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Abstract: In this paper, the third kind of Darboux transformation of generalized Broer—-Kaup equations is derived
from the corresponding spectral problem. By virtue of this Darboux transformation, new 2 N -soliton solutions with
parameters of the generalized Broer—-Kaup equations are obtained. Although 2N is an even number, it is graphically
shown that in the cases of N=1and N = 2 the obtained 2 N -soliton solutions can degenerate into M -soliton solutions

for any positive integer M less than 2N .
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1. Introduction

Since the celebrated Kortweg—de Vries (KdV) equation was exactly solved in 1967 [1], finding soliton solutions of
nonlinear partial differential equations (PDEs) has become one of the most exciting and active areas of research
investigation. In the past several decades, many effective methods have been proposed for solving nonlinear
PDEs, such as the inverse scattering transformation [2], Hirota’s bilinear method [3], Darboux transformation
(DT) [4], Painlevé expansion [5], homogeneous balance method [6], function expansion methods [7-12], and
others [13-15]. One of the most useful methods to construct soliton solutions is the DT [4], which has been used
in a wide range of applications [16-24]. By virtue of DTs, Geng and Tam [16] obtained soliton solutions of a
generalized nonlinear Schrodinger equation, Li and Zhang [17] obtained multiple soliton solutions of the classical
Boussinesq system, Zhang [18] obtained explicit solutions of a finite-dimensional Hamiltonian system associated
with the KdV equation, Chen and Li [19] obtained new soliton solutions of the Boussinesq-Burgers (BK)
equation, Zhaqilao and Li [20] obtained some new bidirectional soliton solutions of a (2+1)-dimensional soliton
equation, and Guo et al. [21] obtained two types of breather solutions of a generalized nonlinear Schrédinger—
Maxwell-Bloch system. The DT can also be used to construct Laplace sequences in curvature surface and
projective space [22]. The DT, which transforms the spectral problem into another spectral problem of the
same form, is a gauge transformation [23] of the spectral parameter. More recently, by using a Lie algebra and

Tu-Ma scheme [25,26], Zhang et al. [24] constructed a new integrable soliton hierarchy:

v 2a'n+1,x
U, = ( w > = < *2bn+1 _ 2wan+l > ) (1)
tn
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with the following recursive relations:

1 1
bn+1 - §(bna; - 2anm) + §'Ubn + WCn,

1
Ap+1 = —Z0pg + zva, — cq,

2 2
Cne = 2wWa, + 2b,.

The Hamiltonian form of the integrable hierarchy (1) is given by [24]:

v 0H,
Utn:<w> :JLcSu’
t

n

where the Hamiltonian operator J and the recurrence operator L are employed as

S 0 -0 I 1070+ 3 (07 wd +w +2)
-0 0 ’ S\ 2 1(v—20) '

If we set a9 = by = 0, ¢c9p = n = 2, to =t [24], the integrable hierarchy (1) reduces to new generalized

Broer-Kaup (gBK) equations as follows:

Vi = VUgy — 200, — 4wy, (2)

Wy = —Wae — 2(W0),; — 20, (3)

whose Lax pair matrices include the spectral problem

A+ %v 1 A
and the auxiliary problem

202 + L (vy — v?) -2\ —w
o =Vo, V= 2 4 10,2 )
AN+ w) + 20+ 2w, + 2w =227 + 5(v° —vy)

where v = v(z,t) and w = w(z,t) are two potentials, and the constant A is the spectral parameter.

In [24], the first two kinds of one-fold DTs, bilinear presentation and bilinear Backlund transformation
of Egs. (2) and (3), were obtained. Since the third kind of DT is more applicable than the first two kinds of
DTs [23], in Section 2 we shall derive the third kind of N-fold DT of Egs. (2) and (3) from Egs. (4) and (5).

In Section 3, the derived DT is employed to construct multisoliton solutions of Egs. (2) and (3).

2. Darboux transformation
Constructing the third kind of DT of the gBK Egs. (2) and (3) is to find the following gauge transformation:

¢ =T6, (6)
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of the spectral problem of Eqs. (4) and (5). Here T is a two-order matrix to be determined later, and ¢ satisfies

other spectral problems with the same form, namely
(Z)a: = U(;S, U= (Tw + TU)T_17 (7)
¢e=Vp, V=(T+TV)I, ®)

where U and V are the resulting matrixes of U and V in Eqs. (4) and (5) by replacing the old potentials v
and w with the new potentials v and w.

To begin with, we suppose that the Darboux matrix is in the form

a 0 A(N)  B(\)
T=TN=10o 2 /| cnny pm | ©)
where
N-1 N-1 N-1 N—-1
=AVE Y T adt BO) =D bA O =) M, D) =AV4 ) dpan, (10)
k=0 k=0 k=0 k=0

and «, ag, b, ¢, and di(0 < k < N — 1) are undetermined functions of z and t¢.
Then we let
(z)()‘]) = (¢1(l’,t,Aj),(bg(ﬂf,t,)\j))T, (11)

(p(/\j) = (wl(xvtv /\j)ﬂD?(x?t’)‘j))T (12)

be two basic solutions of Egs. (4) and (5) when A = A;. To determine T in Eq. (9), we suppose that there
exist constants v;(1 < j < N) satisfying

A o1(Aj) + B(Aj)d2(A5) = 75[AN)1(As) + B(Aj)p2(As)] = 0, (13)
CAj)D1(N) + DAj)da(A) = %5 [C(A)p1(Ag) + D(Aj)2(A;)] = 0, (14)

which can be written as a linear algebraic system

A(N;) +0;B(X;) =0, C(Xj)+0;D(N;) =0, (15)
or
N-—1
Z ap + Jjbk 7)\;\[, (16)
N—-1
(ck + ojdi) Ny = =AY, (17)
k=0
with

P1(A) —781(N;)’
where constants A;, v;(A; # A\r as k # j) are suitably chosen so that the determinants of coefficients of Egs.

(16) and (17) are nonzero. Therefore, ay, by, ¢, and di(0 < k < N — 1) are uniquely determined by Egs.
(16) and (17), while « will be further determined.
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It is easy to see from Eqgs. (9) and (10) that det T'(\) is a 2N th-order polynomial in A:
det T(X;) = A(N))D(N;) — B(A;)C(N)). (19)
Using Eq. (15) we have detT'(\;) = 0, which implies that A;(1 < j <2N) are 2N roots of det T'(\;), namely
2

det T()\J) = (/\—)\]) (20)

=

Il
-

Therefore, we have the following proposition.

Proposition 1. Let «a satisfy the equation in the form of

bel,z

Or(Ina) = BT

(21)

and then the matriz U determined by Eq. (7) has the same form as U, that is

_ “A+30 1
U:<—2w—2 A—éf;)’ (22)

where the transformations transform the old potentials v and w into new potentials given by

o 2bN—1,2
e T (23)
w = (1+2bN,1)(w+cN,1)+2bN,1. (24)
Proof Letting 7! =T*/detT and
. Jit(A)  fi2(A)
(Ta + TUYI" = ( Fa(d) fuld) ) )

then we can see that f11(A\) and fa3(A\) are (2N + 1)th-order polynomials in A and fi2(A) and fo1(\) are
2N th-order polynomials in A. On the other hand, when XA = X\;(1 < j < 2N), using Egs. (4), (5), (11), (12),

and (18), we can obtain a Riccati equation:

1
Jj,x = (—2'[0 — 2) + 2()\] — 5’[))0']' — J2

Through a direct computation, we can verify that all A = A;(1 < j <2N) are roots of fi;(A\)(k,! =1,2). Thus,

Eq. (25) can be written as

(T, + TU)T* = (det T)P(N), (26)
where P(A) has the form
HOr A P
P(A) = 0) (1) © |- (27)
Py Pyy’ A+ Py

and P[7(N)(k,l=1,2,m =0,1) are independent of A.

168



ZHANG and LIU/Turk J Phys

We further rewrite Eq. (26) as
T, + TU = P(\T, (28)

and then comparing the coefficients of AN*! and AV in Eq. (28) yields

PP =-1, PY= %v +8,(In ), (29)
P = a2(1+2by_1), (30)

PO 1, PO 7%1; + 9u(Ina)], (31)
P = f%(ercN_l +1). (32)

With the help of Egs. (21), (23), and (24), from Egs. (29)-(32) we have
1 1
J 30 PP =1, P9 = —57 PY = 2w —2. (33)

Then using Eqgs. (22), (27), and (33), we can obtain U = P(\). The proof is completed. O

Proposition 2. Suppose that the time dependence of « satisfies the following equation with respect to the

variable t:
Oi(Ina) = 0pp(Ina) — 2[0,(In a)]? — 200, (In @) — 4(w + 1)by_1 — 2(1 4+ 2by_1)en 1. (34)

The matriz V determined by Eq. (8) then has the same form as V in Eq. (5) except for changing v and w

imto v and w, and the old potentials v and w are mapped into new potentials according to the same DT in
Eqgs. (6), (23), and (24).
Proof In a similar way to the proof of Proposition 1, we let 7= = T*/det T and

(35)

o[ 9D gi2(N)
(Tt+TV)T B ( g21(A)  g22(N) ) ’

And then it is easy to see that ¢g11(A\) and geo(A) are (2N + 2)th-order polynomials in A and g12(A) and g21 ()
are (2N + 1)th-order polynomials in A.
On the other hand, setting A;(1 < j < 2N) and using Egs. (4), (5), (11), (12), and (18), we can obtain

another Riccati equation:
1
ot = 4N (1 + w) + 2v + 2w, + 2wv] + 2[72)\? + 5(1)2 —vg)]o; + (2X; + v)csz-. (36)

It is easy to verify that all A\;(1 < j < 2N) are roots of gg(A)(k,l =1,2). Hence, Eq. (35) can be written as

(Ty + TV)T* = (det T)Q(N), (37)
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with
QTN+ QA+ QA +Q
Q=1 Hiy 4 oo @2 4 oy O | (38)
21 21 22 22 22
where Q7j(A)(k,1=1,2,m =0,1,2) are independent of A. Thus, Eq. (37) can be written as
T, + TV = Q\T. (39)
We compare the coefficients of ANT2 ANT1 "and AN in Eq. (39) and then obtain
=2 oy =0 (40)
Qg;) = —20(2(1 + 2[)]\],1)7 (41)
Qgg) = ozz(—v —2an_1—4by_o +4bn_1 +2dN_1 + 4bN_1dN_1), (42)
1
g(i) = Oi(lna) + 5(% —v3) + 4w+ 1)by_1 +2(1+2bx_1)en—1, (43)
2 1
52) =2 Qéz) =0, (44)
m_ 4
D= Slena +wt1), (45)
1
O = —ldey—2 + 41+ w)dy_1 +20(1 +w) + 2w; —dey—1 (1 +an—1) — 41+ w)ay-1], (46)
1
Q5 = —0(na) = (v, = %) = 4w + Dby -1 —2(1+ 2by-1)en -1, (47)

where a_1 =b_1=c_1=d_1 =0.

At the same time, we compare the coefficient of AN =1 in Eq. (28) and then obtain the following formulae:

an—1,z = 2w+ 2)by_1 + (1 +2by_1)cn_1, (48)

bN—1,z =vby_1 —an—1 —2by_2 +dn_1 + 2by—1(dn-1+1), (49)
CN—-1,0 = —VUCN-1+ 2cnN_o + (2’(1) + 2>(dN_1 — a/N—l) — 2(1 + aN_l)cN_l, (50)
del,z = —CN_1 — (2’LU + Z)bel —2by_1cN—1- (51)

Substituting Eqs. (21), (23), (24), and (34) into Eqgs. (41)—(43) and (45)—(47) yields

1
1 0 _ 0 -
QY =-2 QY=-v QY=3@-), (52)
1
O =a+1), QY =20+ 2w, + 200, Q= 50 —). (53)
Therefore, we can conclude that V = Q()\) by using Egs. (8), (52), and (53). The proof is completed. 0
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It is shown in Propositions 1 and 2 that transformations (6), (23), and (24) transform the Lax pairs (4)
and (5) into other Lax pairs of the same form, i.e. Egs. (7) and (8). This is to say that Egs. (2) and (3) can
be derived from either Lax pairs (4) and (5) or Lax pairs (7) and (8). The transformation (¢,v,w) — (¢, v, w)
is then called the third kind of DT of Eqgs. (2) and (3). In other words, we reach the following theorem.

Theorem 1. The old solutions (v,w) of the gBK equations (2) and (3) are mapped into their new solutions
(0,w) under the DT in Eqs. (6), (23), and (24), where by_1 and cy—_1 are determined by the linear algebraic
equations (16) and (17).

3. Multisoliton solutions
In this section, we apply the third kind of N-fold DT (6), (23), and (24) to construct multisoliton solutions of
the gBK equations (2) and (3).

Firstly, we set seed solutions (v, w) being constants and we substitute them into the Lax pairs (4) and

(5); two basic solutions are then obtained as follows:

cosh §; sinh &;
p(X;) = cjsinh&; 4+ kjcosh§; |’ o(X) = cjcosh&; + kjsinh§; |7 (54)

where

1 1
fj = Cj(CL‘ + bjt), Cj = \/()\] — 5’1))2 — 2w — 2, bj = —2)\]‘ — v, k‘j = )\j — 51}, (1 S] S QN). (55)

In view of Eq. (18), we have

tanh &; — ;

ST Ty g
% le—'yjtanhfj+ 7

(1<j<2N). (56)
Secondly, substituting Eqs. (55) and (56) into Eqs. (16) and (17) and then applying Cramer’s rule to the
resulting equations, we have the following theorem.

Theorem 2. The third kind of DT (¢,v,w) — (¢,v,w) in Egs. (6), (23), and (24) can generate the following
2N-soliton solutions of the gBK equations (2) and (3):

_ 2bel x
N — [ Sl b
I[Nl =wv 15 2n (57)
W[N] = (14 2by—1)(w+ cy—1) + 2bN—_1, (58)
where
A171\171 A01\771
bn_1 A ON-1= A (59)
1 g1 )\1 01)\1 )\’f 01)\’{: )\]1V71 0'1)\{\]71
1 ()] )\2 0'2)\2 )\g 0'2)\12C )\é\f—l 0_2)\5\7—1
A= ; (60)
1 oan day oanden - Min oanMy 0 AN gan AT
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1 o1 M o\ R U P\ D A
1 oo Ao 09\ )\IZC 0—2)\]29 )\évfl _)év
Apy_, = ; (61)
1 oan day oanden - My oan My o AV AN
1 g1 )\1 (71>\1 )\]f 01)\11C 7(71)\{\{ O'lAiV_l
1 ()] )\2 0‘2)\2 )\’5 0'2)\15 —0‘2)\9[ 0’2)\9]71
Acyoy = Do : : : : : : : : ’ (62)
1 oan dav oanden - My ganMy 0 —oan Ay gan AN
and 01,09, ,02n are determined by Eqs. (55) and (506).

In particular, giving N =1 to Egs. (55) and (56), we have

Al — A Ao — A
b= 2722 oy = 2102022 2] (63)
09 — 01 02 — 01

and hence we obtain two-soliton solutions of the gBK equations (2) and (3):

B[] = v+ 4(A1 — A2)(Aao2 — A1oq) _ 2(A1 — A2)(01 + 02) B 20(A1 — A2) (64)
(0’2—0’1)(2/\1—2)\2+0'2—0'1) (2/\1—2)\24-0'2—0'1) (2/\1—2)\24-0'2—0'1),

()\1 — )\2)(2 + 2w — 0'102) _ 2010’2()\1 — )\2)2

(02 —01) (02 —01)?

w[l] =w+ , (65)

where o7 and o9 are determined by Eqgs. (55) and (56).
When N =2, Egs. (57) and (58) give the following four-soliton solutions of the gBK equations (2) and

3):
2bl,a:

(2] = v — 66
'U[] v 1+2b17 ( )
w[2] = (1 + 2b1)(w + c1) + 201, (67)
where
Ay, AVH
by = N 1 = A (68)
1 g1 )\1 0’1)\1 1 01 )\1 —)\% 1 g1 —0'1)\% )\101
1 o9 Ay 02X 1 o3 X =M\ 1 o9 —09A3 Mo
A= 2 2 2172 7 Ablz 2 2 g ’ ACIZ 2 23 202 : (69)
1 g3 /\3 0'3)\3 1 g3 )\3 —/\3 1 g3 —0'3)\3 )\30’3
1 (o) /\4 04)\4 1 04 )\4 7)\2 1 g4 70’4)\% )\40’4

and o1, 09 and o3 are determined by Egs. (55) and (56).

It is remarkable that 2N -solutions (57) and (58) are such types of soliton solutions that can degenerate
into even-soliton solutions and odd-soliton solutions as long as the embedded parameters are suitably selected.
In Figures 1 and 2, two seed solutions v = 0 and w = —0.05 are selected to show the spatial structures of

two-soliton solutions (64) and (65) with parameters A\; = 2.5, 2 = —2.5,7; = 0.1, 75 = 0.2. However, if we set
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|71] = 1 or |y2| = 1, the two-soliton solutions (64) and (65) can degenerate into single-soliton solutions. For

example, when Ao = —1 and other parameters are selected as those in Figures 1 and 2, solutions (64) and (65)
degenerate into one-soliton solutions as shown in Figures 3 and 4.
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Figure 1. Two-soliton solution determined by solution (64).

1.5
- gj:"':":’j’:’:.;’:’}. > " A O
SRR AN
vith | AR 04
Yo NN NSy 1
SRRRRLN] ~ N NSRRI
0 | LR8N ~~~ N A NS SR s
v Wy N QAL e
O NSRRI
-4 RS
R R M LRI t
LR I NSRS
2 R N

L) e
0 &) L

75
t=05

Figure 2. Two-soliton solution determined by solution (65).
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Figure 3. One-soliton solution degenerated from solution (64).
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Figure 4. One-soliton solution degenerated from solution (65).

Similarly, we show in Figures 5-12 that the four-soliton solutions (66) and (67) can also degenerate into
three-soliton solutions, two-soliton solutions, and one-soliton solutions. In Figures 5-12, the seed solutions are
set as v = 0 and w = —0.05, and the same parameters are chosen as Ay = 2,y = —2.5, A3 = 3, Ay = 3.2
while different parameters are chosen as v; = 0, v2 = 0.2, 73 = 1.5, 74 = 0.5 in Figures 5 and 6; v, = 1,

v =0.2, y3 =15, 74 = 0.5 in Figures 7 and 8; 73 =1, 79 = —1, v3 = 1.5, 74 = 0.5 in Figures 9 and 10; and
1 =—1, va =—-1, v3 =1.5, 74 =1 in Figures 11 and 12.
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Figure 5. Four-soliton solution determined by solution (66)
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Figure 6. Four-soliton solution determined by solution (67).
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Figure 7. Three-soliton solution degenerated from solution (66).
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Figure 8. Three-soliton solution degenerated from solution (67).
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Figure 9. Two-soliton solution degenerated from solution (66).

4. Conclusion

In summary, we have obtained the third kind of N-fold DT (6), (23), and (24) of the gBK equations (2) and
(3). By virtue of this DT, 2 N -soliton solutions (57) and (58) with parameters of the gBK equations (2) and (3)

are obtained. We would like to note that some relevant studies like those in [27-29] on the known original BK
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Figure 10. Two-soliton solution degenerated from solution (67).

vI[2]

3
2.5

2
1.5

1
0.5

t=0.5

Figure 11. One-soliton solution degenerated from solution (66).
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Figure 12. One-soliton solution degenerated from solution (67).

equation and DT have been given. However, solutions (57) and (58) are different from the known solutions [27—
29] of the original BK equation because the gBK equations (2) and (3) are new. To the best of our knowledge,
the DT (6), (23), and (24) and 2N -soliton solutions (57) and (58) have not been reported in the literature. It
is graphically shown that the 2 N-soliton solutions (57) and (58) obtained through the third kind of DT can
degenerate into even-soliton solutions and odd-soliton solutions. How to construct the third kind of DTs and

multisoliton solutions of some other new nonlinear PDEs is worthy of study. This is our task in the future.
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