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Abstract: We present solutions of the Schrédinger equation for the modified Smorodinsky—Winternitz potential in an
exact analytical manner. The considered potential is of noncentral nature and includes the Péschl-Teller potential in the
radial as the radial term and includes both azimuthal and polar angle-dependent terms. The problem, after separation
of variables, is solved via the Nikiforov—Uvarov method and the solutions are reported.
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1. Introduction

The solutions of quantum wave equations including Schrédinger, Klein—Gordon, Dirac, Duffin-Kemmer—Petiau
(DKP), and spinless-Salpeter equations have been an attractive research subject for both physicists and applied
mathematicians and different potentials have been analyzed within the so-called potential model [1-14]. In the
theoretical studies, various analytical methods have been used including supersymmetric quantum mechanics
(SUSYQM) [15], the Nikiforov—Uvarov (NU) technique [16-19], factorization [20], the path integral approach
[21], etc. [22 and references therein]. In addition, the list of considered potentials, due to their possible
applications in various physical fields, is quite lengthy. Among the considered potentials, the central ones do
not coincide with the experimental results in the case of deformed nuclei or ring-shaped molecules. This has
motivated the consideration of angle-dependent terms in the Hamiltonian. The most frequently used angle-
dependent potentials are the coulomb ring-shaped [23-27], Hellman [28], Hartmann [29], double ring-shaped
coulomb [30], inverse-square angle-dependent [31], Pdschl-Teller double ring-shaped coulomb [32], and double
ring-shaped oscillator [33]. The purpose of the present article is to solve the Schrédinger equation with a
modified form of a noncentral potential proposed by Smorodinky and Winternitz (SW) [34]. The modified SW
(MSW) takes the form

V(r,@,@):V(r)—i—lQ(Bl +BQ)+ ! ( B D ) (1)

r2 \cos2f = sin’6 r2sin® @ \sin®(ap)  cos?(ap)

where V(r) is the SW central potential as will be seen later and B;(i = 1...4) are physical parameters.
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2. The basic equations

The Schrodinger equation with a potential of Eq. (1) takes the form (% = 2m = 1),

(=V2+V(1,0,9)) ¥(r,0,0) = E¥(r,0, ¢) (2)
where the Laplacian operator is
92 290 1 [ 02 0 1 0?
2 o0 20 L [0 o 4o
V= or? +7‘8r+7’2 (302 +00t980) +r25in203¢2 ®)
Introducing
U(r) H(O
v(r.0,6) = IO 4 0
T sin 6
and considering the approximation %2 ~ %, we obtain
d2U(T‘) ( a2(l2 + 1))
+(E-V()+—=—2|U(r)=0 5
dr? () sinh?(ar) (r) ®)
d2H(9) Bl BQ + m2 1 2 2
— — — — H =
102 ( 020 2o +3 cot” 0 —1 ) () =0, (6)
d*® 9 B3 By
—-— + - + P(p) =0 7
(7 s ) 2 @

where [ =0,1,2..., and m =0,+£1,+2...

It can be observed in Eq. (5) that if we expand the term (sinh ar)? to first order, we have sinh® ar ~ o2r2.
Substituting this approximation into Eq. (1) for @ = 1, we obtain the noncentral potential reported previously
[31]. We intend to study the solutions of Eqgs. (5) and (6) with parametric generalization of the NU method

[16,19]. In the forthcoming section, we review the NU method.

3. Parametric Nikiforov—Uvarov method
The parametric form of the NU method takes the form [16-19]

d? a1 — ass dy 1 2 _
= m@jtm{*&s +&s — & Y(s) =0 (8)

The energy equation and eigenfunctions respectively are obtained from

aon + (2n + Das + (2n + 1)(v/ag + asy/as) + n(n — 1)as + a7 + 2asas + 24/agag = 0, 9)
Y(s) = s712(1 — azs) @12 P{@10:211) (1 — 2055) (10)

where

gy = % (1-o1),05 = %(CQ —2a3), a6 = a3 + &1,

ar = 2005 — 2,08 = af + &3, 00 = azar + a3as + o
10 = a1 + 204 + 24/ag, a1 = as — 205 + 2(\/(19 + 053\/048)
Q12 = oy + /ag, a13 = as — (/ag + az/ag)

and P, is the orthogonal Jacobi-polynomial.

(11)
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4. Solutions

4.1. Solution of the radial equation

In this section, we will solve the radial part of the Schrodinger equation with SW potential defined as [16,28]
V(r) = V, tanh®(ar) (12)

The SW potential is equivalent to the Poschl-Teller. This can be immediately seen from tanhz(on") =
_ W [21,34]. Inserting Eq. (12) into Eq. (5), we obtain
d*U(r)

dr?

+ (E — Vp tanh?(ar) + Osifll;;;f))> U(r)=0 (13)

By applying the transformation y = cosh?(ar), Eq. (13) takes the form

d2U 1_ dU 1 Eoim — Vi 2‘/—E‘nm—FOéQZQ-Fl Ve
(2y)+ (2 ) ( )+ 5 5 ( l - 0)y2+ 0 l - ( 2) 7% U( ):0 (14)
dy y(l—y) dy y2(1—vy) 4o 4o 4o
By comparing Eq. (14) with Eq. (8), we find
1 (Enlm - VO) 2% - Enlm + 042(12 + %) VO
0[1:§,Oé2:17063:1,§1:— 402 352: 402 763:@ (15)

Now, using Eq. (11), we obtain

1 _ _1 _ 1 _ (Enhn_V(J) _ 1 2V0_E"l’m+a2(12+%)
Q4= 7,05 = 75,46 =3 = 7 44z 7= 73 1a2 as _16"'4087

1?41 1241
ag = 75 — ! 42),%0—1+2\/116+4Y.:e,an—2+2(\/36—( 2 4 m+4aa), (16)
1241
alzzi \/ﬁ+4o¢2’a13 _<V116_( 2:2)—’— 16+4a2)

Using Eq. (9), we obtain the radial energy eigenvalues for the SW potential as

B = —402n? — 4a2n — 202 — 4a2(2n + 1) (\/116 By Ly W)

(17)
l2+l
HE )+ —sal (G + ) (5 - D),
and the corresponding radial wave function becomes
1, /1, Vo 1 PR GESD)
Unim(r) = Ny (COShZ(OM“))4+ ERRTE (1- coshQ(ar))4+ oo
(18)
1e+4a2, 1@y

(1 —2cos?ar).

where NV,,; is the normalization constant.
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4.2. Solution of the polar equation

Rearranging Eq. (6) in view of the transformation z = cos? @, we obtain

1 B
P g (P B Ba )z = L) =0 (19

d*H,(2) N (3 —2) dH(2) N 1 { 1 E)
— 4 4

dz? z(1—2) dz 22(1 — z)2 (E +
Now comparing Eq. (19) with Eq. (8) and using Eq. (11), we find

01— bz = Lag= L& = (5 + L), &= (P4 B —Baom?), &= B

a4:i7a5:_%;a6:i_(%+§)7a7:_%_i(_l2+Bl_B2_m2)7
) 2
as = 15+ a0 = 5 + (35 + P a0 = 14 2y/55 + (20)

14 B
RRYAT IR

PN

0411—2-1-2(\/116-1-(—116-1-32?"2)4-\/116-1-%),0412_

a13=—§—(\/116+(—116+]32'27”2)+\/116+%)

Substituting Eq. (20) into the energy equation (9), we find

n2+%+(2n+1)(\/%+(—%+&%m2)+\/%4‘%)—%—%(—124-31—32—7%2)

(21)
2+ B 42y + Bl + (— + B =0,
or or, more neatly,
%
—dn? = dn = - a@n D/ g (s B by B
l= (22)
By —m? = By = 8y/(d + Bl + (— 5 + )
The corresponding polar wave function is obtained from Egs. (10) and (20) as
1,,/1,B1 1./ 41 Batm?
Hi() = Ny, (cos? 19)4+ 6 (sin? 0)4+ 16 (—ae T )
_ — (23)
(2v/F+ B2V 3+ (- 5+ 2282) )
. (1 —2cos?6)

4.3. Solution of the azimuthal equation

Now we consider the azimuthal equation. By applying the transformation s = cos?(a¢) to Eq. (7), we have

d?® () %_ s d®,(9) n 1 { m* + (B4 — B3 +m2) _ 34} ®1(¢) =0 (24)

ds? s(1—s) ds s2(1 —s)? T2’ 4o *7 1a2
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The required set of parameters are

2
1 m?2 (Ba—Bs+m?) B 1 1
04125,062:17013:1,51:4a2,§2: 12 753:40(427014:17045:_57
2
_ 1, m? _ 1 _ (Ba=Bsim?) _ 1, B
ag =3t g0, Q7= —7 — 1a2 » 8 _16+4a2’ =16 T a2’

(25)

o =1+2y/% + Bron =2+2 (- B+ B ) on = b+ i+ B
_ 1
a13__2_< 16+4a2+\/16+4a2)

Using Eq. (9), we get

40202 + da’n + 207 + 40® @0+ 1)y f5 + B + /5 + 25)
e (26)
a? 2 1 Bs
+B3 — G + By +8a \/(16 + 702 (3 + %)

Eq. (26) completely determines the value of m. Now using the parameters of Eq. (25), we obtain the wave

function of the azimuthal part as

1 14 Ba 1 1, B3
D(9) = (cos*(ag)) VI (sin?(ag)) TV
(27)
+24 .2/ 5+ 5%
><Pn< R \/16 ) (1 —2cos*(ag))
Finally, using Eq. (4), we can determine the total wave function as
1 1 Vo 1 PR GRS
wnhn(rv 07 @) = N’rLl7rL[(COSh2(O¢’/‘)) 1ty 16t 1,2 (1 _ COSh2(Oé )) i1tV 16 1
2 +y 16Jr 'y 2 %Jr T16+(7 16+thm2)
2 /7%6‘*‘:70272 /%—(121%)) , ( ) (sm 9) i (28)
X Py (1 —2cos? ar)] ( 2y B+ B 2y Bt (g + 2t ))
Py (1 —2cos?6)
1y /1 Ba 1y /1, B3 + 2 tiaz
X (COSQ(O“P)) Vst (sinQ(acp)) TVt X Pn< E \/16 ) (1 — 2cosz(a<p)) )

5. Conclusion

In this paper, we solved the Schrédinger equation for noncentral potential MSW potential using the NU method.
We obtained the solutions of the radial, polar, and azimuthal parts of the Schrodinger equation explicitly. This
result is the generalization of the work of Yesiltas [31], Maghsoodi et al. [32], and Chen et al. [21]. The
potential, because of including both polar and azimuthal angle-dependent terms, can be a good candidate to
consider the deformation effects and nonspherical molecules. In addition, as the higher states are reported, we

can immediately investigate the transition patterns and energy splitting.
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