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Abstract: In this study, we have investigated homogeneous and anisotropic Marder space-time with bulk viscous string

matter distribution in f(R, T ) gravity. For this aim we have used the anisotropy feature (
σx
x
θ
) of Marder space-time and

a deceleration parameter in two different f(R, T ) models. We have obtained bulk viscous matter distribution solutions

in f(R, T ) gravity. Finally, some kinematical and physical properties are discussed.
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1. Introduction

The universe is accelerating [1,2] with unknown forces and scientists continue to work to identify the causes of

the acceleration of the universe [3]. In this context, it is very important to investigate alternative gravitation

theories in order to find the causes of acceleration. To solve this problem, Harko et al. suggested the f(R, T )

theory in 2011 [4]. This theory has recently been studied by many other scientists [5–13]. Myrzakulov and his

colleagues investigated f(R, T ) gravitation theory for various matter contents and various space-time models

[14–16]. The thermodynamics properties [17], the energy conditions [18], and anisotropic space-times were

investigated with scalar field and perfect fluid matter distributions [19] in f(R, T ) gravitation theory by Sharif

and Zubair. In 2014, Reddy et al. studied the Kantowski–Sachs bulk viscous model including strings in Harko

et al.’s [4] new theory of gravity [20]. Kiran and Reddy researched the Bianchi type III universe model with

bulk viscous string (BVS) in f(R, T ) theory [21]. Reddy et al. studied f(R, T ) gravity with Kaluza–Klein

space-time and bulk viscosity with strings [22]. The LRS Bianchi type II universe model was also researched

in f(R, T ) gravity for bulk viscosity and strings [23]. Çağlar and Aygün studied self-creation cosmology for

BVS cloud and strange quark matter distribution [24]. A string cloud model with bulk viscosity was also

researched in Brans–Dicke cosmology [25]. Samanta et al. investigated BVS models in higher dimensions for

the Saez–Ballester theory [26]. Pradhan obtained magnetized BVS solutions with the Λ term [27]. Yadav et al.

magnetized BVS solutions for the Bianchi type I universe model in general relativity [28]. The Kantowski-Sachs

(KS) BVS model was studied in Lyra geometry [29] and KS BVS solutions in an alternative theory of gravity

were researched [30].

The Marder space-time model has some characteristics for sensing the evaluation of the initial universe
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[31] and viscosity has a significant role in cosmology [21]. In this paper we will research Marder space-time with

thef(R, T ) theory for the BVS cosmological model.

2. Modified f(R,T) theory and Marder space-time

The action of the new modified f(R, T ) theory is served by [4]:

S =

∫ (
f(R, T )

16πG
+ Lm

)√
−gd4x. (1)

Here trace T is the stress-energy tensor of the matter, Tαβ , and g is the determinant of metric tensor gαβ while

f(R, T ) is a function of the Ricci scalar, R . Lm indicates the Lagrangian [4]. The matter’s energy-momentum

tensor is given by [4]:

Tαβ = − 2√
−g

δ(
√
−gLm)

δgαβ
, (2)

where Lm is the Lagrangian density and depends only on the metric tensor, and the relation is given by [4]:

Tαβ = gαβLm − 2∂Lm

∂gαβ
. (3)

By varying the action of f(R, T ) given in Eq. (1), we get:

(gαβ ∇α∇α −∇α∇β)fR(R, T ) + fR(R, T )Rαβ − 1

2
f(R, T )gαβ

= −fT (R, T )(Tαβ + Ξαβ) + 8π Tαβ . (4)

Here fT (R, T ) indicates the derivative with respect to T and fR(R, T ) indicates the derivative with respect to

R [4]. ∇α is the covariant derivative [4]. We show Ξαβ in Eq. (4) as follows [4]:

Ξαβ = −2Tαβ + gαβLm − 2gik
∂2Lm

∂gαβgik
. (5)

If we contract Eq. (4), the connection is obtained between R and T as follows:

fR(R, T )(3∇α∇α +R)− 2f(R, T ) = −fT (R, T )(T + Ξ) + 8π T. (6)

Here Ξ = gαβΞαβ [4,8]. Using Eqs. (4) and (6), we get the following equation [4]:(
Rαβ − 1

3
Rgαβ

)
fR(R, T ) +

1

6
gαβf(R, T ) = 8π

(
−1

3
Tgαβ + Tαβ

)

−fT (R, T )

(
Tαβ − 1

3
Tgαβ

)
−
(
Ξαβ − 1

3
Ξgαβ

)
fT (R, T ) +∇α∇βfR(R, T ), (7)

and we write the perfect fluid matter distribution as follows:

Tαβ = (p+ ρ)uαuβ − pgαβ . (8)
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Here p is the cosmic pressure, ρ is the cosmic density, uα and uβ are four-velocities, and uαu
α = 1 [4]. From

Eq. (5), we obtain [4]:

Ξ = −(2Tαβ + pgαβ). (9)

According to Harko et al. [4], three models off(R, T ) theory are:

f(R, T ) =


R+ 2f(T )

f1(R) + f2(T )

f1(R) + f2(R)f3(T )

. (10)

In this paper we will research the BVS cosmological model with Marder type universe in two different f(R, T )

models. The Marder space-time is given by [32]:

ds2A(t)2(dt2 − dx2)−B(t)2dy2 − C(t)2dz2 (11)

and the energy momentum tensor of the BVS model is given by [20]:

Tαβ = (ρ+ p̄)uαuβ − p̄gαβ − λxαxβ (12)

where

p̄ = p− 3ξ H = ε ρ (13)

and

ε = ε0 − β (0 ≤ ε ≤ 1) (14)

p = ε0ρ (15)

Here ε0 and β are constants, ρ is energy density, λ is the string tension density, H is the Hubble parameter,

and ξ is the coefficient of bulk viscosity [20]. uα is the four-velocity vector and xα is the direction of the string,

which satisfies the following [20]:

xαu
α = 0, uαu

α = −xαx
α = 1. (16)

The kinematical quantities for the Marder space-time cosmological model are given by [31,33]:

uα = (0, 0, 0,−A), (17)

θ =
1

A

(
Ȧ

A
+

Ḃ

B
+

Ċ

C

)
, (18)

σx
x =

1

3A

(
2Ȧ

A
− Ḃ

B
− Ċ

C

)
, (19)

σy
y =

1

3A

(
2Ḃ

B
− Ȧ

A
− Ċ

C

)
, (20)
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σz
z =

1

3A

(
2Ċ

C
− Ȧ

A
− Ḃ

B

)
, (21)

H =
1

3

(
Ȧ

A
+

Ḃ

B
+

Ċ

C

)
, (22)

V = (ABC)
1
3 , (23)

and

q = −V V̈

V̇ 2
. (24)

In Section 3, we will solve modified Einstein field equations in f(R, T )gravitation theory for the R + 2f(T )

model, and in Section 4, we will obtain exact solutions of the f(R, T ) gravitation theory for the f1(R) + f2(T )

model with BVS cosmological model matter distribution in Marder’s universe model.

3. Modified gravitational field equations for f(R, T ) = R+ 2f(T ) model

For the f(R, T ) modified gravitation theory, the gravitational field equations are given by [4]:

Gαβ = gαβ [f(T ) + 2p f ′(T )] + [2f ′(T ) + 8π]Tαβ , (25)

where the prime indicates differentiation w.r.t. the argument [4]. If we take f(T ) = µT , whereµ is a constant,

in Eq. (25), we get [4]:

Gαβ = [µρ− pµ]gαβ + [8π + 2µ]Tαβ , (26)

and field equations are given by:

C̈

A2C
+

B̈

A2B
+

ḂĊ

A2BC
− ḂȦ

A3B
− ĊȦ

A3C
= −8πλ− 3µλ+ 3µ p̄− µρ+ 8π p̄, (27)

C̈

A2C
+

Ä

A3
− Ȧ2

A4
= 3µ p̄− µλ− µρ+ 8π p̄, (28)

B̈

A2B
+

Ä

A3
− Ȧ2

A4
= 3µ p̄− µλ− µρ+ 8π p̄, (29)

ḂĊ

A2BC
+

ȦḂ

A3B
+

ȦĊ

A3C
= −8πρ− 3µρ+ µ p̄− µλ. (30)

In Eqs. (27)–(30), we have six unknowns, i.e. p̄ , ρ , λ , A , B , and C . To solve the field equations, we use a

homogeneous and anisotropic universe model because the study of homogeneous and anisotropic cosmological

models is significant to understand the large-scale behavior of the universe. For the solutions of modified field

equations, first we assume that the anisotropy parameter σ
θ ̸= 0 [31,34–36]. With the characteristic of the

anisotropy for Marder space-time, we obtain

σx
x

θ
= κ, (31)
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where κ is a constant and 0 ≤ κ ≤ 1. From Eqs. (18), (19), and (31) we get

A = (BC)m, (32)

where m = 3κ+1
2−3κ is a constant. Secondly, we will use the deceleration parameter because the deceleration

parameter (q) has a significant effect on the universe. Using this parameter we could say whether our universe

accelerates or not [37]. The deceleration parameter is given as follows:

q = −V V̈

V̇ 2
= const. (33)

From Eqs. (32) and (33) we obtain,

B =
(at+ b)

1
η

C
. (34)

Here, a , b , and η are constants. Using Eqs. (28), (29), and (32), we obtain

B̈

B
− C̈

C
= 0. (35)

From Eqs. (32)–(35) we get metric potentials A , B , and C as follows:

A = (at+ b)
m
η , (36)

B = e
2(at+b)

η−1
η a

1
η c1η−a−2c2η

2a(η−1) (at+ b)
1
2η , (37)

C = e
−2(at+b)

η−1
η a

1
η c1η+a+2c2η

2a(η−1) (at+ b)
1
2η . (38)

Here c1 and c2 are constants. From Eqs. (13)–(15), (27)–(30), and (36)–(38), we obtain ρ , p̄ , λ , ξ , and p as

follows:

ρ =
c21a

2
η

2(4π + µ)(at+ b)
2m+2

η

− a2(8πm+ ηµ+ 4mµ+ 2π)

8(4π + µ)(2π + µ)η2(at+ b)
2m+2

η

, (39)

p̄ =
c21a

2
η

2(4π + µ)(at+ b)
2m+2

η

− a2(8πmη + 4mηµ+ 4πη + ηµ− 2π)

8(4π + µ)(2π + µ)η2(at+ b)
2(m+η)

η

, (40)

λ =
(2m− 1)(1− η)a2

4(4π + µ)η2(at+ b)
2(m+η)

η

, (41)

p =
ε0c

2
1a

2
η

2(4π + µ)(at+ b)
2m+2

η

− ε0a
2(8πm+ ηµ+ 4mµ+ 2π)

8(4π + µ)(2π + µ)η2(at+ b)
2m+2

η

, (42)

ξ =
a

(at+ b)
η+2m

η

(
(η − ε0)m

2η(m+ 1)(4π + µ)
+

(4η − 2ε0 − 2)π − µη(ε0 − 1)

8η(m+ 1)(4π + µ)(2π + µ)

)

+
ηc21(ε0 − 1)(at+ b)

η−2−2m
η

2(m+ 1)(4π + µ)a
η−2
η

. (43)
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4. Modified gravitation field equations for the f(R, T ) = f1(R) + f2(T ) model

When we take f(R, T ) = f1(R) + f2(T ) in Eq. (6) with Eqs. (8) and (9), we get the following [4]:

f ′
1 (R)Rαβ − 1

2
f1(R)gαβ + (gαβ∇α∇α −∇α∇β)f

′
1 (R)

= (8π + f ′
2 (T ))Tαβ +

(
f ′
2 (T )p+

1

2
f2(T )

)
gαβ . (44)

In f(R, T ) theory, if we choose f1(R) = µR and f2(T ) = µT in Eq. (44), we get [4]

Gαβ =

(
8π + µ

µ

)
Tαβ +

(
ρ− p

2

)
gαβ , (45)

and we can write the modified field equations for this model as follows:

C̈

A2C
+

B̈

A2B
+

ḂĊ

A2BC
− ḂȦ

A3B
− ĊȦ

A3C
=

8π(p̄− λ)

µ
− λ+

3p̄− ρ

2
, (46)

C̈

A2C
+

Ä

A3
− Ȧ2

A4
=

8π p̄

µ
+

3p̄− ρ

2
, (47)

Ä

A3
− Ȧ2

A4
+

B̈

A2B
=

8π p̄

µ
+

3p̄− ρ

2
, (48)

ḂĊ

A2BC
+

ȦḂ

A3B
+

ȦĊ

A3C
= −8πρ

µ
+

p̄− 3ρ

2
. (49)

From Eqs. (12)–(15), (36)–(38), and (46)–(49), we get energy density ρ , pressure p̄ and string tension density

λ , coefficient of bulk viscosity ξ , and p for the second f(R, T ) model as follows:

ρ =
µc21a

2
η

(8π + µ)(at+ b)
2m+2

η

− (32πm+ 2µηm+ µη ++6mµ+ 8π + µ)a2µ

8(4π + µ)η2(8π + µ)(at+ b)
2m+2

η

, (50)

p̄ =
(32πηm+ 6µηm+ 16πη + 3ηµ + 2mµ− 8π − µ)a2µ

8η2(4π + µ)(8π + µ)(at+ b)
2m+2η

η

+
µc21a

2
η

(8π + µ)(at+ b)
2m+2

η

, (51)

λ =
(1− η) (2m− 1) a2µ

2 (8π + µ) η2(at+ b)
2m+2η

η

, (52)

p =
µc21a

2
η ε0

(8π + µ)(at+ b)
2m+2

η

− (32πm+ 2µηm+ µη ++6mµ+ 8π + µ)a2µε0

8η2(4π + µ)(8π + µ)(at+ b)
2m+2

η

, (53)

ξ =
µa(η(2m+ 1)(16π + 3µ− µε0)− (6mε0 − 2m+ ε0 + 1)µ− (32mε0 + 8ε0 + 8)π

8(m+ 1)(4π + µ)(8π + µ)(at+ b)
2m+η

η
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+
ηc21µ(ε0 − 1)a

2−η
η

(8π + µ)(m+ 1)(at+ b)
2m−η+2

η

. (54)

However, we find the same metric potentials given by Eqs. (36)–(38) in this model.

5. Discussion

The anisotropic and homogeneous space-times play significant roles for describing the early universe and these

models have some essential properties for understanding the early universe, such as the formation of galaxies

[38]. On the other hand, alternative theories seem to be very appropriate for exploring the accelerating of our

universe. Therefore, in this research we have studied BVS matter distribution for Marder space time that is

homogeneous and anisotropic in f(R, T ) gravity with the R + 2f(T ) and f1(R) + f2(T ) models given by [4].

To obtain exact solutions of f(R, T ) theory, we have handled the anisotropy feature of the Marder universe

model and a deceleration parameter in two models. From Eqs. (36)–(38), the metric in Eq. (11) can be written
as:

ds2 = (at + b)
2m
η (dt2 − dx2) − (at + b)

1
η

(
e

2(at+b)

η−1
η a

1
η c1η−a−2c2η

a(η−1) dy2 − e
−2(at+b)

η−1
η a

1
η c1η+a+2c2η

a(η−1) dz2

)
.

Kinematical parameters such as cosmic expansion, shear, Hubble parameter, deceleration, and anisotropy

parameters (Am) are given by

θ =
a(m+ 1)

m(at+ b)
m+η

η

, (55)

σ2 =
c21a

2
η

(at+ b)
2m+2

η

+
a2(2m− 1)2

12η2(at+ b)
2m+2η

η

, (56)

H =
a(m+ 1)

3η(at+ b)
, (57)

q = −3η −m− 1

m+ 1
, (58)

Am =
6η2c21(at+ b)

2η−2
η

(m+ 1)2a
2η−2

η

+
(2m− 1)2

2(m+ 1)2
. (59)

For t = 0 all physical and kinematical parameters are constant. When t → ∞ , the scalar expansion, shear,

and Hubble parameter go to zero in the Marder universe model. The string tension density, coefficient of bulk

viscosity, cosmic energy density, and pressure tend to zero when t → ∞ in different f(R, T )models. These

results are shown in Figures 1–4 for two different f(R, T ) models, i.e. the R+2f(T ) and f1(R)+f2(T ) models.

Using Eq. (58), to obtain the superexponential expansion model (q < −1), m must be m > 0 or m < −1.

For the accelerating power law expansion model (−1 < q < 0), m must be m > −1
4 or m < 0. To get the

decelerating expansion model (q > 0), m must be m < − 1
4 or m > −1 in f(R, T ) gravitation theory.

In 2013, Naidu et al. [39] investigated the anisotropic and homogeneous Bianchi type V universe with

BVS cosmological model in f(R, T ) theory. Kiran and Reddy [21] researched the Bianchi type III anisotropic
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Figure 1. The variation of bulk viscosity for R + 2f(T)

and f1(R) + f2(T ) models.

Figure 2. The variation of density for R + 2f(T) and

f1(R) + f2(T ) models.

Figure 3. The variation of string tension density for R +

2f(T) and f1(R) + f2(T ) models.

Figure 4. The variation of cosmic pressure for R + 2f(T)

and f1(R) + f2(T ) models.

and homogeneous universe with BVS in f(R, T ) gravity and they obtained zero string tension density for

homogeneous and anisotropic universe models. In this study we obtain nonzero string tension density for a

homogeneous and anisotropic Marder universe. If we take m = 1
2 or η = 1 in Eqs. (41) and (52), we obtain

zero string tension density in the R + 2f(T ) and f1(R) + f2(T ) models. However, for κ = 0 we get m = 1
2

and
σx
x

θ = 0 and our model becomes isotropic. In this situation bulk viscous string energy-momentum solutions
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transform to just bulk viscous energy-momentum solutions in f(R, T ) gravity for Marder space-time. We obtain

the same metric potentials for bulk viscous matter in two different f(R, T ) gravitation models as follows:

A = (at+ b)
1
2η , (60)

B = (at+ b)
1
2η e

2(at+b)

η−1
η a

1
η c1η−2ηc2−a

2a(η−1) , (61)

C = (at+ b)
1
2η e

−2(at+b)

η−1
η a

1
η c1η+2ηc2+a

2a(η−1) , (62)

and other bulk viscous energy-momentum results in f(R, T ) theory for R+ 2f(T ) and f1(R) + f2(T ) models

are given below.

5.1. Bulk viscous matter solutions for R+ 2f(T ) model in f(R, T ) gravity

In this situation we give the energy density ρ , the coefficient of bulk viscosity ξ , and p̄ for bulk viscous matter

solutions in the R+ 2f(T ) model as follows:

ρ =
c21a

2
η

2(4π + µ)(at+ b)
3
η

− a2(6π + ηµ+ 2µ)

8(4π + µ)(2π + µ)η2(at+ b)
3
η

, (63)

p̄ =
c21a

2
η

2(4π + µ)(at+ b)
3
η

− a2(8π η + 3ηµ− 2π)

8(4π + µ)(2π + µ)η2(at+ b)
1+2η

η

, (64)

ξ =
ηc21(ε0 − 1)(at+ b)

η−3
η

3(4π + µ)a
η−2
η

+
a

(at+ b)
η+1
η

(
(η − ε0)

6η(4π + µ)
+

(4η − 2ε0 − 2)π − µη(ε0 − 1)

12η(4π + µ)(2π + µ)

)
. (65)

For µ = 0, our results transform to general relativity results with bulk viscous matter distribution in the Marder

universe as follows:

ρ =
c21a

2
η

(8π)(at+ b)
3
η

− 3π a2

32π2η2(at+ b)
3
η

, (66)

p̄ =
c21a

2
η

8π(at+ b)
3
η

− a2(4π η − π)

32π2η2(at+ b)
1+2η

η

, (67)

ξ =
ηc21(ε0 − 1)(at+ b)

η−3
η

3(4π)a
η−2
η

+
a

(at+ b)
η+1
η

(
(η − ε0)

24ηπ
+

(2η − ε0−)π

48ηπ2

)
. (68)

5.2. Bulk viscous matter solutions for f1(R) + f2(T ) model in f(R, T ) gravity

In this section we give the energy density ρ , the coefficient of bulk viscosity ξ , and p̄ for bulk viscous matter

solutions in the f1(R) + f2(T ) model as follows:

ρ =
µc21a

2
η

(8π + µ)(at+ b)
3
η

− (12π + µη + 2µ)a2µ

4η2(4π + µ)(8π + µ)(at+ b)
3
η

, (69)
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p̄ =
(16πη + 3µη − 4π)a2µ

4η2(4π + µ)(8π + µ)(at+ b)
2η+1

η

+
µc21a

2
η

(8π + µ)(at+ b)
3
η

, (70)

ξ =
µa(η(16π + 3µ− µε0)− 2ε0µ− 4(3ε0 + 1)π

6(4π + µ)(8π + µ)(at+ b)
η+1
η

+
2ηc21µ(ε0 − 1)a

2−η
η

3(8π + µ)(at+ b)
3−η
η

. (71)

From Eqs. (63)–(71), we see that energy density, the coefficient of bulk viscosity, and pressure decrease with

time. This leads to an inflationary model and these results agree with the study by Reddy et al. [20].
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[31] Aygün, S.; Aktaş, C.; Yılmaz, İ. J. Geom. Phys. 2012, 62, 100-106.

[32] Marder, L. Proc. R. Soc. A 1958, 244, 524-537.
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