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Abstract: Recently a new approach in constructing the conserved charges in cosmological Einstein gravity was given.
In this new formulation, instead of using the explicit form of the field equations, a covariantly conserved rank-four tensor
was used. In the resulting charge expression, instead of the first derivative of the metric perturbation, the linearized
Riemann tensor appears along with the derivative of the background Killing vector fields. Here we give a detailed analysis
of the first-order and the second-order perturbation theory in a gauge-invariant form in cosmological Einstein gravity.
The linearized Einstein tensor is gauge-invariant at the first order but it is not so at the second order, which complicates
the discussion. This method depends on the assumption that the first-order metric perturbation can be decomposed into

gauge-variant and gauge-invariant parts and the gauge-variant parts do not contribute to physical quantities.
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1. Introduction

In general relativity finding the exact solution to the field equations is generally too hard and therefore one
needs to use perturbation theory by starting from the exact solution to the background field equations, which
has symmetries. This technique yields a lot of information about the physical problem at hand. In the absence

of a source, any generic gravity field equations in local coordinates read as follows:
Euw(g(A) =0, 1)
where A parametrizes the solution set. We have the exact solution plus the perturbations defined as:

_ dgHV 1 d2g;w
g(A=0):=g, Ul N N Gl @)

where g is the background solution that we carry out the perturbations around, h denotes the first-order
expansion of the metric tensor, and k denotes the second-order expansion. When we consider the expansion of

the field equations (1) about the background spacetime metric g, we obtain perturbations of the field equations
up to O(\3) as:

B (@) + M) D (B) + X2 <<wﬁw><2><h, h)+ <£’w><1><k>) 0. 3)
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Here by assumption &),,(g) = 0 and (&),,)V)(h) denotes the first-order linearized field equations, while the
combination (&) (h,h) + (&,,)V) (k) shows the expansion of the field equations at the second order. Of
course, not all background solutions can be used to obtain an exact solution, since once g solves the background
field equations, the solution to the first-order perturbation of the field equations, h, must satisfy the given
relation (2). Similarly, the second-order metric perturbation must satisfy the given definition with the second-

order field equations:

(&)@ (0, 1) + () (k) = 0. (4)

It means that even if we find the linearized solutions, h, to the linear order expansion of the field equations
(&,)P(h) = 0, due to the the second-order expansion of the field equations there exists a constraint on
it. In order to understand this issue explicitly, let us consider &*, which denotes the Killing vector field of
g. Contraction of (4) with £* and integration of the result over X, which denotes the hypersurface of the

spacetime manifold .Z , gives

/ d" e/ & (6D (k) = — / A"l /A € (E4) ) (b h), (5)

X X

where we have used the background inverse metric and the metric to raise and lower the indices, respectively,
and 7 denotes the metric of the hypersurface. Once we are given the field equations, we can express the

left-hand side of (5) as a pure divergence of an antisymmetric field F**:

VAEL ()Y D (k) = 8, (VFF™). (6)

When the left-hand side of (5) is expressed in terms of the perturbation of the metric tensor, it is called the
Abbott—Deser—Tekin (ADT) current (or charges) [1, 2] and it is an extension of the Abbott—Deser—-Misner
(ADM) [3] charges of flat spacetime. Substituting the last expression in (5), we conclude that the right-hand
side, which is known as the Taub charge [4], must also be expressed as a pure boundary. Then one ends up
with the equality of the Taub and ADT charges:

Qapr = / AX, G iy, €, FPY = — / d" 'z /7 E ()P (b, h) = —Qraub, (7)
ox

X

where 0 denotes the boundary of the hypersurface X', & is the pull-back metric on it, and 7, is the outward
unit normal vector on 9. If the background spacetime has no boundary, one arrives at the integral constraint

on h as:

[t vag @ ® ) ~o, ®)

X

When this integral constraint is satisfied, we say that g is linearization stable and the perturbation h can be
used to obtain an exact solution, but if this is not the case the background solution has linearization instability
and we cannot improve it to get an exact solution. In other words, g is an isolated solution. This issue was
studied for Einstein’s theory in [5-11], summarized in [12, 13], and it was extended to the generic gravity

theories recently in [14, 15] and to chiral gravity in [16]. For the cosmological Einstein theory it was shown
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that \/7&, (& #)(2)(h,h) cannot be expressed as a pure boundary [17]; it has an additional bulk part, which
becomes a constraint on the linear order expansion of the metric tensor. The constraint in Einstein’s theory

reads as:

1 / I FEL(TE Y VTE (P )V =0, ()

A
b
Below, in Section 2, we consider the cosmological Einstein gravity and give the Abbott-Deser (AD)
formula of the conserved charges [1] for background Einstein spacetimes, and we summarize the new formulation
[18, 19] to construct the conserved charges. Then we give the linear order perturbation of the new formula and
its behavior under gauge transformations for (anti) de Sitter background spacetime. In Section 3, we summarize
the second-order expansion of the new formula and construct the gauge transformation of the result. In Section
4, we discuss the results in terms of second-order gauge-invariant perturbation theory of Nakamura [20-23],
which is a useful technique to construct the relevant quantities as gauge-variant and -invariant parts explicitly.

Since the computations are somewhat lengthy, we relegate them to the Appendices.

2. Cosmological Einstein theory at first order

The linear order expansion of the cosmological Einstein tensor' about a generic background is:

1 1 _
(gw)(l) = (Ruu)(l) - iguV(R)(l) - §hwR+ Ahlw- (10)

This background tensor can be written as two parts [2, 24]:

(gw)(l) — @a?ﬁKuaVﬁ + XH (11)
with
nr o — 1 poap v puav 1 —UV ] PO D ARV 1 LY D
X zi(h R," - R ha5)+§g W7 Ry + AR — SHMR, (12)
and
1 ~ ~ ~ ~
Kuau[ﬁ = 5 (gauhuﬁ + guﬁhau _ gaﬂhuu _ guuhaﬁ) ) (13>

Here h*v = h#v — %gﬁ“’h. Suppose that the background spacetime has one Killing vector field at least, say &, .

Contraction of the background Killing vector &, with (g‘“’)(l) yields:
& (") = Vo (& VK" — KMVV48,) + KPP RY & + XM, (14)

where the last two terms vanish for a background Einstein spacetime and, therefore, the current can be written

as pure divergence:
£ (G") D = U,V (E TP — KHOVOT48,) 1= T, . (15)

One natural question is to ask how this expression changes when one changes the coordinates on the background

spacetime. Let the vector field X be the generator of the small diffeomorphism. This equation does not change

IThe details of the computations are given in Appendix A.

495



ALTAS/Turk J Phys

since dx (gl“’)(l) = %xG" , which vanishes for the background Einstein spaces. Although the result is gauge-
invariant, the antisymmetric tensor F*” as defined (15) is gauge-invariant only up to a boundary. The change
of F* under gauge transformations is complicated and was given in [19]. On the other hand, for (anti) de
Sitter background spacetime it is possible to express the current in a completely gauge-invariant way [18, 19],

starting from the second Bianchi identity on the Riemann tensor:
VoRogup + VeRguup + VaRugup, = 0. (16)

Using the contracted Bianchi identity V,G"” = 0 and the metric compatibility V,g.s = 0, and carrying out
the g”? multiplication, one can construct a divergence-free rank-four tensor (let us denote it as P** 3, ), which
has additional properties. The P -tensor satisfies the symmetry properties of the Riemann tensor; it vanishes
for the background (anti) de Sitter space, P go = 0, and contraction of its indices yields the cosmological
Einstein tensor, P, := P"" ,, = (3 —n)G% . Explicitly, the P -tensor reads as:
v 174 174 v 1% 1% R A (n + 1) v 174

P g = R 5o+ 0,Gf = 0505 + 065G — 045G + (2 - St ) (G- agar). (17)
This tensor was used to give a new formulation of conserved charges in [18], and also the construction was
improved for the extensions of the Einstein gravity in [19]. Let us summarize how one can construct the

conserved charges by using the P -tensor. Consider the following exact equation:
V(P 5o VIET) = P 5, V, VP67 = 0, (18)

which is valid for all smooth g without using the field equations. Consider the background spacetime to be the

n-dimensional (anti) de Sitter spacetime with the given relations:

Ruoes = oA Gustos = Buotin) . R = 2gMe R= 225 (19
First-order expansion of (18) about the background (anti) de Sitter spacetime gives:
V(PP ) DT ) — (PP 1) V9,95 =0, (20)
where at linear order expansion of the P -tensor about the (anti) de Sitter spacetime reads as:
(P )V = (R 5) M)+ 2(G1) V8% + 2(G1) Dty + (Rt s%. (21)

Substituting the linearized 7P -tensor, assuming &* to be Killing vector, and using the identity ?Vﬁgfg =

Ryp0&", the linearized equation (20) becomes:
£,(6"W =¢v, ((77”“ ﬁo)(l)vﬁﬁg)v (22)

where we have defined ¢ = %@;}2)' Since (G**)® and (R)™) vanish on the boundary, the conserved

charges of the cosmological Einstein theory can be written as:

c

Q= 2GQ,, 5

| B, (1) v, (23)
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where &, is the unit outward normal vector on the boundary of the hypersurface, 9. For a general background
spacetime, under a variation the linear order expansion of the Riemann tensor transforms as dx (R"* /3,,)(1) =
ZLx RVH 8o, where the vector field X is the generator of the transformation. Since PLx RV* go vanishes for

(anti) de Sitter background (for more details see [19]), it turns out that the conserved charges are given with a

gauge-invariant expression that involves the linearized Riemann tensor explicitly.

3. Cosmological Einstein gravity at second order
Here we summarize perturbations of the cosmological Einstein tensor at the second-order following [17]. Af-

ter using the linearized equation V, (P 5,)(!) = 0, the second-order perturbation of equation (18) about

background (anti) de Sitter spacetime reduces to the divergence and nondivergence parts as:
(g = C(“(V%’(T““ 50) @) = 2(T5,) Vg (P w(”)’ (24)

where we have defined a second-order background tensor:

(Tv* 50)(2) = (PVH ﬂo)(2) + g(pw BU)(l), (25)
and the constant ¢ is defined below (22). Once we use the cosmological Einstein gravity field equations explicitly,
it is shown that the left-hand side of (24) cannot be written as a pure divergence term [17]. It turns out
that the nondivergence part can involve some divergence terms, but it cannot be completely expressed as a
boundary term. It is obvious that a compact hypersurface, ¥, which has no boundary, of the manifold .# , the
nondivergence part of (24), becomes an integral constraint on the solutions to the linear order perturbation of
the equations. Note that if the spacetime .# has a compact hypersurface with a boundary, then we obtain the
equality (7), which relates the solutions of the first-order linearized equations to the solutions of the second-
order equations. If solutions to the first- and the second-order perturbed equations, say h and k, respectively,
come from linearization of an exact solution g, then the integral constraint is automatically satisfied for a
spacetime manifold .# , which has a compact hypersurface without a boundary. Similarly, if the spacetime .#
has a compact hypersurface with a boundary, the equality of the conserved charges (7) will also be satisfied.

Otherwise, we say that g is linearization-unstable and the perturbation theory about it does not make sense.

4. Gauge-invariant perturbation theory

The second-order gauge-invariant perturbation theory was studied in detail in [21-23] and the existence of the
two perturbation parameters was included in [20]. Gauge-invariant perturbation theory is a technique that
allows to compute the tensor fields in terms of gauge-variant and -invariant terms. Of course, one cannot use
this method on any arbitrary background spacetime since the main assumption of the theory is decomposing

the first-order perturbation of the metric tensor as:
h;w = h,uv + ng;wv (26)

where 7LW denotes the gauge-invariant part, and the gauge-variant term .Z xg,,, denotes the Lie differentiation

of the background metric with respect to vector field X, which is the generator of the gauge transformation.
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In the following discussion, we denote the gauge-variant quantities with a tilde and the background quantities

with a bar. If such a decomposition exists, one can express the linear order perturbation of any tensor field T
as:

(1) = ()Y + 2 xT. (27)

Expansion of the metric tensor at the second order can be expressed as:

1~ 1
k'uy = §k’uy + th/Lu + 5 (D%Y - g%{) g,ul/a (28)

where Y, just like X, generates the gauge transformations. Using (26) and (28), the second-order perturbation

of any generic tensor field T' can be written as:
- 1 _
(1) = (T)? + 2x(T)V + 3 (Zx— LT, (29)

Note that since the metric tensor involves irreducible gauge-invariant terms at the linear and the second orders,

the gauge-invariant part of any generic tensor has the same form. Of course, the irreducible gauge-invariant

part of the tensor field only includes E/w and E,w- Details of the computations are given in Appendix C. Here
we discuss the conserved charges, which are constructed by using the P -tensor, in terms of the gauge-invariant
perturbation theory. Let us consider the first-order linearized equation (22), which we can use to construct the

conserved charges. Using the gauge-invariant perturbation theory, the left-hand side of (22) is gauge-invariant:

= v

E.(9" W =€, ((G"W + 2xG") = £,(G"), (30)

since we consider the (anti) de Sitter background spacetime, for which we have G*¥ = 0. The right-hand side

of (22) can be expressed as:
v, ((w BU)(l)ngf) v, (((75”“ 5) D+ 2P 5, W’g"). (31)
This reduces to
vy<(7w Bo)<1>vﬂg‘0> = vy<(75”“ 50)<1>vﬂg‘0> (32)

by using the vanishing of the 7 -tensor for the (anti) de Sitter background spacetime, P"" go = 0. Thus,
similar to the usual perturbation theory, the current is gauge-invariant. At the second order, the left-hand side

of the equation (24) is gauge-invariant, since we have
~ 1 _
(@) = (G +2x (@)Y + 5 (Ly - LX) 9L, (33)

which becomes

(G2)® = ()@, (34)

where we used (G#)(1) =0 = G# in (anti) de Sitter background spacetime. Now let us construct the right-hand

side of (24). For the second order expansion of the P -tensor, we get:
~v 1 v
(P 50)® = (P 5,)® + 2 x(P¥ 5)V 4 2 (2 = 2%) P 5, (3)
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where the last term vanishes at the (anti) de Sitter background spacetime and so we obtain

~ v

(P 55) D = (P 5)® + 2 (P 5) . (36)

Inserting the results in (24) we can write:

— ~ — — — ~V — — ~U h — — ~U
&G =V, (V%%P " 50)® + VP L (P 5o) ) 4 SVOE(P ”w”)
- 2(I5,) Ve (P ), (37)

where the first terms on the right-hand and the left-hand side are in a gauge-invariant form. Then let us

concentrate on the gauge-variant terms. The second term reads:
V, (VL (P ) V) = (V)L (P 50) W + VAT, L (P 50) D, (33)
where the first term vanishes after using the identity V,V2¢% = Ry, #7€* | and then we obtain:
V. (VP 2 X (P 55)V) = V&0, 2 x (P 5,) . (39)
Using identity (74) in Appendix B, we get

oy ~v = _ ~v ~A\
VPV, ZLx (P 5o) ) = VPET (f xVu (P 5)® = bx (T, D (P 5,)D

+ 25X(F;\5)(1)(73W )\0)(1)> . (40)
Thus, one has

~ A ~ v

VIETT, L x (P 5) V) = VP& (<ox(TL) (P 50) ) +20x () V(P " 20) D), (1)

where we have used the first-order linearization of V, P** 3, = 0 about the (anti) de Sitter background metric.
Substituting the results in (37) and using the decomposition of the first-order expansion of the metric tensor

(26), we arrive at:

=, = [ =Rz~y, XV Z=n—=n, =V — —n—- =V
£ = oV, (VP& (P 50)® + SV (P 5) ) + U, X0 0PE7 (P )

~V

— TPE ST O (P )+ 26(B" 1) DT (5x(T3)D — (T2) D), (42)

where the last two terms together form a gauge-invariant combination from the decomposition of the Christoffel

connection:
(Fﬁﬁ)(l) - 5X(F3/3)(1) = (F;),B)(l)- (43)

Also, after a straightforward calculation one has:

_ _ e h—  ~U - ~ )
Vo (VXTI o)) = DOk () (P o) =0, (44)
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which proves the vanishing of the gauge-variant terms. Collecting the pieces together, one arrives at:

&GP =ev, (Wf“(ﬁ”“ 50)® + e (B m“)) =2V (P )W), (45)

where the result involves divergence and nondivergence terms; h refers to the gauge-variant trace of the linear
order perturbation of the metric. The second-order cosmological Einstein tensor is gauge-invariant in this
formulation, and so are the conserved charges, which differs from the usual perturbation theory. For the compact
hypersurfaces without a boundary, vanishing of the last term becomes an integral constraint on solutions of the

first-order linearized equations.

5. Results and conclusions

The general covariance principle introduces a large gauge degree of freedom since in general relativity there is
no preferred coordinate system. In perturbation theory, computing gauge-invariant results plays an important
role since the gauge-variant results can include some unphysical parts, which depend on our choice of the
coordinate system. On the other hand, the second-order gauge-invariant perturbation theory allows to compute
the gauge-invariant parts of the relevant expressions. In this technique one can construct the relevant quantities
as gauge-variant and -gauge-invariant parts, so there is no further need to discuss the gauge invariance since
the quantities involve all information that we need.

In cosmological Einstein theory, construction of the gauge-invariant conserved charges is generally done
by using the explicit form of the field equations. The current does not have to be a gauge-invariant quantity.
Of course, finding a gauge-invariant current is more valuable since one only has the physical terms in this case.
At the first order, starting with the second Bianchi identity, one can compute a gauge-invariant current where
the Riemann tensor is involved explicitly. At the second order neither the cosmological Einstein tensor nor
the conserved charges are gauge-invariant, where the gauge-variant expressions can be expressed as boundary

terms.
In gauge-invariant perturbation theory, at the first order one has gauge-invariant current and conserved

charges as expected. At the second order, one has a gauge-invariant cosmological Einstein tensor. Thus, the

conserved charges and the current are all gauge-invariant in this theory.
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Appendix A: Second-order perturbation theory
Here we give the explicit expressions of the perturbation theory about the background spacetime g up

to the third-order terms by considering the following metric tensor decomposition:

Gab = gab + Ahab + )\Qkaln (46)

where A is a small parameter, and hy, and kg, are the linear and the second-order metric tensor expansions,

respectively. Using g.;,¢”¢ = d¢ , we can compute the expansion of the inverse metric as:
gab — gab _ )\hab + )\2 (hgth _ kab) . (47)

Let us consider a generic tensor T'. It can be perturbed about the background spacetime g as follows:

T=T+XMT)Y + (1), (48)
The Christoffel symbol I,
1
ab = §ng (8agbd + ObGad — 8dgab)7 (49)

is not a tensor quantity but it can be decomposed in the same way:

TG =T + MNI5) W + X(I5,)@. (50)

a

Inserting the given decompositions of the metric tensor and its inverse, we arrive at the linear order perturbation
of the Christoffel symbol as:

1 - _ _
(g, = > (Vahi + Vyhe — Veha) , (51)
and the second-order perturbation as:
(I5)® = Kg — hg(Ta,) Y, (52)
where we have defined
1 - _ _
o= 3 (Vakg + VipkS — Vckab) . (53)
We can write the linear order perturbation of the Riemann tensor as:
(R bea)V = Ve(T)W — Va(Ty)®, (54)
and the second-order expansion of it as:
(R bea)?) = Vo(I5g)?) = Va(T5) ) + (T5) M (Te) ) = (Tg) D (Tg) W, (55)
which reduces to

(R pea)® = 2V 1Ky, = Ve (R0 ) + Va (5D ) + (i) D (Te) D = () D (T5) D, (56)

after using the second-order Christoffel connection given in (52). The first- and the second-order Ricci tensors

are obtained from the contraction, R, := R ,cp , and we get the linear order perturbation of the Ricci tensor:

(Rap)'V = V()M = Va(T) Y, (57)
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and the second-order Ricci tensor:

(Ra)® =2V 1Ky, = Ve (BE(T) V) + Vo (RE05) V) + () V(1) M = (1) O

The first-order linearization of the scalar curvature becomes:
(R)V) = g (Roy)® — Roph®®,
and Ricci scalar at the second order is:
(R)® = Ry, (hghbc _ kab) — (Ray) VR 4 §9(Ray)@.
The cosmological Einstein tensor,
Gab = Rap — %gabR + Agab,

at first order yields

1 1-
(gab)(l) = (Rab)(l) - §§ab<R)(1) — iRhab + Ahab7

and at the second order becomes

1 _
(Ga)® = (Ra)® = 5 (a0 () + han(R) D) + kap R + 20k ) -

2

Appendix B: Identities on Lie and covariant derivatives

c
be

)(1).

(58)

(63)

The Lie derivative plays an important role in the second-order gauge-invariant perturbation theory and

also in the usual gauge transformations generated by a vector field. Here we derive some useful identities

heavily used in the computations. Since covariant and Lie derivatives do not commute, one needs to introduce

the expressions in a compact way that appears when we change the order of these differentiations. In order to

obtain the desired expressions, let us start with the Lie derivative of a rank-two tensor T':

L xTap = XIV Ty + Ty Vo X7 + Ty Vi X7

The covariant derivative of this expression yields:

vchTab = ?CXfﬁfTab + Xf?cvaab + be?(ﬁaXf + ?aXf?chb

+vcvafoa + vaf?CTfa.

When we compute the derivatives changing the order we get:

LxVeTuy = XIV iV Ty + (VeXT) ViTop + (Vo X))V Ty + (Vo XT) V. Tos,

and subtraction of the results yields:

?cfxTab — .ﬁ,ﬂxchab =Xx/ [?C, ?f] Tap + (?C?aXf) Try + (?c?be) Tyy.

Using

[vcv Vf] Top = cha eTeb + chb eTaev

(64)
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one can rewrite (67) as:
Vel xTop = L xVeTap + (VeVa X+ Repa “XT) Topy + (Regp “ X7 + VeV X©) The. (69)

We can relate the last expression with the gauge transformation of the first-order perturbation of the Christoffel
connection as follows. Recall that under the gauge transformations generated by the vector field X , perturbation
of the metric at the linear order transforms as dxhey = VaoXp + VXa = £ xGap, and then the gauge
transformation of the first-order expansion of the Christoffel symbol becomes:

ox (T8 = = (Vadxhg + Vidxhe — Voxha) (70)

N =

which can be rewritten as:
ox (TN = ¥,V X€ 4+ R 1ga X7 (71)

Using the last expression, (69) can be expressed as:
Vel xTap = &L xVeTup + x(T8) DTy + 6x (T5,) V. (72)
Similar computation for a (1,1) tensor ends up with:
Vel xT = L xV T+ T 0x (%)Y — T¢ 05 (T%)W). (73)

We can extend the computation for a general (m,n) tensor as

Vol x T80y oy =L x VT2 (74)

n

+ 5X(1—\Zlbl)(1)Ta1a2...am dbs.. b, + 5X(Fd )(1)Ta1a24..am bid..b, 4o+ (SX(ngn)(l)Talaz“.am bibs...d

Cb2

— Ox (D) dazam oy, — Ox (D) DTO oty oy = = Ox (Dl )T mrezd

which simplifies the computations.
Appendix C: Second-order gauge-invariant perturbation theory
Here we summarize the results of the second-order gauge-invariant perturbation theory following [22].

The gauge transformation of a physical quantity 17" reads as:

T(p) =T(p) + 0T (p), (75)

where T'(p) denotes the physical quantity on spacetime .# at point p, T(p) denotes the same quantity on
the background spacetime . at point p, and T (p) denotes the deviation of T'(p) from its background value
T(p). We show the metric on .# with g and the metric on the background spacetime .#, with g. Let X and
Y denote two different gauge choices and let £&; and & denote the generators of the gauge transformations.

One can compute the following difference:
(DY — (DY = 2T, (76)

where (T)g,1 ) is the first-order expansion of the physical quantity T(p) in the gauge Y and (T)gp denotes the
same quantity in the gauge X . At the second order, expansion of the physical quantity T'(p) reads as:

D) (DG = Ze(D)Y + (Le, + L) T, (77)
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which shows the difference of the perturbations under the change of the coordinate system. The generators &;
and & can be expressed as follows:
=Y - X (78)

and
& =Y, X]. (79)

Note that & and & may be different. Following Nakamura [22], we assume that the first-order metric

perturbation can be expressed as gauge-variant and -invariant parts:
hab = hab + ?aXb + ?bXa - hfab + fXgaba (80)

where Eab is the gauge-invariant term and the £ xg., denotes the gauge-variant part. From the gauge

transformation given in (76), we can write
8y hay — xhap = 0, (81)

which shows the gauge invariance of Eab. If we accept this decomposition, the second-order expansion of the
metric tensor can be expressed as:

2kap = Eab + 2% xhap + (Zy — .,g%() Jab, (82)
where %ab is the gauge-invariant part and the additional terms are all gauge-variant. Using the given decom-

positions of the expansion of the metric at the first- and the second-order metric, the linear order expansion of

a generic tensor field reads as:
(1) = ()W + 2T, (83)

which means that the gauge-variant part of the tensor field is equivalent to the Lie derivative of this tensor field
evaluated at the background spacetime. For the second-order perturbations, we obtain a similar expression as
follows:

Here (T)®) is the gauge-variant part of the second-order tensor (7)(® and the remaining terms are gauge-

variant. Using (80), the linear order perturbation of the Christoffel symbol (51) can be written as:
1({- ~ _ _ o~ _ _
(5" =5 (Va(hz + VX + VOXy) + Vi (RS + Vo X + VOX,)
~V(hap + Va Xy + v,,Xa)) : (85)

For simplicity, let us define a new gauge-invariant background tensor:

~ Ve
e =5 (Valis + Vol = V) (86)
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Then we have
- 1, - _ o o o
() = (5™ + 5 (2VaVaX© + [Va, V] Xp + [V, Vo] X+ [V, V] Xa) (87)
which reduces to
(T2 = (T + VoV X® + R g X, (88)

where we used the identity [?a, @b] X¢ = Ry X, and also the first Bianchi identity Roped+Ricad+Reapa = 0.

Furthermore, from (71) we get:
(Tap )N = (Tap )M + 8 (Tap )Y, (89)

which relates the first-order perturbation of the Christoffel connection with the usual gauge transformation of

it. Similarly, the linear order expansion of the Riemann tensor (54) can be expressed as:
(R b)) = 2V (T5,) Y + [V, V] VX + R 4eaVeX® — R 4ecVaX® + X (VR peq — VaR" pee),  (90)
and it reduces to:
(R pea) V) = 2?[c(fg]b)(1) + XVeR" ped + R 1eaVe X+ R pee VaX© + R ccaVp X — R peaVeX®,  (91)

after using the second Bianchi identity V,Rpede + Vi Reade + VeRapvde = 0. Note that the gauge-variant part is
obviously given as the Lie differentiation of the Riemann tensor evaluated at the background spacetime. Then

the final expression becomes:

(R pea) M) = 2%-(3][,)(1) + & xR peds (92)

which is consistent with the aim of the gauge-invariant perturbation theory. The first-order linearized Ricci

tensor can be found from the contraction of the first and the third indices, (Rab)(l) = (R° acb)(l), so we have
(Rap)® = 2V1o(T5,) "V + £ x Rab. (93)

Since the first-order perturbation of the Christoffel symbol is a background tensor, one can raise and lower the
indices with the background inverse metric and the metric, respectively. For an example, we use (Facd)(l) =

Gba(T%.)) | where the up index is lowered as the last down index. The first-order linearized scalar curvature,

by using (59) and the previous results, becomes:
(R)V = 2V (T )P + g% L x Ry, — Rap (A — £ xg™). (94)
Equivalently, it can be written as:
(R)Y) =2V (T )W) = Raph™ + £ x (R). (95)
Inserting the corresponding expressions in the linear order perturbation of the cosmological Einstein tensor (62),
we get:

- - 1 - o~ o~ _ _
(gab)(l) = 2V[C(Fa]b C)(l) + gabv[c(rd]Cd)(l) + §§abRcdth + hap (A - R) + & xGabs (96)

1
2
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where only the last term is gauge-variant and it vanishes if g is a background solution. If this is the case,
(Gap)™M) becomes gauge-invariant.
Now we compute the decompositions of the second-order tensors in terms of gauge-variant and -invariant

parts. We can compute (53) by using (82) as:

1 - o~
o= i(vakg’ + Vpks — Vkap) (97)
1 _ - _ - _ _
+1§Cd (Vafx (hbd + hbd) + Vi ZLx (had + had) —VaZLx (hab + hub))
1 _ _ _
+Z§Cd (ValyTog + VoL Y Gaa — VaLyGap) -

After defining a new gauge-invariant second-order background tensor,

c _
ab —

(vaﬁg F VR — vczab) , (98)

N —

we obtain

2KG, = KS, + %?Cdfx (va (hbd + Ebd) + Vs (had + Ead) - V4 (hab + Eab))

+ (b +RE) ox (D)™ + 8y (D)™ (99)

Note that we have used the identity (72) given in Appendix B to get the last expression. After a straightforward

calculation, the result reduces to

~ ~ (1) ~ (1)
2K, = Koy + Lx ((Pgb)(l) + (ng) ) - Lxg™ <(Pabd)(1) + (Fabd) )

+ (b +RE) ox (D)™ + 8y (D)™ (100)

We can construct the following tensor:

19K, = 29K, + Ve (25 (0300 + Fi)™) ) - Ve (L57 (T0a) + Foar) )
+ Ve ((he+h2) x (5) V) 4+ Vedy (T50)
= Va (Zx (5D + [0 ®)) + Va (Lx7 (Toe) ™ + [Te) ™))

= Va ((he +h2) ox (05)) = Vady (1), (101)
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to compute the Riemann tensor (56) at the second order. Using (74), it can be written as:

AV Ky = 2V Ky + Zx (Ve((T) D + (T5) V) = Va((T5) D + [T D) )
+ (b + 1) (Vebx (D) Y = Vb (Tie) V) + Vedy (i) D = Vdy (D)
+ (T2 + (T2 D — Va(he +h) ) bx (1) D
— (T2 + 20D = Ve (b + Fe) ) o (T)
(re )V + ([ (05 ()W = Vo(V9X, + VX))
+ ( e )M 4 (T )@ ) (6X(F“ YU = V,(VX, + ?exa))

- Zxg™" ( e((Poae) ™ + (Toae) V) = Va((Toee) M + (fbce)(l))> . (102)

Since the last equation is complicated, we use the results given below to get a compact form. We have:

Vedy (T5) " = Vady (05) = Ly R yea, (103)
and from (92),
Vebx (T5a) ™ = Vaox (T5) "V = £ x B pea = (B pea) ) = 2V((T) Y, (104)
and
Zx (?C((ng)(l) + (T M) = Va((T)® + (fgc)(l))) = 2 x(2(R" pea)V — L xR" ea), (105)
and also

L7 (Ve((Toae)™ + (Foae) V) = T (Doee) D + (Toee) V) )

~(VOX, + V.X) ( (R® o)D) — L RE bcd) (106)
and
(Ten)® + [V = Va(he +5¢) = = (Ca® D + Ta ) D). (107)
Similarly, we have
(T2 + (T2) ) = VelhZ + 1) = = (" )@ + T )) (108)
and
5X(Fge)(1) - vC(va)(e + ?eXa) = 75X (Fca e)(l) ) (109)
and also
Sx (T2 )W VY (VIX, + V. X = —6x (Tq®) V. (110)
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Inserting the above results we obtain:
AV K, = 2_V[cf(§]b + 2.2 x (R pea)V) — LA R pea (111)
4 (h® + W)L X R peq + Ly R peq + (VO X, + Ve X) (2(36 ved) V) — Ly R bcd)
— (a9 4+ T )W) 85 () + (L") + (e ) D) dx () )
+ (5D + )M ox (T )W = (5D + [5)) x(Ta® ),

which can be rewritten as:
AV Ky = 2V Ky * — 4hEV (T ©) ) +2(Ta )M (T )Y = 2(Te )M (T )Y
+2.ZLx (R pea) M + (Ly — L%) R pea + 20 (R® pea)V

+2(0, 2 ) D (T ) = 2(Tg @ )P (T, &), (112)

Using the last expression we can construct the Riemann tensor (56) at the second order as gauge-invariant and

-variant quantities:
(R bcd) v[ch]b - 2h v[C(Fd]b)( ) (fd ¢ e)(l)(fib)(l) - (fca e)(l)(fflb)(l)
+ Zx(R bcd)(1)+ (-iﬂy—«iﬂ2 ) R beas (113)

where the second line shows the gauge-variant terms and this result is consistent with the aim of the gauge-
invariant perturbation theory. Contraction of the indices yields the decomposition of the second-order Ricci
tensor:

(Rap)® = ViR, = 20V e(Tg,) ) + (Ta © o)W ([IG) D = (Te ) D (T5)
+ Zx(Rap)® + % (ZLy — L%) Ry (114)
The second-order Ricci scalar (60) becomes:
(R)®) = V| Ky = 20V (T )W + 2(T *) D (g € ) 4 5.2 x (Rap)
§§ab(«$Y — L) Rap — (W — L x5 (kaz]b + -i”XRab) (115)
£~ 2x5°) (B + L xT0) B — 5 (Fao + 22 xhas + (Ly — 25)70) B,
which reduces to
(R)®) = V(oK — SRV 4 9T T — 9V Ty — SRR 4 T B
+3° % x (Rap) ™V + 5 g "Ly — L%)Rap — R*L xhay — %Rab(.zy — %) T (116)

habijab + ( ) .ng“b + hacRngng chf’liﬂxgac — Rgfxgacfxgcb.
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Let us concentrate on the gauge-variant terms; we can write:

7% 2L x(Rap) V) + (Rap) P L x7% — R® L xhap = L x(R)Y + hyy L x R™, (117)
and
~ _ 1_-
zfab(g - LX) Ray — h™* L x Rap — iRab(iﬁY — %)
1 _ _ _ _
= 5(.,% — LY%)R — hap L xR™ — 20 REL x Gap — REL xGeaL x5, (118)
and also

h*RY 2 xGup — hev RE L x G — RY L X G L xGupy = —hev RL L xG°° + h*RE 2 xG o (119)
Finally, the second-order scalar curvature yields:
o~ ~ _ o~ ~ ~ o~ 1_-, ~ -~
(R)® = V(oKo)* = 20V (Lo + T “Ta) © o = 20V (G, — SR (b — D)
F 2R 4 S (Zy - LR (120)

Now we can compute cosmological Einstein tensor (63) at the second order as gauge-variant and -invariant

quantities. From the previous results we get:

- ~ o~ ~ o~ 1 _
(Gap)®) = V(K — 2he V(TG + 2051 Ta) e + L x (Rap) M) + 5Ly - L2 )Rap

1 1~
- igab <V[ Kd - QhCV[CFd de + RCd (he dhce - §kcd)

1 _

- % (ﬁab + D%Xgab) (2?[cfd] de _ Rdc%dc + D%XR)

A R

+ (Eab+2i”xhab+(-$y —«i”?()?ao (5 - Z)’ (121)
which reduces to
-~ ~ -~ ~ =~ ~ A R 1~ o~ _ o~
(Gu)® = 91 Ry = T T+ 2oy e+ (e = ) = L 09 B — i)
1 _ - - _ o~ 1~
- igab (V[ch]dC — QhEV[CFd] de + RCd (he dhce — 2]{,'6(1) + ZFd le eFd e — 2thV Fe )
R 1~
+ Zx(Rap) M - 2( )M L xGap + (A §)$Xhab *hab«ffo *gab«iﬂx( =
- Zgab(gY - ZY)R+ 5 (gy — 2% )Ray + (5 - Z)(iﬂY — L% )Jab, (122)
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where the first two lines denote the gauge-invariant part. Let us consider the gauge-variant terms. We can

collect the third line as:

R 1
a)thab_i wZ xR — *gab-fx( =

1
Zx(Rap) — §(R)(1)-fx§ab + (A -
1 _
= 2x(Gar)M + §$X§ab«$XR (123)
and the terms on the last line yield:

1
4gab(«$y—$2)R+ &y - £%) Rap + (

N\I>
\:U\

1) (Ey - L5 )Gab

(Ly — ZL%)Gab — fXR-fXgab (124)

NJM—\

Finally, we obtain the second-order cosmological Einstein tensor:

oo - e = ~, = ~ A R, 1+ ,__ - -
(Gap)® = V[ Kg), — 2he V[ TG, + 205 Toy e + kab(§ - Z) - §hab(2V[CFd]dc — Rg.h™)

1 o~ ~
- §gab (v[ch]dc - QhEV 1_‘d] de + RCd (h() dhce - kcd) + QFd le eFd e Zh(.dv FP >
+$X(gab)(1) + = (oiﬂY _9%2 )gaba (125)
where the gauge-variant terms vanish when g is the solution to the background equations, and h is the solution

to the first-order perturbation of the equations. In this case we arrive at a pure gauge-invariant second-order

cosmological Einstein tensor.
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