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Abstract: The Klein—-Gordon equation under the equal scalar and vector Mobius square potentials in D-dimensions is
solved by using the Nikiforov—Uvarov method. The energy eigenvalues and the corresponding eigenfunctions are obtained
and numerically calculated. The oscillator strengths are determined and discussed in terms of parameters of the system.
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1. Introduction

In relativistic quantum mechanics, solution of the Klein-Gordon equation under different potentials plays an
important role because one can understand the physics that can be brought by such solutions. The Klein—
Gordon equation is one of the most frequently used wave equations that describes spin-zero particles. Among
the most successful methods that have been used to solve the Schrodinger, Dirac, Duffin—-Kemmer—Petiau,
and Klein—Gordon equations, the Nikiforov—Uvarov (NU) and supersymmetric quantum mechanics (SUSYQM)
methods have received great attention [1-5]. In the present work, we have approximately solved the Klein—
Gordon equation under equal scalar and vector Mobius square potentials, which is the more general case of both
Hulthén and Morse potentials. In addition the Klein—-Gordon equation has been solved and investigated with
different potentials [6,7]. For instance, Egrifes and Sever obtained bound-state solutions of the Klein—-Gordon
equation for the generalized PT-symmetric Hulthén potential [8], and Soylu et al. considered the Klein-Gordon
equation under Rosen—Morse-type potentials [9]. Here, for the sake of generality, we investigate the Klein—
Gordon equation in D-dimensional space. This paper is organized as follows: in Section 2, we introduce the
radial part of the Klein—-Gordon equation and solve this equation under the Mobius square potential. The

oscillator strengths are obtained in Section 3. Finally, our conclusion is given in Section 4.

2. Radial part of the Klein—Gordon equation in D-dimensions

The radial part of the Klein—Gordon equation in the presence of vector and scalar potentials in the D-dimensional
space is written as [10,11]:
d? (D+21—1)(D+2l-3)

2 2 2 2
[W + By +VE(r) = 2E,,V(r) —m® — S%(r) — 2mS(r) — 02

Juni(r) = 0. (1)
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Here, we consider the Mobius square potential as below [12]:

A+ Bexp(—ar) ,

Vir) = VO(C + D' exp(—ar)

(2)

Here Vy, A, B,C,D’, and «are constant coefficients. The good approximation for the centrifugal barrier is
taken as [13]:

c :
C + D’ exp(—ar)

= ~ a?( (3)

where C = —D' and Eq. (3) is a quite logical alternative for o < 0.1 (see Figure 1).
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Figure 1. %2 and its approximation (C' = 1,D’ = —1).

For the equal scalar and vector Mobius square potentials, by substituting Egs. (2) and (3) into Eq. (1),
we obtain:

d? A+ Bexp(—ar)

— +(E%2, —m?) — 2V (E, 2
[dT‘Q +( nt M ) 0(En+ m)(C—i- D’ exp(—ar)) )
_a’C*(D+21-1)(D +20-3) 1 i 1(r) = 0
4 (C+ D exp(—ar))z’ ™/ =7
By a change of variable of the form
z = exp(—ar), (5)
Eq. (4) is written as:
2 1+D., E2 —m? pr2 2
(i + Ai%z)d% + [Z(1+1%z)]2[( tr—er — aar(m+ Eyy))Z?

2E2 _ 2 / E2 _ 2 _ _ 2
+( ( né2 m )% . 40‘4/3@23 (m+En,l))z+( n,fxzm (D421 1§D+2l 3) 2CV3;42 (m+En,l))]}un,l(z) —0.

Bearing in mind Eq. (1), and comparing Eq. (6) with Eq. (I) (Appendix), one can find

E2,—m?D"?  2V,B? 2(E2,—-m?) D' 4V,AB
G- pamth)) &= ——GF—7F " pe mtEu) (72)
E,—m® (D+20-1)(D+20-3) 2VpA? D’
=-—— 53—+ 4 gz Mt Eng)yar =102 =03 =~ (7)
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where:
D’ D _ Ep,—m?p? | oy B?
ay =0, a5 = 50, 06 = 17 — oo o T Soee (m+ Eml),
2(E; ,—m®) p' | 4V,AB E2,-m® | (D4+21-1)(D+21-3) | 2VyA2
a7 = — "az T+ 302 (m + En,l), ag = — n’az + ( {4( ) + Cga"’ (m + En7l)7

D’ D2 Eh,—m® | (D+21-1)(D+21-3) | 2V, A Ep.—m® D2 _ 2vyB? D"
ag = &b+ G (T 4 X Dt B (m ot Eng)) — (P G — B8 (m+ Ean) + £,

2
1 —m

alp =1+ 2\/ na ™| (DDIAD) 2042 (1m0 4 E,,y),

—m?2 _ _
a1 = —2D +2(y/ag — —\/— .t 4 (242 %DHZ 8 4 %ﬂfj (m+ Epny)),

OLQ

E?2  —m? _ _
a1y = \/_ n,(lx2m i (D+21 114(D+2l 3) + 2V, A2 (m+En,l)7

C2a?
D’ nit m2 (D+21—-1)(D+21-3 2V A2
8 =20 9—*\/— 4 Db TR+ ).

Thus, from Eq. (II) (Appendix), the eigenfunction of the system is:

D’ 130 2D’
tna(r) = Nogexp(—aaser) (1 + 2 exp(—ar)) "=+ 5" i+ 2 ep(-ar). (9)

The energy spectrum of the system, by using Eq. (IIT) (Appendix), satisfies

D’ D’ D’ D’ 2D’
—G"n- %(271 + 1)+ (2n+1)(ag — 6\/048) - Un(n -1 +ar— 5 as + 2\/agag = 0. (10)

In the Table, we report some numerical results for some values of n and [. The behavior of E,,; versus Vp, o, A
and B is plotted in Figures 2-5. From Figures 2—4, we see that the energy of the system has an increasing
behavior as Vy,« , and A increase. As B increases, the energy of the system decreases and tends to a constant
value.

3. Oscillator strengths

Here, we want to calculate the oscillator strength. Absorption of light yields a transition from one quantum
state to another. The spectra of stars are an important source of transition data. Calculation of the transition
probabilities is important because one can determine the chemical abundances in the sun and other stars. The
oscillator strength gives additional information on the fine structure and selection rules of the optical absorption.
This quantity is, in many cases, an important part of scientific reports. In transition from a lower state v; to

an upper state 17, we have the following forms for the absorption oscillator strength [14]:

= 3 72 By — E) | Il )P, (11a)
v 2 1 . . 2
9= 3B, — B) (&5 [Pl ¥a)|” (11b)

These are respectively called the length and velocity strengths in the jargon. In Figures 6 and 7, we have plotted
the variation of the length and velocity oscillator strengths versus Vj, respectively.
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Figure 2. En, 1 versus Wy
D'=-1, D=3, m=1, a=0.1.

Table. Energy eigenvalues of the system for A= —-1,B=2,C=1,D'=—-1,a=01m=1,Vy = 3.

for A=-1, B=2, C=1,

Figure 3.En, |

versus

D'=-1, D=3, m=1, V, =3.
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Figure 5. En, [ versus B for a=0.1, A=-1, C =1,
D=-1,D=3, m=1, Vo =3.

Figure 4. En, [ versus A for « = 0.1, B =2,C =1,
D=-1,D=3 m=1, Vo =3.
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Figure 6. Length of oscillator strength versus Vj for
A=-1,B=2, C=1, D' = -1, a =01, m =1,

D =3.

Figure 7. Velocity of oscillator strength versus Vy for

A=-1,B=2 C=1 D =-1, a=01, m=1,

D =3.

4. Conclusion

An approximately analytical solution of the Klein-Gordon equation in the case of equal scalar and vector
potentials was obtained. The potential that we focused on was the Mobius square potential, which is the more
general case of both Hulthén and Morse potentials.

As a further guide to interested readers, we have provided some numerical data that discuss the energy
spectrum. As shown in the Table, for [ =0, D =1 and D = 3 are symmetric w.r.t. D = 2. This symmetry
exists between D = 0 and D = 4. Additionally, the energy shows a degenerate behavior when [ increases to

[+1 and D reduces by 2 units, i.e. to D —2, (ETI?J = Eﬁfﬁl ). We have also calculated the oscillator strengths

for different values of V. From Figures 6 and 7, we understand that as Vj increases the length and velocity
strengths have decreasing and increasing behavior, respectively.
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Appendix
The NU method solves many linear second-order differential equations by reducing them to a generalized
equation of the hypergeometric type. Here, instead of the original formulation, we use the parametric version,

which enables us to solve a second-order differential equation of the following form [4,5,15]:

d72 a1 — (S i 1
ds?  s(l—aszs)ds  [s(1 —ags)]?

[—&15° + &os — &)1 = 0. (I

According to the NU method, the eigenfunction is:

213 (a10—1,2L —aq0—1)

P(s) = s12(1 —azs) "7 e Py s (1 - 2ass). (1)
The energy of the system satisfies
asn — (2n + Das + (2n + 1)(v/ag + asy/as) + n(n — 1)as + a7 + 2asas + 24/agag = 0, (I11)
where
1 1 9 9
Oy = 5(1 —), a5 = 5(0@ —2a3), ag = a5 + &1, a7y =205 — &o, g = a5 + &3
Qg = a3y + Olgag + g, X190 = (1 + 20[4 + 2\/048 (IV)
a1 = ag — 2a5 + 2(y/ag + azy/ag), a1z = ag + Jagaz = as — (Vag + azy/ag)

(o,8) B MNa+n+1) n (n )F(a+ﬁ+n+m+1) r—1,,
P (x)_nlr(a+ﬁ+n+1)z m T(a+m+1) ( D) ).

m=0

Here, P,(La’ﬁ) is a Jacobi polynomial.
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