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Abstract: In this work, we discuss the gravitational memory effect in higher derivative and infinite derivative gravity
theories and give the detailed relevant calculations whose results were given in our recent works. We show that the
memory effect in higher derivative gravity takes the same form as in pure GR at large distances, whereas at small
distances, the results are different. We also demonstrate that, in infinite derivative gravity, the memory is reduced via
error function as compared to Einstein’s gravity. For the lower bound on the mass scale of nonlocality, the memory

essentially reproduces the usual GR result at distances above very small distances.
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1. Introduction

Reconciling unitarity (i.e. ghost and tachyon freedom) with renormalizability in gravity theories has been

the foremost obstacle to obtain a complete theory of gravity. By adding scalar quadratic curvature terms to

2
(A

theory does not satisfy the requirements of the unitarity due to a contradiction between the massless and massive

Einstein’s theory such as the higher derivative gravity, R + aR? + 8R? , renormalizability is restored, but the
spin-2 modes [1]. Thus, the theory has spin-2 Weyl ghost mode that leads to Ostragradsky-type instabilities at
the classical level, which become ghosts at the quantum level. As a consequence, the addition of higher order
curvature terms gives rise to a contradiction between the unitarity and the renormalizability. On the other
hand, another vigorous attempt has recently been proposed as a ghost and singularity-free theory of gravity.
This theory, called infinite derivative gravity (IDG), has the potential to provide a viable theory [2, 3]. Here
the action is built from nonlocal analytic functions F;(O) [given in Eq. (23)], where O is the d’Alembartian

operator (O = gWV,LVZ,).1 In IDG, the propagator in a Minkowski background is given as

P2 P g
a2 2a() ~ a(k?)’ (1)

II;pe =

in which P? and P? are Barnes—Rivers spin projection operators [2] and Ilgg is the graviton propagator in
pure GR. Also, arbitrary function a is given in terms of F;(O) [see Eq. (25)]. In order for the theory to be
ghost-free and not have extra scalar dynamical degrees of freedom (DOF) other than the massless graviton

propagating in 3 + 1 dimensions, the a(k?) term should have no roots. For this purpose, a(k?) can be chosen
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to be an exponential of an entire function as a(k?) = eV(A%), where 7('“—22) is an entire function. This choice

ensures that the propagator has no new extra dynamical roots compared to pure GR and thus it is only modified
by an arbitrary function a(k?). In the a(k?) — 0 or k < M limit, the propagator reproduces the usual GR
result. Moreover, the theory is free from Ostragradsky’s ghost instabilities since the modified propagator does
not contain any extra dynamical DOF. With the modified propagator, the infinite derivative extension of GR
has upgraded small-scale behavior. For example, it was recently reported in [15] that IDG has nonsingular
Newtonian potential for the point source as one approaches r — 0. In [21], the discussion is extended to the
case where there are spin-spin and spin-orbit interactions in addition to mass-mass interactions, and it is shown
that not only mass-mass interactions but also spin-spin and spin orbit interactions are regular and finite at the
origin. Hence, the theory is very well behaved in the small scale, unlike GR. On the other hand, loop divergences
beyond the 1-loop for IDG would be regulated by introducing some appropriate form factors [22]. Additionally,
IDG also has the potential to solve the problem of singularities in black holes and cosmology [2-9].

In this work, we would like to discuss the gravitational memory effect in higher derivative gravity and
IDG in a flat spacetime and compare these with the result of GR. At this point, one can ask what memory
effect is. Let us give a brief summary: gravitational waves, created by the merger of neutron stars or black
holes, etc., induce a nontrivial effect on a system composed of inertial test particles. In other words, a pulse of
a gravitational wave produces a nontrivial change in the relative separation of test particles. This phenomenon
is known as the gravitational memory effect and comes in two forms: ordinary (or linear) [23] and null (or
nonlinear) [24]. Recently, many works have been done on memory effect in various aspects [25-37]. In fact,
the gravitational memory effect was given as a result in higher derivative gravity [36] and IDG [21] since the
calculations are tedious and lengthy. In this paper, we shall go further and give detailed relevant computations
of gravitational memory effect in these theories.

This paper is organized as follows: in Section 2, we calculate the memory effect in higher derivative
gravity and investigate the effects of quadratic terms on the memory. Section 3 is devoted to computing the
memory effect in IDG and its large and small distance limits. In that section, we also consider the effects of

mass scale of nonlocality on gravitational memory.

2. Memory effect in higher derivative gravity

In this section, we will study the detailed computations for the memory effect in generic even-dimensional flat

backgrounds. To do so, let us first note that the action of higher derivative gravity is given as follows:
1
I = /le’ V=g {nR +aR?+ BRZb + 7 (Rapeq — 4R2, + R?) + 'Cmatter} , (2)
where & is Newton’s constant.? The source coupled field equations reads

1 1 1
E (Rab — ZQQbR) + 2aR (Rab — 4gabR) + (20[ + 6) (gabD — Vavb) R

1
+2y [RRab — 2Racha R + Racae Ry ™" = 2Rac Ry — S 9ab (Reges — 4R% + RQ)}

1 1
+BD (Rab - 29abR> + 2ﬁ (Racbd - 4gabRcd> RCd) = Tab- (3)

2Tn this part, for the sake of simplicity, we will use the abstract index notation [38] and geometric unit system (G = 1).
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Linearization of the field equations in (3) about the Minkowski background metric, g, = Guv + by, yields®
39]

1 _ _ _
Tu, (h) = —Giy+ 20+ F) (g0 — Va V) R” + 800G, (4)

in which T, (k) is the conserved energy momentum tensor, which includes all the quadratic order terms as

Tap = Tap + O(h%,h3,...), L refers to linearization, and Q(fb is the linearized Einstein tensor:

1
Gay = Rip — §§abRL- (5)

Here the linearized Ricci tensor RaLb and the scalar curvature RL are given respectively as [40]

Rl = = (VVahie + VVhhae — Ohay — Vo Vih) , RY = —Oh + VOV hy,,. (6)

N —

Using the linearized form of the tensors, manipulation of (4) reads as

(4a(D — 1)+ DB)O — (D —2) (i)] Rl =oT. (7)

In the de Donder gauge, 0%hq, = 30yh, which give rises to R = —19%h,, and GL, = —102(hay, — Lgaph). By

using these, the field equations take the following form:

1 1
(; + ﬁ82)82hab = 2T+ 2(2a + 5)(@1582 — 8a8b)RL — (; + 682)§abRL7 (8)

which is the equation that we will work with in this section. Note that by using Eq. (7), this equation can be
recast in the following desired form:
2T 4(2a + B)

hao == s 175
(802 + )0 (662+;)<(4a(D—1)+Dﬁ)82—1(D—2)>82

(gaba2 - 8aab)T‘

_ 2gabT
((4a(D -1)+Dp)9*> - L(D - 2))82)

whose retarded inhomogeneous solution can be found to be
hap = / (26’1 (z, 2" Top (') — 420 + B)G% (2, 2") (G0 — 0aOp)T (") + 290 G> (2, x’)T(m’)) dPa, (10)
where the scalar Green’s function is defined as
1 -1
6! n,') = 5 (02— mje2)

1 2 2 2 2\ 02 !
3(4a(D — 1) + DB) ((a —mjg)(9 —mc)3> : (11)

(4a(D —11) + Df) ((62 - m?:)32> _1,

3We will work with the mostly plus signature 7., = diag(—1,1,1,1).

G*(w,2") =

G3(z,2') =
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where mg is the mass of the massive spin-2 graviton given as m% = fm and m, is the mass of the massive
spin-0 graviton defined as m? = m. To calculate the memory effect, we follow the method of

[25, 26]. For this purpose, let us now consider the incoming massive particles that interact at the point ¢t = 0, &,
and some outgoing massive particles created at this point. Then the corresponding energy momentum tensor

of the particle sources can be written as:
in dT( j) ou
Tuy = Y mugauc—g0s(x =y (t + . m 2 D upauands(x — v ()0, (12)
(7)in (2)out

where © is the step function and wu(;), and u;), are four normalized velocities. Coherently, one can show that

the propagators can be explicitly described as

G (o) = L (OO L0 ot 2y,

2(2m) r v or r
G2 = 5aD e EST) L(%)L’z?mgmg@(t = t/)(%%)?w
" (%)‘55{_?(;?; ’")mQ) (ﬂ%("}f%‘“’ms (mar) = ()% Ko s (mer) )| (13)
C ) =T 5 <®(tr_ e - \/Z(WZC)D Kep 3<W))

where K D3 (r) is the modified Bessel function of the second kind. With these tools, the retarded solution of

higher derivative gravity can be obtained up to leading order % :

o) = s (577" = o) " emmer) (an0() + B0

e (0= (=) e (oot + o)

2(2a + B)Ged 1 {_ bos L ( o
+ 5(404(D _ 1) +D6) (m% _mg) (27TT)D;2 mg e Gab m,B( @( )

—ﬂ“f@(—U))+2mﬁ6(0><a6d—ﬂcd>)+<mc>”2‘8e gab(< 2010 (1)

8 D—4
) )

m2 — m2
— B0 + 2med (U)o = 57 + T T K it - 5
B

D—-8

+mg? e " (m%rarb(aCd@(U) — BO(=U)) + mg(a® — BN (K,ry + Kyra)d(U)
+ (- ﬁCd)KaKb(S(U)'> — mCDT_Se_mCT (mzrarb(osz@(U) - B“e(-U))
+me(a = BN (Korp + Kpra)5(U) + (4 — BCd)KaKbé(U)’> }
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Here U =t —r is the retarded time, and K¢ = —0°U = t% 4+ r® and t* and r® = 9% are unit vectors. In this

setting, we define
dr® m‘()“)t L
£ = E ¢ (1),
an(F) = dt (l—r v<i>><“a o )

(i) out

i d m; .
fuld) = 3 5 (1f(-)v<z>)<“()u’(’)>'

(15)

Since the memory is related to the curvature tensor by means of the geodesic equation, one needs to first

compute the linearized Riemann tensor, which is defined as
Rabed = 0aOlghp)e — 0cOlahpja- (16)

Finally, to leading order, the linearized Riemann tensor of metric perturbation yields

D—2

K d—z K D-2 d*e(U)
abed =55 K[jaQp)[c K — - 7 | K Ay Ky ———=
Raped (QW)DT DIC ey s(U) )5 (mp) ( aAeleBa) s
do(U doU _
+ mgK[ Ab][ B = ) + mﬁK[dAb][cra]% + Qm%r[aab][crd]G(U) (17)

dUu

+ 2m3raBy) [crd]@(U)) e ",

where we define

out
QCdu u
=2 3 () (st - 525 )

(i)out

driy) (™) Geati(yyuly)
-2 1) ¢ d__ 17G) 7G)
Z dt (1 —Fv( )) (qac“<a)qbd“(g> D5 dab

(3)in

(18)

out

dray (™M) g Qeati(yuy
Ngh = 2 ( ) ac ‘. Y T T~ o Ydab |
Qqp Z it \T=t-vg GacW(;)qbdU ;) D_29 dab

(i)out

dry (™M) o g eaulyuly
Bab =2 Z dt (1 T V(])) Qacu(j)deu(j) - ﬂQab y

(4)in

and qqp is the projector that projects the metric onto S”~2. The relative separation between two massive test
particles at rest is given by the geodesic deviation equation. If £ is a spatial separation vector, the geodesic
equation takes the form
a2¢i
.

—R'oj08. (19)
By substituting Eq. (17) into Eq. (19) and then carrying out the integrals twice, we have the following [36]:
D—4

U U’ 2¢i
, d“& 2w d—= D—1
AV :/ dU’/ au” = ( o — (m z m“)Al(a , 20
¢= [ [ i e (e 0" )¢ (20)
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where A; are spatial components of the memory tensor. Observe that the theory gives nontrivial memory

effect and memory is reduced by massive spin-2 mode compared to GR. In four dimensions, memory takes the
following form:

Ag = 1<1 - emf") ALOU)E. (21)

r

In the large separation limits, the memory reproduces the GR result [25], whereas at small distances, it is
different. On the other hand, in the mg — oo limit, the usual Einsteinian form can be obtained for memory as

expected.

3. Memory effect in IDG

We now consider memory effect for particle scattering in IDG as a function of mass scale of nonlocality. The

Lagrangian density of IDG is [2]
/ M}% 1 1 ab 1 abcd
E = -9 TR + iRFl(D)R + iRabFQ(D)R + gcabchS(D)C + ﬁmatter 9 (22)

where Mp is the Planck mass, Cgypeq is the Weyl tensor, R, is the Ricci tensor, and R is the scalar curvature.

The infinite derivative functions F;(O), which are analytic functions of the d’Alembartian operator, are given
as

Fi(0) = fuusgor (23)
n=1

in which f; are dimensionless coefficients and M is the mass scale of nonlocality. The linearized field equations

about a Minkowski background yield [2]

A(O)RE, ~ Snac(O)RE — 3 [(0),0,R* = KT, (24)

and here nonlinear functions are given as
a(0) = 1+ Mp? (Fy(0) + 2F3(0)) O,

() = 1= My* (4R(0) + Fa(®) - 3F(0)) @ )

10) = Mz (41,(0) + 2(0) + 3 F2(@) )

which leads to the constraint a(0) —¢(0) = f(0O)O. After substituting the relevant linearized curvature tensors

(6) into (24), linearized field equations can be obtained:
1
3 a(0O) (Dhab — 0y (6ahd b+ 8bhd a)) +¢(O) (8a8bh + nabadﬁehde — nath)
(26)

+ f(D)aaabadaehde = —rkTyp.
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Note that if we choose a(0) = ¢(0O), the GR propagator can be recovered in the large separation limit without

introducing extra DOF. In the de Donder gauge, the linearized field equations (26) can be recast as
a(0)Ga, = KTap, (27)
where T, is a conserved source ( 9,7 = 0). Manipulation of Eq. (27) yields
a(0)Ohgy = —26(Tp — %nabT) = —167 T, (28)
which is the equation that we shall work with. The retarded solution to Eq. (28) is
hap = 167r/Gade(x,x’)Tcd(x’)de’. (29)
Here, Go,°%(x,2') is the retarded Green’s function of the tensorial wave-type equation (28) and it is defined as

Gz, 7") = n,"m G (2, 2”), (30)

where 7,€ is the parallel propagator. The retarded Green’s function of the linearized IDG equation is
M
06—t 1), (31)

where erf(r) is the error function given by the integral

err) = — / (32)

To calculate the memory effect, let us now again consider the energy momentum tensor given in Eq. (12). Upon

using these, the retarded solution for IDG will read

4 (. ~ Mr
hap(x) = - (aab@(U) + ﬁabG(—U))erf( 5 ), (33)
where we have defined two tensors:
dr® m‘()“)t
5 () = ¢ (i)y, ( )
aab(r)_(; dt (1—1‘ v(i)>< +277 b)
1)out
(34)

; out
Bap(£) = Z d;i]) (1 _n:«(])vo))( D)+ 2"“ )
(4)out
Clearly, at this stage, there is only one difference between the IDG and the usual GR due to the error function
in Eq. (33). In fact, for the large separations, the retarded solution reduces the form of usual GR, but for the
small distances the solution converges to a constant. The linearized Riemann tensor for metric perturbation
(33) can be calculated, up to O(%), as

f(Mr M ,
er ( ) (5(U)(Ka7"d + Kd’l’a)e_ Mi 2

r Jr
MS

—ﬁrard@(U)e 1 )

a(ﬁ(}(erf(i‘é“)@([])) :<5’(U)KaKd
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Consequently, to leading order, the linearized Riemann tensor of the retarded metric perturbation can be
obtained as

erf(r)

r

Rabcd :4K[aAb] [ch] 6/ (U)

M M
— 4(ﬁTK[aAb][Crd]5(U) + WK[dAb][cra]é(U)

M3 — _ M2:2
2\/> T[aab [crd]@( ) Mr[aﬁb][crd]@(_[])>e )

where Agy, @ap, and B, are given in Eq. (18). On the other hand, the relative displacement between two
massive test particles at rest is described by the geodesic deviation equation. By inserting Eq. (36) into Eq.

(19) and later integrating this equation twice, one eventually obtains [21]

/ 1" dzfz _ 1 MT 7 ]
/ dU/ dU" 2y = —erf(—-)ASO(U)¢E, (37)

where A; are spatial components of the memory tensor. Note that the relative separation of test particles has
nontrivial change, which is defined by the memory tensor. The memory is reduced via error function compared
to pure GR. In large separation limits as r — oo, erf(r) — 1, the memory takes the usual Einsteinian form as
expected. On the other hand, since IDG is a small-scale modification of GR, for the lower bound on the mass

scale of nonlocality (M > 4keV') [41], the memory reproduces the GR result above at atomic distances.

4. Conclusions

Studies on gravitational memory effect have recently received more attention since there is a hope that it could
be measured by advanced LIGO. Here we investigate the memory effect in higher derivative gravity and IDG
and give full details of computations whose results were given in [21, 36]. We have computed the memory effect
in higher derivative gravity and showed that memory is different from the pure GR result due to the massive
spin-2 mode whose mass reduces the memory. In large separations, memory takes the same form as in pure
GR. On the other hand, we have demonstrated that gravitational memory in IDG depends on the mass scale
of nonlocality and hence it is different from GR: memory is modified by error function. The memory returns to

the usual GR result at sufficiently large separations.
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