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Abstract: We present solutions of the Schrödinger equation for the modified Smorodinsky–Winternitz potential in an

exact analytical manner. The considered potential is of noncentral nature and includes the Pöschl–Teller potential in the

radial as the radial term and includes both azimuthal and polar angle-dependent terms. The problem, after separation

of variables, is solved via the Nikiforov–Uvarov method and the solutions are reported.
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1. Introduction

The solutions of quantum wave equations including Schrödinger, Klein–Gordon, Dirac, Duffin–Kemmer–Petiau

(DKP), and spinless-Salpeter equations have been an attractive research subject for both physicists and applied

mathematicians and different potentials have been analyzed within the so-called potential model [1–14]. In the

theoretical studies, various analytical methods have been used including supersymmetric quantum mechanics

(SUSYQM) [15], the Nikiforov–Uvarov (NU) technique [16–19], factorization [20], the path integral approach

[21], etc. [22 and references therein]. In addition, the list of considered potentials, due to their possible

applications in various physical fields, is quite lengthy. Among the considered potentials, the central ones do

not coincide with the experimental results in the case of deformed nuclei or ring-shaped molecules. This has

motivated the consideration of angle-dependent terms in the Hamiltonian. The most frequently used angle-

dependent potentials are the coulomb ring-shaped [23–27], Hellman [28], Hartmann [29], double ring-shaped

coulomb [30], inverse-square angle-dependent [31], Pöschl–Teller double ring-shaped coulomb [32], and double

ring-shaped oscillator [33]. The purpose of the present article is to solve the Schrödinger equation with a

modified form of a noncentral potential proposed by Smorodinky and Winternitz (SW) [34]. The modified SW

(MSW) takes the form

V (r, θ, φ) = V (r) +
1

r2

(
B1

cos2 θ
+

B2

sin2 θ

)
+

1

r2 sin2 θ

(
B3

sin2(αφ)
+

B4

cos2(αφ)

)
(1)

where V (r) is the SW central potential as will be seen later and Bi(i = 1...4) are physical parameters.
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2. The basic equations

The Schrödinger equation with a potential of Eq. (1) takes the form (ℏ = 2m = 1),(
−∇2 + V (r, θ, ϕ)

)
ψ(r, θ, ϕ) = Eψ(r, θ, ϕ) (2)

where the Laplacian operator is

∇2 =
∂2

∂r2
+

2

r

∂

∂r
+

1

r2

(
∂2

∂θ2
+ cot θ

∂

∂θ

)
+

1

r2 sin2 θ

∂2

∂ϕ2
(3)

Introducing

ψ(r, θ, ϕ) =
U(r)

r

H(θ)√
sin θ

Φ(φ) (4)

and considering the approximation 1
r2 ≃ α2

sinh2(αr)
, we obtain

d2U(r)

dr2
+

(
E − V (r) +

α2(l2 + 1
2 )

sinh2(αr)

)
U(r) = 0 (5)

d2H(θ)

dθ2
+

(
− B1

cos2 θ
− B2 +m2

sin2 θ
+

1

4
cot2 θ − l2

)
H(θ) = 0, (6)

d2Φ

dφ2
+

(
m2 − [

B3

sin2(αφ)
+

B4

cos2(αφ)
]

)
Φ(φ) = 0 (7)

where l = 0, 1, 2..., and m = 0,±1,±2...

It can be observed in Eq. (5) that if we expand the term (sinhαr)2 to first order, we have sinh2 αr ≈ α2r2 .

Substituting this approximation into Eq. (1) for α = 1, we obtain the noncentral potential reported previously

[31]. We intend to study the solutions of Eqs. (5) and (6) with parametric generalization of the NU method

[16,19]. In the forthcoming section, we review the NU method.

3. Parametric Nikiforov–Uvarov method

The parametric form of the NU method takes the form [16–19]

d2ψ

ds2
+

α1 − α2s

s(1− α3s)

dψ

ds
+

1

s2(1− α3s)2
{
−ξ1s2 + ξ2s− ξ3

}
ψ(s) = 0 (8)

The energy equation and eigenfunctions respectively are obtained from

α2n+ (2n+ 1)α5 + (2n+ 1)(
√
α9 + α3

√
α8) + n(n− 1)α3 + α7 + 2α3α8 + 2

√
α8α9 = 0, (9)

ψ(s) = sα12(1− α3s)
α13P (α10,α11)

n (1− 2α3s) (10)

where

α4 = 1
2 (1− α1) , α5 = 1

2 (α2 − 2α3), α6 = α2
5 + ξ1,

α7 = 2α4α5 − ξ2, α8 = α2
4 + ξ3, α9 = α3α7 + α2

3α8 + α6

α10 = α1 + 2α4 + 2
√
α8, α11 = α2 − 2α5 + 2(

√
α9 + α3

√
α8)

α12 = α4 +
√
α8, α13 = α5 − (

√
α9 + α3

√
α8)

(11)

and Pn is the orthogonal Jacobi-polynomial.
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4. Solutions

4.1. Solution of the radial equation

In this section, we will solve the radial part of the Schrödinger equation with SW potential defined as [16,28]

V (r) = Vo tanh
2(αr) (12)

The SW potential is equivalent to the Pöschl–Teller. This can be immediately seen from tanh2(αr) =

1− 1
cosh2(αr)

[21,34]. Inserting Eq. (12) into Eq. (5), we obtain

d2U(r)

dr2
+

(
E − V0 tanh

2(αr) +
α2(l2 + 1

2 )

sinh2(αr)

)
U(r) = 0 (13)

By applying the transformation y = cosh2(αr), Eq. (13) takes the form

d2U(y)

dy2
+

(
1
2 − y

)
y(1− y)

dU(y)

dy
+

1

y2(1− y)2

{
(Enlm − V0)

4α2
y2 +

2V0 − Enlm + α2(l2 + 1
2 )

4α2
y − V0

4α2

}
U(y) = 0 (14)

By comparing Eq. (14) with Eq. (8), we find

α1 =
1

2
, α2 = 1, α3 = 1, ξ1 = − (Enlm − V0)

4α2
, ξ2 =

2V0 − Enlm + α2(l2 + 1
2 )

4α2
, ξ3 =

V0
4α2

(15)

Now, using Eq. (11), we obtain

α4 = 1
4 , α5 = − 1

2 , α6 = 1
4 − (Enlm−V0)

4α2 , α7 = − 1
4 − 2V0−Enlm+α2(l2+ 1

2 )

4α2 α8 = 1
16 + V0

4α2 ,

α9 = 1
16 − (l2+ 1

2 )

4 , α10 = 1 + 2
√

1
16 + V0

4α2 , α11 = 2 + 2

(√
1
16 − (l2+ 1

2 )

4 +
√

1
16 + V0

4α2

)
,

α12 = 1
4 +

√
1
16 + V0

4α2 , α13 = −1
2 −

(√
1
16 − (l2+ 1

2 )

4 +
√

1
16 + V0

4α2

) (16)

Using Eq. (9), we obtain the radial energy eigenvalues for the SW potential as

Enlm = −4α2n2 − 4α2n− 2α2 − 4α2(2n+ 1)

(√
1
16 − (l2+ 1

2 )

4 +
√

1
16 + V0

4α2

)
+(l2 + 1

2 ) +
α2

2 − 8α2

√
( 1
16 + V0

4α2 )(
1
16 − (l2+ 1

2 )

4 ),

(17)

and the corresponding radial wave function becomes

Unlm(r) = Nnl

(
cosh2(αr)

) 1
4+

√
1
16+

V0
4α2

(
1− cosh2(αr)

) 1
4+

√
1
16−

(l2+ 1
2
)

4

×P
(2

√
1
16+

V0
4α2 ,2

√
1
16−

(l2+ 1
2
)

4 )

n (1− 2 cos2 αr).

(18)

where Nnl is the normalization constant.
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4.2. Solution of the polar equation

Rearranging Eq. (6) in view of the transformation z = cos2 θ , we obtain

d2Hl(z)

dz2
+

(
1
2 − z

)
z(1− z)

dHl(z)

dz
+

1

z2(1− z)2

{
(
1

16
+
l2

4
)z2 +

1

4

(
−l2 +B1 −B2 −m2

)
z − B1

4

}
Hl(z) = 0 (19)

Now comparing Eq. (19) with Eq. (8) and using Eq. (11), we find

α1 = 1
2 , α2 = 1, α3 = 1, ξ1 = −( 1

16 + l2

4 ), ξ2 = 1
4

(
−l2 +B1 −B2 −m2

)
, ξ3 = B1

4

α4 = 1
4 , α5 = − 1

2 , α6 = 1
4 − ( 1

16 + l2

4 ), α7 = −1
4 − 1

4

(
−l2 +B1 −B2 −m2

)
,

α8 = 1
16 + B1

4 , α9 = 1
16 + (− 1

16 + B2+m2

4 ), α10 = 1 + 2
√

1
16 + B1

4 ,

α11 = 2 + 2

(√
1
16 + (− 1

16 + B2+m2

4 ) +
√

1
16 + B1

4

)
, α12 = 1

4 +
√

1
16 + B1

4

α13 = −1
2 −

(√
1
16 + (− 1

16 + B2+m2

4 ) +
√

1
16 + B1

4

)
(20)

Substituting Eq. (20) into the energy equation (9), we find

n2 + (2n+1)
2 + (2n+ 1)(

√
1
16 + (− 1

16 + B2+m2

4 ) +
√

1
16 + B1

4 )− 1
4 − 1

4

(
−l2 +B1 −B2 −m2

)
+2( 1

16 + B1

4 ) + 2
√
( 1
16 + B1

4 )[ 1
16 + (− 1

16 + B2+m2

4 )] = 0,

(21)

or or, more neatly,

l =


−4n2 − 4n− 3

2 − 4(2n+ 1)(
√

1
16 + (− 1

16 + B2+m2

4 ) +
√

1
16 + B1

4 )

−B2 −m2 −B1 − 8
√
( 1
16 + B1

4 )[ 1
16 + (− 1

16 + B2+m2

4 )]


1
2

(22)

The corresponding polar wave function is obtained from Eqs. (10) and (20) as

Hl(θ) = Nm

(
cos2 θ

) 1
4+

√
1
16+

B1
4
(
sin2 θ

) 1
4+

√
1
16+(− 1

16+
B2+m2

4 )

×P

(
2
√

1
16+

B1
4 ,2

√
1
16+(− 1

16+
B2+m2

4 )

)
n (1− 2 cos2 θ)

(23)

4.3. Solution of the azimuthal equation

Now we consider the azimuthal equation. By applying the transformation s = cos2(αϕ) to Eq. (7), we have

d2Φnl(ϕ)

ds2
+

1
2 − s

s(1− s)

dΦnl(ϕ)

ds
+

1

s2(1− s)2

{
−m2

4α2
s2 +

(
B4 −B3 +m2

)
4α2

s− B4

4α2

}
Φnl(ϕ) = 0 (24)
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The required set of parameters are

α1 = 1
2 , α2 = 1, α3 = 1, ξ1 = m2

4α2 , ξ2 =
(B4−B3+m2)

4α2 , ξ3 = B4

4α2 , α4 = 1
4 , α5 = −1

2 ,

α6 = 1
4 + m2

4α2 , α7 = −1
4 − (B4−B3+m2)

4α2 , α8 = 1
16 + B4

4α2 , α9 = 1
16 + B3

4α2 ,

α10 = 1 + 2
√

1
16 + B4

4α2 , α11 = 2 + 2

(√
1
16 + B3

4α2 +
√

1
16 + B4

4α2

)
, α12 = 1

4 +
√

1
16 + B4

4α2 ,

α13 = −1
2 −

(√
1
16 + B3

4α2 +
√

1
16 + B4

4α2

)
(25)

Using Eq. (9), we get

m =


4α2n2 + 4α2n+ 2α2 + 4α2(2n+ 1)(

√
1
16 + B3

4α2 +
√

1
16 + B4

4α2 )

+B3 − α2

2 +B4 + 8α2
√
( 1
16 + B4

4α2 )(
1
16 + B3

4α2 )


1
2

(26)

Eq. (26) completely determines the value of m. Now using the parameters of Eq. (25), we obtain the wave

function of the azimuthal part as

Φm(ϕ) =
(
cos2(αϕ)

) 1
4+

√
1
16+

B4
4α2

(
sin2(αϕ)

) 1
4+

√
1
16+

B3
4α2

×P

(
2
√

1
16+

B4
4α2 ,2

√
1
16+

B3
4α2

)
n

(
1− 2 cos2(αϕ)

) (27)

Finally, using Eq. (4), we can determine the total wave function as

ψnlm(r, θ, φ) = Nnlm[
(
cosh2(αr)

) 1
4+

√
1
16+

V0
4α2

(
1− cosh2(αr)

) 1
4+

√
1
16−

(l2+ 1
2
)

4

×P
(2

√
1
16+

V0
4α2 ,2

√
1
16−

(l2+ 1
2
)

4 )

n (1− 2 cos2 αr)]


(
cos2 θ

) 1
4+

√
1
16+

B1
4
(
sin2 θ

) 1
4+

√
1
16+(− 1

16+
B2+m2

4 )

×P

(
2
√

1
16+

B1
4 ,2

√
1
16+(− 1

16+
B2+m2

4 )

)
n (1− 2 cos2 θ)


×
(
cos2(αφ)

) 1
4+

√
1
16+

B4
4α2

(
sin2(αφ)

) 1
4+

√
1
16+

B3
4α2 × P

(
2
√

1
16+

B4
4α2 ,2

√
1
16+

B3
4α2

)
n

(
1− 2 cos2(αφ)

)
.

(28)

5. Conclusion

In this paper, we solved the Schrödinger equation for noncentral potential MSW potential using the NU method.

We obtained the solutions of the radial, polar, and azimuthal parts of the Schrodinger equation explicitly. This

result is the generalization of the work of Yesiltas [31], Maghsoodi et al. [32], and Chen et al. [21]. The

potential, because of including both polar and azimuthal angle-dependent terms, can be a good candidate to

consider the deformation effects and nonspherical molecules. In addition, as the higher states are reported, we

can immediately investigate the transition patterns and energy splitting.
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