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Abstract: In this study, we have investigated homogeneous and anisotropic Marder space-time with bulk viscous string
matter distribution in f(R,T) gravity. For this aim we have used the anisotropy feature (%) of Marder space-time and
a deceleration parameter in two different f(R,T) models. We have obtained bulk viscous matter distribution solutions

in f(R,T) gravity. Finally, some kinematical and physical properties are discussed.
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1. Introduction

The universe is accelerating [1,2] with unknown forces and scientists continue to work to identify the causes of
the acceleration of the universe [3]. In this context, it is very important to investigate alternative gravitation
theories in order to find the causes of acceleration. To solve this problem, Harko et al. suggested the f(R,T)
theory in 2011 [4]. This theory has recently been studied by many other scientists [5-13]. Myrzakulov and his
colleagues investigated f(R,T) gravitation theory for various matter contents and various space-time models
[14-16]. The thermodynamics properties [17], the energy conditions [18], and anisotropic space-times were
investigated with scalar field and perfect fluid matter distributions [19] in f(R,T) gravitation theory by Sharif
and Zubair. In 2014, Reddy et al. studied the Kantowski—Sachs bulk viscous model including strings in Harko
et al.’s [4] new theory of gravity [20]. Kiran and Reddy researched the Bianchi type III universe model with
bulk viscous string (BVS) in f(R,T) theory [21]. Reddy et al. studied f(R,T) gravity with Kaluza—Klein
space-time and bulk viscosity with strings [22]. The LRS Bianchi type II universe model was also researched
in f(R,T) gravity for bulk viscosity and strings [23]. Caglar and Aygiin studied self-creation cosmology for
BVS cloud and strange quark matter distribution [24]. A string cloud model with bulk viscosity was also
researched in Brans—Dicke cosmology [25]. Samanta et al. investigated BVS models in higher dimensions for
the Saez—Ballester theory [26]. Pradhan obtained magnetized BVS solutions with the A term [27]. Yadav et al.
magnetized BVS solutions for the Bianchi type I universe model in general relativity [28]. The Kantowski-Sachs
(KS) BVS model was studied in Lyra geometry [29] and KS BVS solutions in an alternative theory of gravity
were researched [30].

The Marder space-time model has some characteristics for sensing the evaluation of the initial universe
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[31] and viscosity has a significant role in cosmology [21]. In this paper we will research Marder space-time with
the f(R,T) theory for the BVS cosmological model.

2. Modified f(R,T) theory and Marder space-time
The action of the new modified f(R,T) theory is served by [4]:

5= / <f (B.T) Lm) =g, (1)

167G

Here trace T is the stress-energy tensor of the matter, T, 5, and ¢ is the determinant of metric tensor g,g while
f(R,T) is a function of the Ricci scalar, R. L, indicates the Lagrangian [4]. The matter’s energy-momentum
tensor is given by [4]:
Ty = -2 3/=0Lm) @)
V=g 0g°P

where L,, is the Lagrangian density and depends only on the metric tensor, and the relation is given by [4]:

20L,,

Toag = 9aplm — ——=.
B = Yap agaﬁ (3)
By varying the action of f(R,T) given in Eq. (1), we get:
1
(gaﬁ vavfl - vﬂvﬁ)fR(R7 T) + fR(Ra T)Raﬂ - if(R7 T)gaﬁ

Here fr(R,T) indicates the derivative with respect to T' and fr(R,T') indicates the derivative with respect to
R [4]. V, is the covariant derivative [4]. We show Z,p in Eq. (4) as follows [4]:

Zap = —2T0p + gapLm — 29" aiié”g"ik. (5)
If we contract Eq. (4), the connection is obtained between R and T as follows:
fr(R, T)Y(3V*V4+R) —2f(R,T)=—fr(R,T)(T+Z)+8nT. (6)
Here = = g*#=,5 [4,8]. Using Eqs. (4) and (6), we get the following equation [4]:
(Fa = 3005 ) FrlRT) 4 Gans U T) = 85 (=T + T
— fr(R,T) (Taﬁ - ;Tga[;) - <Ea,3 - ;Egag) (R, T) + VaVs fa(R,T), (7)
and we write the perfect fluid matter distribution as follows:
Tap = (p+ p)uatis = Pgos- (®)
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Here p is the cosmic pressure, pis the cosmic density, uqand ug are four-velocities, and u,u® =1 [4]. From
Eq. (5), we obtain [4]:
E=—(2Tap + PYap)- (9)

According to Harko et al. [4], three models of f(R,T') theory are:
R+2f(T)
f(R,T) = Ji(R) + f2(T) - (10)

J1(R) + fa(R) f3(T')

In this paper we will research the BVS cosmological model with Marder type universe in two different f(R,T)

models. The Marder space-time is given by [32]:
ds?A(t)*(dt* — dz?) — B(t)*dy* — C(t)%dz* (11)

and the energy momentum tensor of the BVS model is given by [20]:

Tap = (p+ P)Ualtig — PGap — ATalp (12)
where
p=p-3EH=cp (13)
and
e=¢g— 0 (0<e<1) (14)
D= €op (15)

Here g9 and 3 are constants, p is energy density, A is the string tension density, H is the Hubble parameter,
and ¢ is the coefficient of bulk viscosity [20]. u, is the four-velocity vector and z,, is the direction of the string,
which satisfies the following [20]:

rou® =0, uu®=—x,2%=1. (16)

The kinematical quantities for the Marder space-time cosmological model are given by [31,33]:

e = (0,0,0, — A), (17)
9:;<j+g+g> (18)
Ay
=51 (% -4-6) 2
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. 1 (20 A B
0_3<C_A_B>’ 31)
1({A B C
H_3<A+B+C>’ (22)
V = (ABC)3, (23)
and
vV

In Section 3, we will solve modified Einstein field equations in f(R,T)gravitation theory for the R+ 2f(T)
model, and in Section 4, we will obtain exact solutions of the f(R,T) gravitation theory for the f1(R)+ f2(T)

model with BVS cosmological model matter distribution in Marder’s universe model.

3. Modified gravitational field equations for f(R,T)= R+ 2f(T) model
For the f(R,T) modified gravitation theory, the gravitational field equations are given by [4]:
Gap = gaplf(T) +2p f/(T)] + [2f'(T) + 87] Tup, (25)

where the prime indicates differentiation w.r.t. the argument [4]. If we take f(T) = T, wherep is a constant,
in Eq. (25), we get [4]:
Gag = [P — Pulgas + 87T + 20 Tup, (26)

and field equations are given by:

c B BC  BA CA

xc gt aepe T sy T o - VT A 3D o 8T, 27
C +£_£—3 D— U\ — up + 8w p (28)
ot 41 = SMP— A~ up+8Tp,
i+£ 5—3 p— A +87h (29)
AZB T A3 T ad T CHPTHATHPTOTD,

BC AB  AC _
epe gt me = S Buptup - ph (30)

In Egs. (27)—(30), we have six unknowns, i.e. p, p, A, A, B, and C. To solve the field equations, we use a
homogeneous and anisotropic universe model because the study of homogeneous and anisotropic cosmological
models is significant to understand the large-scale behavior of the universe. For the solutions of modified field
equations, first we assume that the anisotropy parameter § # 0 [31,34-36]. With the characteristic of the

anisotropy for Marder space-time, we obtain

= =r, (31)
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where & is a constant and 0 < x < 1. From Egs. (18), (19), and (31) we get
A= (BC)™, (32)

3r+1

505, is a constant. Secondly, we will use the deceleration parameter because the deceleration

where m =

parameter (¢) has a significant effect on the universe. Using this parameter we could say whether our universe

accelerates or not [37]. The deceleration parameter is given as follows:

4%
q= 7z = const. (33)

From Egs. (32) and (33) we obtain,

(at + by
e

Here, a, b, and 7 are constants. Using Eqgs. (28), (29), and (32), we obtain

B = (34)

B C
5 =0 (35)

From Egs. (32)—(35) we get metric potentials A, B, and C as follows:

A= (at+b)7, (36)
n—1 1
2(at+b) M alecyn—a—2c 1
—e TG (at + b)7, (37)

n—1 1
—2(at+b) M all cynta+t2can

C=c¢e¢ 2a(n—1) (Cbt + b)% . (38)

Here ¢; and ¢y are constants. From Eqs. (13)—(15), (27)-(30), and (36)—(38), we obtain p,p, A, £, and p as
follows:

S

a a®(8mm + nu + 4mpy + 27)
pP= 2mi2 2mi2 0 (39)
2(4m + p)(at +0b) 8(4m + p)(2m + p)n?(at +b) 7

3o

_ Aa a? (87 mn + dmnp + 47 + np — 27)
b= 2m+t2 2(m+tn) (40)
2(4m + p)(at +b) n 8(4m + )27 + p)n?(at +b) ™ =

(2m —1)(1 —n)a?

A= 2Em (41)
A(dm + p)n?(at +b) "
. coctar _ c0d®(8mm + nu + 4mp + 2r) (42)
2dm+p)(at +0) 5 8(Am+ ) (2m+ pn(at + )T
_ a < (n — €0)m (4n — 250 — 2)m — pm (0 — 1)>
(at + )5 \20(m +1)(dr+ )~ Sn(m + 1)(4m + p) (27 + p)
9 _ 7;—277—2711,

+7761 (e0 — 1)(at +b) (43)

2(m + 1)(47 + M)a%z
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4. Modified gravitation field equations for the f(R,T) = fi1(R) + f2(T) model
When we take f(R,T) = fi(R) + f2(T) in Eq. (6) with Egs. (8) and (9), we get the following [4]:

F{L(R)Rap = 511 (R)gas + (905V "V~ Va5 (R)
— 7+ £y (DT + (£ (T + 51201 ) g (49)

In f(R,T) theory, if we choose f1(R) = pR and fo(T) = uT in Eq. (44), we get [4]

(8Tt p—0D
o= () (7520

and we can write the modified field equations for this model as follows:

A§c+,f3_ji:82p+32p’ o
o o
Afgc - i% - i% - 787 " 23p' o

From Egs. (12)—(15), (36)—(38), and (46)—(49), we get energy density p, pressure p and string tension density
A, coefficient of bulk viscosity &, and p for the second f(R,T) model as follows:

/w%a% (32mm + 2unm + un —|—+6mu+87r—|—u)a2

u
p= mtz ) (50)
(87 + p)(at + )5 8(4m + PP (8 + ) (at +5) T
5= (327nm + 6 unm + 1677 + 3nu +2m,u 81 — p)a’u N pctan (51)
- 2 2m+42 )
8n2(4dm + p) (8 + u)(at + b) e (87 + w)(at + b) 3
1-— 2m —1
N d=-m@m-1)a mm’ (52)
2 (87 + p) n?(at + b)
b= uc?a%so ~ (32mm + 2punm + pn ++6mu+87r+u)a uso (53)

(87 + p)(at +b) E 8n%(4m + p) (87 + p)(at + b)

pna(n(2m + 1)(167 + 3p — peg) — (6meg — 2m + o + 1) — (32meg + 8o + 8)7
8(m + 1)(4m + p) (87 + p)(at + b) e
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9 2-n
neiu(eg — a7
: 2m—n+2 * (54)

B+ p)(m+1)(at+0b) =

However, we find the same metric potentials given by Eqs. (36)—(38) in this model.

5. Discussion

The anisotropic and homogeneous space-times play significant roles for describing the early universe and these
models have some essential properties for understanding the early universe, such as the formation of galaxies
[38]. On the other hand, alternative theories seem to be very appropriate for exploring the accelerating of our
universe. Therefore, in this research we have studied BVS matter distribution for Marder space time that is
homogeneous and anisotropic in f(R,T) gravity with the R+ 2f(T) and fi1(R) + f2(T) models given by [4].
To obtain exact solutions of f(R,T) theory, we have handled the anisotropy feature of the Marder universe

model and a deceleration parameter in two models. From Eqs. (36)—(38), the metric in Eq. (11) can be written
as:

n=1 1 n=1 1
2m 1 2(at+b) 1 aMcyn—a—2con —2(at+b) M a"cintat2ean
ds?> = (at + b)™ (dt? — dz?) — (at + b)7 <e a(n=1) dy? —e a(n=1) 22>

Kinematical parameters such as cosmic expansion, shear, Hubble parameter, deceleration, and anisotropy

parameters (A,,) are given by

a(m+1
-t (55)
m(at +b) 7
2 2 2 2
7 2m — 1
02 = al ]2m+2 + ‘ ( o 22n+2n s (56)
(at+b) 7 12n%(at +b)
a(m+1)
=—" 57
3n(at + b) (57)
—m-—1
T (58)
6n%ct(at + b)¥ (2m —1)?

Ay = 5 + . (59)
(m+1)2a

2 2(m+1)2

For t = 0 all physical and kinematical parameters are constant. When ¢t — oo, the scalar expansion, shear,
and Hubble parameter go to zero in the Marder universe model. The string tension density, coefficient of bulk
viscosity, cosmic energy density, and pressure tend to zero when ¢t — oo in different f(R,T)models. These
results are shown in Figures 1-4 for two different f(R,T) models, i.e. the R+2f(T) and fi(R)+ f2(T) models.
Using Eq. (58), to obtain the superexponential expansion model (¢ < —1), m must be m > 0 or m < —1.
For the accelerating power law expansion model (—1 < ¢ < 0), m must be m > —1 or m < 0. To get the
decelerating expansion model (¢ > 0), m must be m < —1 or m > —1 in f(R,T) gravitation theory.

In 2013, Naidu et al. [39] investigated the anisotropic and homogeneous Bianchi type V universe with

BVS cosmological model in f(R,T) theory. Kiran and Reddy [21] researched the Bianchi type III anisotropic
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Figure 1. The variation of bulk viscosity for R + 2f(T) Figure 2. The variation of density for R + 2f(T) and

and fi(R) + f2(T) models. f1(R) + f2(T) models.
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Figure 3. The variation of string tension density for R + Figure 4. The variation of cosmic pressure for R + 2f(T)
2f(T) and f1(R) 4+ f2(T) models. and f1(R) + f2(T) models.

and homogeneous universe with BVS in f(R,T) gravity and they obtained zero string tension density for
homogeneous and anisotropic universe models. In this study we obtain nonzero string tension density for a

homogeneous and anisotropic Marder universe. If we take m = 3 or n =1 in Eqs. (41) and (52), we obtain

zero string tension density in the R+ 2f(T) and fi(R) + fo(T) models. However, for k = 0 we get m = 3

and % = 0 and our model becomes isotropic. In this situation bulk viscous string energy-momentum solutions
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transform to just bulk viscous energy-momentum solutions in f(R,T) gravity for Marder space-time. We obtain

the same metric potentials for bulk viscous matter in two different f(R,T) gravitation models as follows:

A= (at +b)7, (60)
n—1 1
1 2(at+b) M allejn—2ncp—a
B = (at + b) 2n e 2a(n—1) , (61)
n=1 1
—2(at+b) "M a" cyn+2nc a
C’:(at—kb)ﬁe (at+bd) 211(7771)1 1+2nco+ ’ (62)

and other bulk viscous energy-momentum results in f(R,T) theory for R+ 2f(T) and fi(R) + f2(T) models

are given below.

5.1. Bulk viscous matter solutions for R+ 2f(T) model in f(R,T) gravity

In this situation we give the energy density p, the coefficient of bulk viscosity &, and p for bulk viscous matter
solutions in the R+ 2f(T) model as follows:

2 2 2
; 6 2
. cian a”(6m + np + 2p) 7 (63)

2dm + p)(at + b)7 84w + ) (27 + p)n?(at + b)*

3o

5= a 3 a?(8mn + 3nu — 2m) (64)
204 + p)(at +b)"  8(4m + p)(2m + p)n2(at +b)

n—3
n

a ( (n—eo) (4n — 2e0 — 2)m — pn(eo — 1)) . (65)

B nc3(go — 1)(at + b)
3(47 + p)a’ T (at +b)"r \6n(4m + p) 12n(4m + 1) (27 + p)

For 1 = 0, our results transform to general relativity results with bulk viscous matter distribution in the Marder

universe as follows:

Gar 3ma?
P= el T (66)
(8m)(at +b)n  32mw2n2(at + b)n
— 02(1% a2 471' — T
p= ; T b 2+2n’ (67)
8m(at +b)n  32m2n2(at +b) 7
2 —1D(at+b = _ M — en—
€= 7701(50 )(an_t ) 1 i a . ((T} 50) i ( 7 502 )71') . (68)
3(4m)a 7 (at +b) 7 24nm 48nm

5.2. Bulk viscous matter solutions for fi(R)+ f2(7) model in f(R,T) gravity

In this section we give the energy density p, the coefficient of bulk viscosity &, and p for bulk viscous matter
solutions in the f1(R) + f2(T) model as follows:

,uc%a% (127 + pun + 2u)a’p
p= - ) (69)

(8 + p)(at +b)7  dn2(4m + p) (87 + p)(at + b)7
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_ 1670 + 3un — 4n)a? an
5= (16mn + 3un ) quL pict ~ (10)
an? (4 + p) (87 + p)(at + b) (87 + p)(at +b)n
pa(n(16m + 3 — peg) — 2eop — 4(3g0 + 1)m N 22 pu(eq — 1>a2;n -
6(dm + ) (87 + ) (at + b)™+ 3(87 + r)(at +0) 7"

From Egs. (63)—(71), we see that energy density, the coefficient of bulk viscosity, and pressure decrease with

time. This leads to an inflationary model and these results agree with the study by Reddy et al. [20].
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