Turkish Journal of Physics Turk J Phys
(2017) 41: 244 — 255

© TUBITAK
TUBITAK Research Article doi:10.3906//fiz-1701-5

http://journals.tubitak.gov.tr/physics/

Perturbative construction of the two-dimensional O(N) nonlinear sigma model
with ERG

Bekir Can LUTFUOGLU"} Hidenori SONODA?
!Department of Physics, Faculty of Science, Akdeniz University, Antalya, Turkey
2Department of Physics, Faculty of Science, Kobe University, Kobe, Japan

Received: 03.01.2017 . Accepted/Published Online: 27.02.2017 . Final Version: 13.06.2017

Abstract: We use the exact renormalization group (ERG) perturbatively to construct the Wilson action for the two-
dimensional O(N) nonlinear sigma model (NLSM). The construction amounts to regularization of a nonlinear symmetry
with a momentum cutoff. We find out that the model is parameterized by three functions. We show how to tune them by
imposing the Ward—Takahashi (WT) identity. We construct two composite operators that generate infinitesimal change
of the coupling constant and the renormalization of the scalar fields. Finally we show how the beta functions and the

anomalous dimensions arise in the model up to 1-loop.
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1. Introduction

There has been a considerable level of interest in quantum field theories in two dimensions. It is shown that
the two-dimensional nonlinear sigma model (NLSM) has many features in common with nonabelian gauge
theories in four dimensions, such as geometrical significance, asymptotic freedom, mass gap in a nonperturbative
spectrum, renormalizability, dynamical generation of vector bosons, existence of topologically nontrivial field
configurations (solitons and instantons), and 1/N quantum perturbation theory [1-6]. More recently the NLSM
has become one of the major ingredients of string theory quantization and related subjects. It is shown that the
solutions to some basic general formulation of string theory may be regarded as given by conformally invariant
two-dimensional NLSMs [7-9].

Technically, the NLSM has geometrical significance since the action is invariant under the infinitesimal
field reparametrizations. In other words, two NLSMs are physically equivalent when they are related by a field
redefinition alone. Moreover, its scalar fields, metric, and, hence, all of its coupling constants are dimensionless.
Therefore, the action consists of an infinite number of interactions. In order to construct a compact model,
some constraints may be imposed on the model. For instance, O(XN) NLSM is defined classically by the action

in two-dimensional Euclidean space such as

N
1
Sa =5 /d%; > 0,2,0,%;, (1)
I=1

where the real scalar fields are restricted by the nonlinear constraints Z?;l ®;P; = 1. Regarding the model as
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a classical spin system, g plays the role of the temperature; large g encourages fluctuations of the fields, while
small g discourages them.

The asymptotic freedom of the model, first shown in [10], implies not only the validity of perturbation
theory at short distances but also the generation of a mass gap due to large field fluctuations at long distances.

Dimensional regularization [11, 12] is used to show the perturbative renormalization of the model [13].
Its advantage is manifest O(N) invariance, but an external magnetic field (mass term) must be introduced to
avoid IR divergences.

The purpose of this paper is to apply the method of the exact renormalization group (ERG) to renormalize
the model consistently with a finite momentum cutoff A. This comes with a price: we must keep an increasing
number of terms in the Wilson action as we go to higher orders in perturbation theory. The Wilson action
does not describe the physics of low momentum p < A only, it contains the physics of all momentum scales. A
review article on the fundamentals of the ERG is given recently [14].

Compared with dimensional regularization, the regularization with a momentum cutoff is physically
more appealing, but it is technically more complicated; the O(N) invariance is not manifest, and a naive sharp
momentum cutoff, inconsistent with shifts of loop momenta, cannot be used beyond 1-loop.

We can overcome the technical difficulties using the formulation of field theory via ERG differential
equations [15, 16]. For a general perturbative construction of theories with continuous symmetry, we refer
the reader to a review article [17], and in this paper we give only the minimum background necessary for our
purposes. ERG was applied to the two-dimensional O(N) nonlinear ¢ model by various authors [18, 19]; here we
aim to simplify and complete Becchi’s analysis. In particular, we give a perturbative algorithm for constructing
the Wilson action of the model with a finite momentum cutoff A. The Wilson action results from an integration
of fields with momenta larger than A, and it is free from IR divergences without an external magnetic field.

Hence, we do not need to introduce a mass term to break the symmetry explicitly to O(N-1).
2. Materials and methods

Before giving details of the inductive construction we would like to emphasize that throughout the paper we

use the Euclidean metric and the following notation for momentum integrals:

We regularize the model using a UV momentum cutoff Ay. The bare action is given by

2.1. Momentum cutoff

1 p?
Sp = 3 /p mdh(—p)dh@) + 51, B, (3)
where the subscript ¢, running from 1 to N — 1, is summed over. The interaction part is given by
1
S, B = /d2$ [A(Z) 20 (6°/2) + 21 (¢%/2) (—32)§¢2 + 22 (¢°/2) ¢i(—0%)¢i |, (4)

where we denote ¢? = ¢;¢;. 20,21,22 are functions of ¢?/2 and depend logarithmically on the cutoff Ag.
S;. B is the most general interaction action allowed by the manifest O(N—1) invariance and perturbative

renormalizability in the absence of any dimensionful parameters.
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The propagator, given by the free part of (3), is proportional to the smooth cutoff function K (p/Ayp).
By choosing K () with the following properties:
1. K(z) is a positive and nonincreasing function of 2,
2. K(z)=1 for 22 <1,
3. K(z) damps rapidly (faster than 1/2%) as 22 — oo,

we can regularize the UV divergences of the model.
The renormalization functions zg, 21, and zo must be fine tuned, first for renormalizability and then for

the O(N) invariance.

2.2. Wilson action

The Wilson action with a finite momentum cutoff A has two parts:
Sa = Sra + Sra. (5)
The free part
1 P2
SF,AE_*/i(ZSi —p)¢i(p), 6
5 | o Pe) (6)
gives the propagator with a finite momentum cutoff A:

(61, = By . 7

The interaction part of the Wilson action is defined by

esp[sialel] = [0 xexp [ [ el o) + 51 lo+ ]

exp {1/K(p/Ao)—K(p/A) 62
2/, 2 501 (030

(_p)] X exp [SI, B[d)]} (8)

Alternatively, we can define Sy o by the differential equation [15, 16]

9 L [ Ap/A) { 0Sra  0SrA 6281 A }
—AgpSia =3 / ’ — + 7 , 9
DN TS T\ hi () 00(p) | 0o (—p)on(p) ©)
and the initial condition
Sial,_, =515 (10)

A=Ao

For a fixed A, we expand Sy up to two derivatives to obtain
1
Sta = [ @ [Xa(nd/uid?/2) + A (nA/usd/2) (~0°) 307 + B (/i /2) 6x(~0)s | +---a1)
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where the dotted part contains four or more derivatives. a, A, B are functions of ¢?/2, and they can be

expanded as
a(InA/p;¢°/2)
AmA/ma*/2) = S0 5 (%) An(na/u) (12)
B(nA/w¢?/2) = Sig i (%) BalnA/m)

\
38
ﬂ‘
2=

Y

S5, vofS:
N———

S

3
—
=
=
\
=
S~—

The Taylor coefficients depend logarithmically on the cutoff A. We have chosen the ratio of A to an arbitrary

renormalization scale p as the argument of the logarithm. The initial condition (10) gives

a(lnAo/p; ¢%/2) = 20(¢°/2)
Alln Ao/ 6%/2) = 21(¢%/2) (13)
B(lnAo/p;¢?/2) = 20(¢?/2)

The renormalization functions zg, z1, and 2z are determined so that

A(ljigﬂoo St.A (14)
exists for any finite A. Using the BPHZ renormalization scheme adapted to the Wilson action [20-22], we
can choose A(0;¢?/2) and B(0;$?/2) as any functions. As will be explained in the next section, the O(N)
invariance constrains the choice of A(0;¢?/2) and B(0;$?/2).

Alternatively, we can construct the continuum limit (14) directly without starting from a bare action.
We demand that the dotted part of (11) is multiplied by the inverse powers of A. For given A(0;¢?/2) and
B(0;¢?/2), the ERG differential equation (9) uniquely determines a (InA/u; $*/2) and the dotted part of (11)
[20-22]. This is the preferred approach we adopt in the rest of the paper. In Appendix ??, we summarize the

basic properties of the correlation functions calculated with Sy .

2.3. WT identity for O(IN)

The Wilson action is determined uniquely in terms of A(0;¢?/2) and B(0;¢?/2). For the O(N) symmetry,
we must choose A(0;$?/2) and B(0;¢?/2) appropriately. In this and the following two sections, we aim to
complete the analysis of Becchi given in sect. 6 of [19].

The Wilson action has manifest O(N —1) invariance. To insure the full O(N) invariance, we must demand

the invariance of the action under the following infinitesimal transformation:

d¢i(p) = K (p/A) ei[®n](p), (15)

where ¢; is an infinitesimal constant and [® ] is the composite operator for the N-th component of the O(N)
vector, whose i-th component is proportional to ¢;.

The composite operators, the concept of which was first introduced in sect. 5 of [19], can be considered
as infinitesimal deformations of the Wilson action, and they satisfy the same linear ERG differential equation
as (16). A composite operator vanishes identically if the leading part in the derivative expansion, the part

multiplied by the nonnegative powers of A, vanishes. For more details, see sect. 4 of [17].
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More precisely, [®y] is defined by the ERG differential equation

i _ A(q/A) 55]7/\ 1) } 62
—AaA[@N](p)—/q P {6¢i<q>6¢i<q>+2a¢i<q>6¢i<—q>

} Bn(0), (16)

and the derivative expansion

[ exp™ @xp) = P (A /i 6(0)2/2) + - a7)
P
where the dotted part, proportional to the inverse powers of A, contains derivatives of ¢;(x). [®Pn] is
parameterized by a function

P (0;4%/2), (18)

which is arbitrary as far as perturbative renormalizability of [®x] is concerned.

Following Becchi [19], we now define the WT composite operator for (15) by

== [ [ray 0+ o)

_ IS S[®n](p)
B /K P/A) {5@( )[ @) d¢i(p) }’ (19)

This satisfies the same ERG linear differential equation as (16). The WT identity

$a =0, (20)

is the “quantum” invariance of the Wilson action under (15), whereby the nontrivial jacobian of (15) is taken
into account. Concrete loop calculations show that the coefficient function a(In A/u; ¢?/2), corresponding to
the quadratically divergent potential in the bare action, is nonvanishing. However, its noninvariance under (15)
is canceled by the jacobian.

Taking the correlation of ¥, with the elementary fields, we obtain the usual WT identity from (20):
> e, (i) - On(ps) - iy (pn)™ =0, (21)
j=1

where the renormalized correlation function

(i (p1) - O (ps) -+ i, () Hka/A (i (p1) -+ [BN](P2) 01, (), (22

is independent of the cutoff A. (This A independence is a consequence of the differential equations (9, 16).

See, for example, section 4.1 of [17] for more explanations.)

3. Results
The O(N-1) invariant action, Sy, is parameterized by two functions: A(0;¢?/2) and B(0;$?/2). In order to
insure full O(N) symmetry, we find that the transformation is parameterized by another function, P(0;¢?/2).

Hence we must fine tune not only A(0; ¢%/2) and B(0; ¢?/2) but also P(0;$?/2). In the next two subsections,

we will show the possibility of such fine tuning.
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3.1. Tree level

We expand Sh, Sr.a, etc. in the number of loops. We use a superscript @ to denote the I-loop level:
Sy = f: s®, (23a)
@) = D [en]V ), (23b)
Sao= youy, (23c)

A(InA/p;¢%/2) = ZA(I) (InA/p;0%/2), -+, (23d)

=0

AnAfp) = 30 A0 (nA/w), (230)
=0

A(0;4%/2) = i;ﬂ” (0%/2), - . (23f)
=0

In this section, we show how to tune the three parameter functions
A9 (92)2), B (6*/2), PO (¢%/2) (24)

to satisfy the WT identity at tree level, ZE\O) =0.

The leading part of the derivative expansion of SZ(\O) is given by the classical action:

SO = Sy 4 (25)

S is independent of A and we can write

1 @2
Sa = / d*x [— 5 Ou 10,0 + A (¢?/2) (0% + BO (¢2/2) ¢;(—0%) ;|- (26)
Likewise, the derivative expansion of [®x](®) gives
[ e en] ) = PO (67/2) 4 (27)
P
There is no quadratic divergence at tree level
a O (InA/p; $%/2) = 0. (28)
As a convention, we can choose
AP =B =0, P =1. (29)

249



LUTFUOGLU and SONODA /Turk J Phys

At tree level, the WT identity gives

0= [ Ko IS fa]®p) = 0 (30)
=€ p N p)=V.
A » 6i(p)
The derivative expansion gives
05
Yu=¢ | &z —=pO 2/2) = 0. 1
(= [ da g PO (002 2) =0 (31)

Substituting (26) into the above, we obtain
., = ei/d2x dn[ 0,6;0,; {p(m’ ~ (240 4 BOYypO) _ QP(O)/B(O)}
+6,0%0,; {P<0>’ — (A" 4 BO)p© _ 2P(0)’B<0>} (32)
+(6;0,0,)2 {(1 — 2B PO _(4©" L BO")pO) _9p©) p©) } }

where the prime denotes a derivative with respect to ¢?/2. For ¥ to vanish, we must satisfy the following

three equations:

(1—2BO)pO) _ (240 4 BO))pO) =, (33a)
(1—2B@)pO" _ 240" L pO")pO) — g, (33b)
(1= 2BO)pO)" _2p0) pO) _ (40" 4 BO")pO) — g, (33¢)

From (33a) and (33Db), we get
B (@) PO (z) =0, (34)

where we write = = ¢2/2 for short. Since P () # 0, we obtain B®'(z) = 0; hence using (29) we obtain

BO(z) =0. (35)
Thus, (33a) gives
PO (z) = 24 () PO) (). (36)
Using (29), we obtain
PO (z) = exp {QA(O) (x)} . (37)
Finally, (33c) gives
PO () = A" (2) PO (). (38)
This is solved by
1
A0 () = 1 In(1-2cx), (39)
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where ¢ is an arbitrary constant. Hence, we obtain

PO () = /1= 2cx. (40)

The constant ¢ may be chosen either positive or negative. If we choose a positive ¢ = g > 0, then we obtain

q)N =V 1- g¢2u (41)

appropriate for the classical O(N) nonlinear o model. If we choose a negative ¢ = —g < 0 instead, we obtain

Oy = 1+ g¢?, (42)

appropriate for the classical O(N—1, 1) nonlinear ¢ model. We make the first choice.

To summarize, we have obtained

A(U)(:c) =
BO) ()
PO(z) = VT= 2,

1In(1 — 2gz)
0

(43)

where ¢ is an arbitrary positive coupling constant. Although we did not predict a coupling constant to the
model in the Wilson action, it is automatically produced by the algorithm. The corresponding classical action

is given by the familiar expression

1
Ser = 2 /d2x [gambiau@ +9,V/1— g6 - 0u/1 - 9@52} ' “

3.2. Loop levels

Let us now assume that we have determined Sp and [®y] up to [-loop level (I > 0) such that
2P = =x{ =o. (45)

Under this induction hypothesis, we wish to determine S and [® ]+ (or equivalently A+ (z), BU+D) ()

and P (1)) such that
st = o. (46)

Note that 3, is a composite operator, satisfying the same ERG differential equation as (16). Applying the
loop expansion and using the induction hypothesis, we find

A sy _ / A(p/A) OSF) on{ )
oA P> 8¢i(—p) 66i(p)
Denoting the leading part of the derivative expansion of ZXH) as (D we obtain
0 =~
A0 — ¢ 48
= , (45)
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since A(p/A) =0 for p?> < A2. Hence, X+ is independent of A. Thus, we obtain

SV = ¢; / d*z ¢, {amjamj 251 (07/2) + 0,070 - 52 (62/2) + (6;0,6;)° - 53 (6%/2) |, (49)

where s;(¢?/2) (i = 1,2,3) are functions of ¢?/2, independent of In A/pu.
The definition (20) of ¥ gives the decomposition

EE\lJrl) _ EE\lJrl) n E(l+1),u (50)
where
z+1) 550
(I+1)t (0) A (1+1)
Losgth) )
(41w _ A) Sh ICERD 5[N] (p)
= / K (p/A) ; o )+ 5| (52)

Only £{*Y"* depends on AU+ (z), BU+D (), andPU+D (z), and £{T™ are determined by Sy and [®y] up

to I-loop. Therefore, the functions s;(x) are given as the sum
si(z) =ti(z) +wi(z) (i=1,2,3), (53)

where t;(x) are linear in AUtV (z), BUtD (), andPU*Y(z), and wu;(x) are determined by the lower loop

functions. We obtain explicitly

ti(z) = P — (240D 4 U pO) _ 94 0) pl+1) _ 9 p(0) gU+1), (54)
to(z) = PEHD g4+ L BN pO) _ 94O pli+l) _opO) gl+1) (55)
ts(x) = PUTD" (4D 4 U1 p0) _ 4O pl+1) _ 9 p(0)” gl+1) _ g g(i+1) p(0)’ (56)

There is no relation among the t(x)’s. Thus, whatever u(x)’s are, we can solve the equations
si(z) =ti(z) +ui(z) =0 (i=1,2,3). (57)

Using (43), the solution is obtained explicitly as follows:

(+1) () — BU+D) T —ug(y) +ua(y)
BT (z) =BT (0) + ; dy—m : (58)
d 1 ]. ’ x 1 1 1"
AT (@) = T 2ge? A+ (0) +/0 dy{f2923(l+ '(y) + (1= 29y) B (y)
+gv/T = 29y (—2us(y) +uz(y)) + (1 — 299)* (2u) (y) — uh(y) — U3(y))} ] , (59)

P () = M{P(l“)(()) N /O“f dy {2A(z+1)’(y) — 13792%3%1)(3/) + WH (60)
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Note that
A0y, BUHD(0), PUFD(0), (61)

are left undetermined as constants of integration. This is expected, since A(l"’l)/(O) normalizes the coupling g,
BUHD(0) normalizes the field ¢*, and P¢+1)(0) normalizes the composite operator [®y]. For example, we can

adopt the convention [20-22]

Awam| = Sae)| | =-4 (62)
Bo(nd/w| = BO:0)=0, (63
Po(InA/p) N P(0;0) =1, (64)

analogous to the minimal subtraction for dimensional regularization [23]. This concludes our inductive con-

struction of the O(N) nonlinear ¢ model.

3.3. 1-Loop results

Let us give explicitly the 1-loop corrections to 2- and 4-point vertices in the Wilson action. (More details are

given in Appendix ??.) For the 2-point vertex we find

o) = 5 [2w=g [ K, (65)
q q
o _ 9
B = L, (66)
and for the 4-point vertex we find
af) = 292/A(Q)K(q)
q
= 292/[(((1)27 (67)
q
1 92
AV = NLmA/pu, (68)
4
B%l) = counst. (69)

We also find the 2- and 4-point vertices for the composite operator [®y](p):

N-1
PV = T _—gmA
0 a9 A/u, (70)
1 g9’
P1() = (N—1)4—lnA/,u—|—const. (71)
T

We have fixed the A independent part of Agl), Bél), and Pél) using the convention (62, 63, 64).
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The two constants in Bgl) and Pl(l) are left undetermined by the ERG differential equations. They are
determined by the WT identity. Calculating

O (p
o i

only up to cubic in fields and up to two derivatives, we obtain

o - o ([E00 k0 1)

oy = ¢ [ qf)(iﬁm>—20——K@»), (7

where

Hence, we obtain

1 K1-K) 1 [KA
B _ 2 _/ ,/7 76
1 g <47T g q? + 4/, @)’ (76)

0 (1 1 [KA
POl = <2W+4/q =) (77)

In 7?7 we explain how to obtain the beta function of g and anomalous dimension of ¢; in the ERG

approach. The above 1-loop results reproduce the well-known results first obtained in [10]:

2

Blo) = (N =25 (o)~ = ©

4. Discussion

In this paper we have applied the ERG formulation of quantum field theory for the perturbative construction of
the two-dimensional nonlinear o model. We start with the Wilson action, which has manifest O(N-1) invariance.
We get the full O(N) symmetry by the invariance of the action under the infinitesimal transformation of the
scalar fields given in (15). We define the WT identity as the quantum invariance of the Wilson action under
(15). Here the nontrivial jacobian of (15) is taken into account. We see that a quadratically divergent potential
is generated by the momentum cutoff, but its noninvariance is compensated by the jacobian of the nonlinear
symmetry transformation. Then we find that the model is parameterized by three renormalization functions,
A(0;z), B(0;x), P(0;x), and we show how to tune these functions by imposing the WT identity (20).

From the infinitesimal change of the Wilson action a composite operator is defined that has two degrees
of freedom, corresponding to the infinitesimal variation of g and that of the normalization of ¢;. We obtain
the beta functions and anomalous dimensions of the model. These are shown explicitly in the Appendices.

Before ending we would like to remark that only short-distance physics can be explored perturbatively,
and long-distance physics needs nontrivial approximations, such as 1/N. For the 1/N expansions it is common
to linearize the O(N) symmetry using an auxiliary field; it would be interesting to extend the ERG formulation

to accommodate the auxiliary field.
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A. Basic properties of the correlation functions

The correlation functions of a Wilson action Sj are dependent on the cutoff A. Using the inverse of the cutoff

function, however, we can easily construct A independent correlation functions:

(D) (—p)® = 1 (Vs (— 1-1/K (p/A)
<¢1(p)¢J( p)) = K(p//\)2 <¢z(p)¢]( p)>SA+5U p2

)

(Dir (p1) -+~ @i, (Pn))™ H pJ/A (Piy (P1) -+ B, (Pn)) g, » (A.2)

for n > 4. The A independence of these correlation functions is a consequence of the ERG differential equation
(9). See sect. 2 of [17] for more details.
Similarly, given a composite operator Oy that satisfies the same linear ERG differential equation as (16),
we can construct A independent correlation functions by
(O iy (p1) - i, ()™ ]___[ L
K (pi/A)

Jj=1

(On iy (p1) -+ b3, (Pn)) g, - (A.3)

See sect. 4 of [17] for more details.

B. 1-Loop calculations

The interaction part of the classical action is given by
2 N 2
Slcl = dm(—é) )—~fln(1—g¢)
’ 2 4
¢2 [ee) 1 ¢2 n
= /d%(fa?) 5 Z (n=Dt— (%) (B.4)

Hence,

1
A = —1(n=1)!(29)". (B.5)
Thus, for the graph in Figure 1, we obtain the Feynman rule

1 2n
) 7 . <
e 2n-1

Figure 1. Tree level vertex (n > 2).

6i1i2 e 61'271711'27; {(pl +p2)2 +ee (p2n—1 +p2n)2} A'(no_)l- (BG)

As the simplest example, we consider the 1-loop contribution to the two-point vertex given by the

Feynman graph in Figure 2.
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2n-1

Figure 2. Vg(l)(p): 1-loop correction to the two-point vertex with momentum p.

The ERG differential equation gives

Ag ) = /(WM@+@Am

8A
_ _9 2
= 3 +4)
A A
— g/ Q/ q2)
q?
1
= —g [A2/A pz] , (B.7)
27
where we have used
. ¢ 27 '
Hence, integrating this over A, we obtain
V(o) = 222 / Afg) + 277 L/ (B.9)
q
This gives
o’ =% [8@. B wa/w = Lwa/n (B.10)
q 7r

where we have used the normalization condition Bél)(()) =0.

As another example, let us consider the 1-loop contribution to the 1-point vertex of the jacobian:

(0)
/K q/A) ‘I;f;j( )( Slon] P (a) (B.11)

Now the leading part of the derivative expansion of [®y](®) is given by

/expipx[q)N](O)(p> = PO (¢(2)2/2) + -, (B.12)

p

where

PO@) = /1-2gz

- 1231%9“.‘2!. (B.13)

n=
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Hence, we obtain

P9 = 1, (B.14)
(2n — 2)!

poO n B.15
n>1 2n_1(n . 1)| 9 ( )

Let us denote the 2n-point vertex P,(LO) for [®n] by Figure 3. Then the one-point vertex for the 1-loop jacobian

is given by Figure 4 and calculated as

[E@mPO = x| Kl
= —AQg A(g). (B.16)
* p
lﬁgv 2n
2 2n-1

Figure 3. 2n-point vertex for [Dn](p).

@ K
i A/ q

Figure 4. 1-loop contribution to the 1-point vertex of the jacobian (B.11).
This cancels the contribution of the agl) term to 25\1).

C. Beta function and anomalous dimension
The derivation of the mass independent beta functions and anomalous dimensions in the ERG formalism has
been discussed in [20] and [22].

C.1. p dependence of the Wilson action
The Wilson action Sy for a different choice of u satisfies the same ERG differential equation (9). Hence,

Up = —pd,Sa, (C.17)

is a composite operator satisfying the ERG differential equation

0 / A(p/A) { 0Sia _6Ua 0205 } (C.18)

1
ALy, = Z
A 2 \06:0) 50:(—p) | 256 ()00 (—p)
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W has the correlation functions

(O ¢y (p1) -+ bi, (Pn))™ = =0y (@i, (p1) - - - bi,, (D)™

Expanding W up to two derivatives, we obtain

2

Uy = /d2x {AQ a(ln A/p; 92 /2) + A(ln A/ p; ¢2/2) (—82)? + B(InA/p; ¢2/2) ¢i(—0*) s | + - -

where
a(lnA/p;z) = ﬁa(ln A/ x)

AmA/po) = Hr57 A0/ 2)
B(lnA/p;z) = 81nLA/“B(lnA/u;:v)
Especially at A = p, the coefficient of (¢2/2)(—9%)(¢?/2) is
0 A(0;)|
=0
and that of ¢;(—0%)¢; is
B(0;0).

(C.19)

. (C.20)

(C.21)

(C.22)

(C.23)

Since W, is an infinitesimal change of the Wilson action, it has two degrees of freedom, corresponding

to the infinitesimal variation of g and that of the normalization of ¢;. Thus, we can construct two composite

operators:

1. O, that generates an infinitesimal change of g:

Oy = —0ySh. (C.24)
The correlation functions of O, are given by
(Og 9ir (p1) i, (Pn)) ™ = =0y (bir (p1) -+~ D1, ()™ - (C.25)
2. N that generates an infinitesimal renormalization of ¢;:
— 2
Vo= - femgs - O e s ) O
N counts the number of fields:
N i, (p1) -+~ 01, (pn))™ = (s, (1) -+~ 63, ()™ - (C.27)
U, must be a linear combination of O, and N; hence
Ua =B9) Oy +(9) N, (C.28)
where neither 5(g) nor v(g) depends on A. This gives the differential equation
(=0 + BIg) (bir (p1) -+~ G, (pn))™ = 0y (i, (p1) -+ i, (Pn)) ™ - (C.29)

Hence, B(g) is the beta function of g and ~(g) is the anomalous dimension of ¢; .
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c.2. 0,

The derivative expansion gives

Oy= [ A0y alnA/pi?/2) + (-0 AR/ 6%2) (-0%)

+(=0y) B A/ 113 62/2) 9i(~0%) | + -+ (C.30)
At A = p, the coefficient of (¢?/2)(—0?)(¢?/2) is

0,00 A0s)| = % (C.31)

=0

and the coefficient of (1/2)¢;(—9%)¢; is
—0,B(0;0) = 0. (C.32)

These are consequences of the conventions (62, 63).

C3. N

Using the interaction part of the action, we can rewrite

_ 2. e B B PRLIRN
No= [rewecn [ |=1ea(i-kem ) jam
_ K (p/A) (1=K (p/A)) [ 6Sra 0Sra (5251’/\

/p e {6@-@) 5oi(—p) | 5600501 (=) } ' (C:33)

Hence, the derivative expansion gives

N(A):/dzx | A% (A5 62/2) + Aw (In A/ pi; 62/2) (—82)%2

+ By (A /s 62/2) 6; (~0%) 6] + -+ (C.34)

where
Ay (InA/p;z) = —2A(InA/p;z) — 239(,%/1 (InA/psz)+--- (C.35)
By (InA/p;z) = 1-2B(WnA/u;z)+---, (C.36)

up to loop corrections. At A = p, the coefficient of (¢?/2)(—0%)(¢?/2) is

0 An(0; 2) 0 294+, (C.37)

=

and the coefficient of $¢;(—8?)¢; is
Bar(0;0) =1+ . (C.38)
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C.4. 8 and v
Comparing the derivative expansion of ¥, with those of O, and N, we obtain §(g) and ~(g) as follows:

0,A00) = 28() (00 An(0:0)] (C:39)

=0 =0

B(0;0)

7(9)Bar(0;0), (C.40)

where we have used (C.31, C.32).
Using (68, 66), we obtain

L AD (0; = NL cAl
0, A (032)| o (C.41)
5(1) (). _ 9 49
BD(0;0) Z. (C.42)
Using (C.37, C.38), we also obtain
QIAﬁ\(}) (0;x) T 29, (C.43)
BY(0;0) =1. (C.44)
Hence, at 1-loop (C.39, C.40) give
9 Loy 4 L)
g _ .92 4
N 5P+ 2, (C.45)
To= 40 (C.46)
= =7 . )

Thus, we obtain (78).
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