dHl(;ilrJ(T) + %HLWA’J(T)) (7)
+C (dH%:J(T) - %H—l,n,J(T)) = % ((mc2 + Us) Fn,J(T) - (En,J - UB) Gn,J(T)) )

which give [40]

2 r 2 " r { 2
S [ ] - o [ (14 )]

8
_ () (1_‘_%) n UU (J-',—l ¢ J) (8)
+Fn7J(T) T (xé (m+Us) g aZ v :07
— & ((m+ U, = (Bay — UY)
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where fns(r) = F(r)/r, gns(r) = G(r)/r, hnjse1 = Hii/r and (5 = /J/(2J+1). When Us; = 0, we

recover the well-known formula [30-38]

@  J(J+1) 02 _, 2

(W — T + (En7j — U,U) —m Fn7J(’f‘) = 0. (9)
Meanwhile, the Kratzer potential is amongst the most attractive physical potentials as it contains a degeneracy-
removing inverse square term besides the common Coulomb term. It appears in a wide class of physical and
chemical branches including the atomic and molecular physics providing quite motivating results [45-50]. We

consider the following Kratzer vector and scalar potentials:

as bg
US:7+7‘_27 (103.)
a b
Ul =24 2, 10b
V=t (10b)

Substitution of equations (10a) and (10b) in equation (8) gives

A2 Fu, s (r) Gl dFag(r) |~ &
I T R ) B
Ut (1+ cJ) - (ﬂ N ﬁi) (11)
(m+a_:+b_§‘) T aZr
+Fn7J(T) ) " ) =0.
1 s bs v by
—az ((m+ Gt ) = (Bny— (5 + ) )
By choosing
as | bs
Fpg(r)=y/m+ . + o} Pn,a(T) (12)
brings (7) to the form
d®pn, s (r) e 1 3bs 1 _3a’ 1 3?2 1
dr? mopr(r24 a*r—i-l:—f; m 7‘2(7‘2+%7‘+I;—i 4m? (p 2+a—*7‘+ 5 )2 m? p2(r24 a*r—i— 5 )2
3asbs 1 _ JU+D) Cas 1 2Cb, L 1 2
- ?nz r(r2 4o 22 [ m(f“ r(r2 g ley “Am P2 (rep ey ey T A@J(m _E"J) (13)

. —a?—2mbs — b —2a.bs b2 —b?
+(_2An;%b o 21_':7:&?@)% +( as—2m ;:25 2FE,, U)TL? + (2%1);\@23%1)6)7%3 +( ;ia‘z]b)

T_llf](pn,J(T) =0.

After decomposition of fractions, we arrive at

d> asf | 3b.fi  3b2f1  3a.b.d Casf  20b.fa 1 1
[W""(W"‘ m mZ 5 - T4 _Aa3(2mas+2E"vJaU))F

m m mA m

2
(Bt — Tt — (] 4 1) - 29 g Ly (—a? — 2mb, + a2 — 2E,,sb0)) 7

_‘_(2%1)@—2%1)3)% + (bz—bz)T + (ash 4 Bbedy %aifz _ 3b2ds  3asb.gs _ Cach _ 2Cb3d1) 1 (14)

Aa m2 m2 m?2 mA mA r4r1

(_éaihg _ 3b2ga N 3a3b3h3) + (a =9 | 3bsg1 3a§gg _ 3b2s; _ 3asbsfz  Casg 2Cbsg1) 1
4 (7‘+7‘1)2

m2 m2 m2 m 4m?2 m?2 m?2 mA mA 479
2 2
3 azdz 3b:s2 3asbss 1 1 —
+(_Z mZ  m?2 m? )(7‘+7‘2)2 Aa? (m En J)](pn“](T) =0,
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where

_1/as a2 bs 1 a2 bs _ 1 _ 1
Tl—i(m+\/m—4m)» =50 Vw45 =5 =

_ I e ) _ 1 _ 1 — 1
9= T2(T1 r2)’ fi= (rir2)?? hi = st 91T rZ(ri—r2)’ dy r2(r1—712)
— 2 _ 1 - _ 2 1
f2 = (r1—r2)3®? h2 = (re—mr1)?®? g2 1 —7‘2)_37 d2 (ra—r1)2 (15)
f — _ _—3ratm Ro = —— L — _ _3m-ry d 1 s = — 1
3 r2(ri—r2)3’ 3 ri(r1—r2)?? g3 r2(r1—12)3 "’ 3= (rir2)2? T2(r1i—73)2
— _2(7'2+7‘1) _ 1 _ 1 _ 2(2r1—r2)
Ja= (r1m2)3 ha = (r1ir2)?? 94 = r7(ri—r2)2’ dy = r3(r1—r2)3
2(—2ra+r1) 1

S1 = S9 =

ry(ri—ra)3 "’ r3(ri—r2)?’

Let us now consider an ansatz of the form

Pn,a(r) = fu(r) exp(gs(r)), (16)
where
1 n=>0
fn(T) = n (17&)
];Il(r —al’) n>0,
gs(r)=~In(r+r1)+dIn(r 4+ r2) + Sln(r) + % + 7. (17b)

If we choose nodeless state (n = 0), we get

0h () = (382 + 22 + 200+ 222 - 221 4 (82 — g —2n¢ — 22— 291 4 (26— 2636) %

7‘5 7 T2 1
21 24 2¢ 283 1 289 24 286 1
+§ ﬂ+(2n7_ﬁ _r_%;y o :_1)7"4-7"1 +(Fy _7) (r+r1)2 +(277§__+ﬁ_ ?)7‘"1‘7‘2 (18)

+(0% = 8) gye + P lw0,a (1)

Equating the coefficients on both sides, we find

280 28y 2By 2B asf 3bsfi 3b2fs Basbyds Casf 2Cbsfi 1
2 — =—(— - ——— - - - 2mas+2E, ja,)),
2"‘2"'6"’_ +2 (m+m m2 m?2 mA Am Aag(ma—i_ 7))
(19a)
2&5 2§'y 3bsh1  3b%hy 2Cbshy 1 9 9
mE— —=— — =2~ — 2 JJ+1)- ——(—a%—2mb, —2F, jb,)), (19b
6 6 f r ( m m2 ( + ) Am + Aa%( a“s m +a’u ,J )) ( )
2a,b, — 2a4bg
26 =20 = - (—————— 19
b2 — b2
2_ _ (P s 19d
ey — 20y B 2&y B 2968 _(ash i 3bsdq B 3alfy B 3b2d, B 3asbsgs B Cash B 2Cbsd1) (19)
m rL— 1y r? re m m 4 m?2 m2 m2 mA mA 7’
3 a?h 3b2 3asbsh
72_7:_(__% 2 9994 Ja 3)7 (19f)

4 m?2 m2 m2

86



YAZARLOO et al./Turk J Phys

286 24 236 s 3bg 3a? 352 3asbs Cayg 2Cb,
20 2y 200 a9 Sbsgr Saigr Sbisi 3asbfy  Casg 2Chgry g,

2190 —
rs  ri—Ta 79 m m 4m? m2 m2 mA mA

3 afdg 3b352 3asbss

2 — h
070 ( 4 m? m? m? ) (198)
2_ 1 (m?* — EZ ) (19i)

K Aa? el

From equations (19a)— (19i), for the fixed values of a5, oy, m and {; in particular, the system of nine equations

(19) determines the sets of variables by, ay, by, Eo,.5, 1, v, 6, 3, & as follows:

b2 — b2

=4, (= s 20
f ( ACY% )7 ( a’)
n=k g (m? — B2 ) (200)
Ao T
1 3aZdy  3b%ss  3asbss
= 5[1 + \/1 — 4(—1 e Ty )] (20c)
1 3 aghg 3()?94 3asbsh3
Y= 5[1 + \/1 - 4(_Z m2 - m2 - m2 )] (20d)
2a,b, — 2asbg
=1+ ;_bz (20e)
24034 /—( ﬁags)
Ao 266 2y 267 B asf 3bfi1 3b2fs 3asbsds Casf 20bsfi  2mas
v = 2 - — — — 20f
@ ~ 2F, J(T2+7‘ +20n+ - ro m m m2 m2 mA Am Aag)( )
A% 265 26y 3bshy  3b%hy 2Cbshq 1 9 9
bo=am, 0 A S T e T T T T gz (e m2mbe ) (208)

. . 362d; | 3a.b.
M_M_i_éa + 4+ asbsgs

Aa? | T 1
En,J = m? — 4—2‘] " " " (20h)
Y Cash | 2Cb.d 26 2¢ 2+
+7ZA+ 1+r1’)r/2+ 7-1-7
where 71 and £should be negative and v, § and 3 should be positive.
Using equations (20e) and (19e), we obtain a constraint relation:
2£0 26~ asg 3bsg 3a§!]2
1 2ayby — 2asbs T2 28 — vz + r—T2 ot T T e (21)
2Aa2 bg_gg 26 3b§51 3asbs f3 Casg 2Cbsg1
J A T Tm2 m2 T TmA T T mA
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3. Conclusion

The motivation behind our study was twofold. The first was the successful predictions of the Kratzer potential
in various fields. The second was exploration of the scalar sector of the DKP equation, an area quite open to
debate. In our calculations, bearing in mind the physical insight the analytical approach provides to the physics
of the problem, we picked up the ansatz methodology. By proposing novel ansatz solutions, we were able to
find a quasi-exact solution to the equation under scalar and vector Kratzer terms. Although we obtained the

solution for the nodeless mode, the higher states can be simply obtained by the same token via choosing f;,(r)
as (r —ai), (r—a?)(r —a3) for the first node, second node, etc. Our results, after application of proper
fits, can be used in the study of relativistic spinless particles in various branches of physics including meson

spectroscopy.
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