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Abstract: An important issue in phenomenological macroscopic electrodynamics of moving media is the
definition of the energy and momentum of the electromagnetic field in matter. Rather surprisingly, this topic
has demonstrated a remarkable longevity, and the problem of the electromagnetic energy and momentum in
matter remained open, despite numerous theoretical and experimental investigations. We overview the definition
of the momentum of light in matter and demonstrate that, for the correct understanding of the problem, one
needs to carefully distinguish situations when the material medium is modeled either as a background for light
or as a dynamical part of the total system. The status of Minkowski and Abraham energy-momentum tensors
of the electromagnetic field is clarified for the two particular types of complex matter, the spinning fluid and
the liquid crystal medium, and summarized for the case of general anisotropic moving material media with a
linear constitutive law.

Keywords: Classical electrodynamics, energy-momentum tensor, momentum of light, Abraham-Minkowski
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1. Introduction

Light (electromagnetic wave) carries energy and momentum. Theoretical aspects of the electromag-
netic wave propagation were first developed by Maxwell (1873), who wrote in Sec. 792 of Chap. 20,
Vol. 2 of [1]: “... in a medium in which waves are propagated there is a pressure in the direction nor-
mal to the waves...”. Experimentally, this was verified by Lebedev (1901) who measured the pressure
of light on a mirror in vacuum [2].

In the modern relativistic framework, the issue of the energy and momentum carried by the
electromagnetic wave, and the stress produced by it, amounts to the study of the energy-momentum
tensor of the electromagnetic field in a medium [3-6]. More than a century ago, in 1908, Hermann
Minkowski developed a relativistically covariant formulation of classical Maxwell-Lorentz electrody-
namics and in this framework, he gave a solution of the momentum of light problem [7]. However,
soon after Minkowski proposed his version of the electromagnetic energy-momentum tensor, Max
Abraham entered the dispute with a different expression [8, 9]. The main formal difference between
the Minkowski and the Abraham energy-momentum tensors is that the latter is symmetric while the
former is not.
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Electromagnetic field momentum in vacuum has a well known form
p=DxB=¢FE x B. (1.1)

The question is: How the momentum of light looks inside a material medium that can have complicated
electric and magnetic properties and, in general, can move in an arbitrary way? At the first sight, this
seems to be a strange question: after all, physics is an experimental science, and observations should
tell us the answer, so why there is a problem? However, a puzzling disagreement of the theoretical
predictions with observations exists in the electromagnetics of continua, giving rise to what is known
as Minkowski-Abraham controversy.

Most of electromagnetic wave experiments were done for the simple media which are spatially
isotropic, homogeneous, and static [10, 11]. In this case, the properties of matter are characterized
by the permittivity ¢ and permeability p which are combined into a refractive index n = /eu
of the medium. For the Minkowski energy-momentum, the light carries a greater momentum than
in vacuum (1.1), namely, np, whereas according to Abraham, the light momentum p/n is smaller
than in vacuum. The light pressure experiments that extend the classic measurements of Lebedev
from vacuum to dielectric media [12-14] support Minkowski’s answer, whereas the force measurement
experiments in moving simple media [15-17] seem to support Abraham’s solution.

The early theoretical [18-28] and experimental [12-17, 29, 30] attempts to resolve the controversy
were focused on the question which of the two expressions (np vs. p/n) was the correct one to describe
the momentum of light in a homogeneous medium with the refractive index n. That resulted in many
inconsistent, contradictory, and often confusing statements, before an essential progress was achieved
[6, 31] by treating the matter and the field as the two coupled subsystems and by making use of
the variational approach to derive the total energy-momentum tensor for the resulting closed system.
Eventually, it became clear that both the Abraham and Minkowski tensors actually give the correct
physical results which, however, depend on the way how the total energy-momentum tensor of the
coupled system is decomposed into “matter” and “field” pieces [32-35]. Lately, the discussion of the
optical momentum in media has been revisited in view of an increasing interest in the study of optical
forces in nanotechnology [36-38] and metamaterials [39-41]. New theoretical research [5, 42-59] and
also new experiments [60-67] have been reported recently, still trying to judge between the Abraham
or Minkowski tensors unequivocally. In most cases, the electromagnetic field was discussed alone
without analyzing the dynamics of matter, with just a few exceptions [68-73], where a coupled system
“matter+field” was studied in the spirit of [6, 31]. Most recently, a careful reanalysis of the Abraham-
Minkowski controversy [68, 74-80] demonstrated that both the Minkowski and Abraham momenta can
be in fact measured (hence both are correct), however, under different physical assumptions. One can
consistently identify the Abraham momentum as the “kinetic” momentum of light in matter, which
is most clearly manifest in the Einstein box thought experiment [11, 18], whereas the Minkowski
momentum is naturally identified as the “canonical” momentum being related to the symmetry
generator of translations in the Noether sense. Eventually, such a “final” resolution of the Abraham-
Minkowski controversy has become generally accepted in the modern research [10, 11, 81-89]. For the
recent reviews and more literature on the subject, we can recommend [68, 70, 76, 78, 80, 81, 85, 90, 91].

In the present paper, we give an overview of the subtleties of the Abraham-Minkowski contro-
versy for the case of the moving complexr media, i.e. the matter with microstructure. After briefly
reminding in Section 2 of the relativistic formulation of Maxwell’s electrodynamics, the Abraham and
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Table 1. Directory of symbols.

Symbol

Explanation

General quantities (geometry, kinematics)

2, (t, )
9ij

0]

Nijkl

€ijk

P!, m

uZ

ai
hij
Le, L™

Spacetime coordinates, (time and space)
Spacetime metric

Kronecker symbol

Totally antisymmetric Levi-Civita tensor
Transversal projection of Levi-Civita tensor
Lorentz group generators

Projectors

4-velocity

4-acceleration

Shear tensor

Lagrangians of electromagnetic field and matter

Electromagnetic quantities

Jiv (pe?J)
Fij, HY

EaB7 D7H7 gi: Bia Hia Dl

Electric 4-current density, (charge density, 3-current density)
Electromagnetic field strength and excitation tensors
Electric and magnetic fields and excitations

€0, Mo Electric, magnetic vacuum constants
c Velocity of light in vacuum
n Refractive index
€, b Relative permittivity and permeability of matter
XM Constitutive tensor
gl ,u;jl, Vil Permeability, permittivity, magnetoelectric moduli tensors
P Electromagnetic field momentum density
s Electromagnetic energy flux density (Poynting vector)
St Electromagnetic (Maxwell) stress tensor
I\EAki, %ki Minkowski, Abraham energy-momentum tensors
Material quantities
p Internal energy density of matter
v Number particle density of matter
s, T Entropy, temperature
X Lin (particle identity) variable
P Pressure
Yy €5 Cosserat triad of matter medium, material vierbein (tetrad)
0% Generalized acceleration tensor
pAB, Sij Specific spin density, relativistic spin density tensor
N? Director 4-vector
Ki,Ky, K3, J Frank’s elastic constants, element’s moment of inertia
)% Elastic energy density

Lagrange multipliers

Internal degrees of freedom of matter
Magnetic dipole coupling constant
Canonical spin tensor of matter

Canonical, kinetic, symmetrized energy-momentum tensors of matter
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Minkowski energy-momentum tensors are explicitly introduced in Section 3 for complex media with a
general linear constitutive relation. The classical electromagnetism theory is recast in Section 4 into
a relativistic 4-vector formalism with the help of a projector technique. In order to understand more
clearly how the Abraham and Minkowski tensors are defined for the complex media, we consider the
two models of matter in greater detail. Namely, in Section 5, we deal with the spinning fluid, and in
Section 6, we discuss the liquid crystal medium. The general closed system of the moving complex
matter with microstructure coupled to the electromagnetic field with an arbitrary constitutive ten-
sor is analysed in Section 7, where the resolution of the controversy is explained. The outlook and
conclusions are given in Section 8.

Our basic notations and conventions follow [68, 92]. In particular, the indices from the middle
of the Latin alphabet 4,4, k,... = 0,1,2,3 label the 4-dimensional spacetime components, the Greek
alphabet is used for anholonomic frame indices «, 3,... = 0,1,2,3, whereas the Latin indices from
the beginning of the alphabet a,b,c,... = 1,2,3 refer to the 3-dimensional spatial objects and
operations (the 3-vectors are also displayed in boldface). The Minkowski metric is defined as g;; :=

diag(c?,—1,—1,—1). In the 4-dimensional framework, spatial components of tensor are raised or
lowered by gup = —04p; however, when dealing only with 3-dimensional tensors, one should use the
Euclidean 3-metric d,, to move the spatial indices. A directory of symbols used in the text can be
found in Table 1.

2. Classical electrodynamics

Maxwell’s equations in 3-dimensional notation read [92]:

V.D=p,, VxH—aé?—J, (2.1)
B
V.B=0, VxE+%—t =0. (2.2)

Here (D, H) are the electric and magnetic excitations, and (E,B) are the electric and magnetic
fields; (pe,J) are the charge and current densities of the sources.

For simple media (isotropic matter without microstructure at rest), the excitations and fields
are linked by the constitutive relation

1
D =¢ccgE and H = —B, (2.3)
HHo

where ¢ and p are (relative) permittivity and permeability of matter and ¢y and pg are electric and
magnetic vacuum constants.

A general linear and local constitutive relation for complex media (a,b,--- = 1,2,3) is more
nontrivial:

D° = €0€ab Ey + ’)/ba Bb s (24)

Hy = 115" 1y B = 7a" By (2.5)

The electric and magnetic properties of matter are encoded in 6 relative permittivities £ = £, 6
relative permeabilities fiap = 1pa, and 9 magnetoelectric moduli %, cf. [92].
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To discuss the energy-momentum problem for the case of an arbitrary complex medium, it
is more convenient to recast Maxwell’s theory into an explicitly 4-dimensional covariant form. In
the relativistic formulation, the electric and magnetic fields (E, B) and the electric and magnetic
excitations (D, H) form the two 4-dimensional tensors

0 —E, —Ey —E5

E, 0 B3 —B2

F’L] - E2 _B3 0 Bl ) (26)
Es B2 —B' 0

0 D' D?> D?
y -DY' 0 H3; —H
1y
H -D?-Hy 0 H; |- 27)

—-D3 Hy —H; 0

With the 4-dimensional indices i, j, k = 0,1,2,3, we introduce the 4-current vector J* = (pe, J), and
rewrite Maxwell’s equations (2.1) and (2.2) as

O;H" = J",  0;Fj + 0jF; + 0 Fij = 0. (2.8)
Then the general constitutive relation for local, linear, moving media (2.4)-(2.5) is recast into
i L ikl
HY = S XM By, (2.9)

The components of the constitutive tensor encompass all the moduli, x7* = {e% u.,7%}, and
describe all the electric and magnetic properties of matter. The linear constitutive relation (2.9) arises
from the definition of the electromagnetic excitation tensor

i oL
HY = -2 2.10
OF, (2.10)
for the Lagrangian
1 ..
¢ = — 5 XM Fyj Fy. (2.11)

3. A tale of two tensors

In the relativistic framework, the momentum of light p is a piece of the energy-momentum tensor. In
vacuum, the latter reads:
1

. . 1 .
_ ik Kl
Xt = m (—ijFZ + Zé}Fle ) . (3.1)
The properties of this tensor are well known: it is conserved (without sources), and is symmetric

%" =0,  Xi=Y (3.2)

One recovers (1.1) as p, = — 2,°.
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Before we address the issue of the form of the electromagnetic energy-momentum in a medium, it
is instructive to recall the mechanics. The momentum of a point particle reads p = mv. However, for
complex systems the “kinetic” intuition may be misleading. For example, the momentum of particle
in a noninertial reference frame (rotating with an angular velocity w) reads p = mwv + mw X r,
whereas for the charged particle moving in an electromagnetic field A one has p = mv + gA. These
expressions can be easily understood if one consistently uses the first principles — the Lagrangian
approach and the Noether formalism for the symmetries of the theory.

Let us now turn to the discussion of the status of Minkowski and Abraham energy-momentum
tensors and eventually formulate the solution of the Minkowski-Abraham controversy. The crucial
point is to distinguish open and closed systems.

The physical explanation of the fact that the momentum of light in matter differs from that in
vacuum is clear: this happens because the electromagnetic field interacts with a polarizable /magnetiz-
able medium. Depending on the physical conditions in actual experiment, there are two situations
when the dynamics of the electromagnetic field in matter is described either as an open or as a closed
system. When the medium is fixed externally and treated as a background, the electromagnetic (wave)
field represents an open physical system. When both the medium and the light are dynamical, they
together form a closed system.

The mechanics of material continua is then an important tool for understanding of the momen-
tum (energy-momentum) of light in a medium, with the help of which one can construct the relativistic
energy-momentum tensor o’ of matter explicitly. For example, for noninteracting particles, one finds
o1’ = u'Py,, with the average 4-velocity of the fluid v and the 4-momentum Pj, = c%uk. Taking the

collisions into account, this is generalized to o}’ = u'Py, — (3% — c%ukui)p, with the pressure p. If,
moreover, the elastic properties are included, one finds o}’ = u!Py, — (6% — C%ukul)p + 6%, where the

. a y . . . . .
elastic stress tensor o’ is not symmetric, in general (mind the spin!).

3.1. Minkowski tensor

The Minkowski energy-momentum tensor reads
M, i Lot i
Yo'=—H ij + ZH Fjl 5k: (3.3)
) M

Its components are: the energy density U = ¥°

U=-(E-D+B-H), (3.4)

DN |

M
the energy flux density (the Poynting vector) s* = $¢®

s=F x H, (3.5)
M
the electromagnetic field momentum density p, = —,°
p=Dx B, (3.6)
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M
and the stress tensor S,? = ¥,°
b b b Ll
S, = E.,D +HaB—§5a(E-D+B-H). (3.7)

The properties of Minkowski tensor are as follows. It is defined for a medium with an arbitrary
constitutive relation (2.9) from first principles: this is the canonical Noether current corresponding
to the invariance of the system under the spacetime translations. Maxwell’s equations (2.8) yield the
balance law

M | . 1
0i ¥k = FiJ' + F", Fit = g Fmntpq X" (3.8)
The Minkowski energy-momentum is not symmetric: the field momentum p is not equal to s/c?
the energy flux. In other words, there is a nontrivial torque on the right-hand side of the angular
momentum balance law,

M 1 Pl l 1
Mod = T2 T = L P B ()00 (3.9)

ij m'n'p'q

where (¢;;) are the Lorentz group generators:

()b = 0L, O 0T8T, 0% + 810 B 0100, 0%, + SO0 87 8%, + 67 07 08,8101

m'n'p'q n' Op Qg m'Yn/ m’'Yn’ P k] q m'¥n'Zpl g

E (3.10)
We thus have an open physical system in which the dynamical electromagnetic field F}; interacts

with the “external” fixed background encoded in the constitutive tensor x“*!. The external force Fr
and the torque 7;;* are nontrivial for an inhomogeneous and anisotropic background. It is worthwhile

to notice the traces of the Noether symmetry which is manifest in the presence of the generators of
translations 0; and rotations (¢;;) in the right-hand sides of (3.8) and (3.9).

3.2. Abraham tensor

Given the 4-velocity u’ of a medium (normalized as u;u’ = ¢?), the Abraham energy-momentum
tensor [68] is defined by

A 1. y 1. .
Y= — i(HZ]ij + FUH]CJ') + ZH]lel (5]2
t53 [u’ul (ijHﬂ — ijFﬂ) + el (F9 Hjy — HﬂFjl)] . (3.11)

When the medium is at rest (u’ = §)): we find the same energy density

U=-(E-D+B-H), (3.12)

DN |

whereas the field momentum and the energy flux satisfy

s=ExH, p=—= . (3.13)
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The stress tensor reads

1 1
Sab=3 (Ean + E'D, + H,B" + HbBa> —~ 50 (E-D+B-H). (3.14)
The properties of Abraham tensor are as follows. It is defined for a given velocity vector field
v’ in an ad hoc way, not from first principles. However, unlike the Minkowski tensor, the Abraham
energy-momentum is symmetric by construction. The Abraham tensor is not conserved (for any

medium):
A .
8 + FA+Fl+F =0. (3.15)

Besides the Lorentz F! = E-ij and material F* forces (3.8), the Abraham force FA is present in

7 (2
the balance law (3.15). For the medium at rest, one finds for this additional force, ]O—“Z-A = (0, —f2):

OA 0 o o 1 o o 1 o o o o
fl=5 (DxB-3ExH)+;Vx(DxE+BxH). (3.16)

For an isotropic homogeneous simple medium it reduces to the famous expression

ep—10 0o o
s— o, F <X H. (3.17)

(o]
A _
= ot

&

4. Projector formalism in electrodynamics of moving media

The above discussion was in the laboratory reference system. In a continuous medium moving with an
average 4-velocity u’, it is reasonable to consider another reference system of an observer comoving
with the matter. Technically, this amounts to projecting all physical objects to the rest frame of that
observer with the help of the projector

4 1.
Pj =05 — 2 ;. (4.1)

One can verify that this is an idempotent tensor,
Pip] =P}, (4.2)

and hence it is a projector on the local three-dimensional hyperplane, orthogonal to the 4-velocity.
Since the latter is a timelike vector field, the resulting 3-plane is spacelike. In order to deal with the
tensorial objects on this hyperplane, we will need the “three-dimensional” projected version

€ijk ‘= - nijklul (4-3)

of the four-dimensional totally antisymmetric Levi-Civita tensor 7;jx;. Its only nontrivial component
is no123 = c. It is worthwhile to notice the useful properties

¢Meimn = (P, P] — PIP))Fy + (PP, — PP P + (PP — FyP)) Py, (4.4)

€T eprn = PfP,g — P,iPl], eimnejmn = — 2Pj, eijkeijk = —6. (4.5)
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By definition, eijku’“ = 0. This object plays an important role, allowing to introduce a “cross product”
for the spatial vectors. Namely, given the two spatial vectors X* and Y? (such that X'u; = 0 and
Yiu; = 0), we define a cross product by

(X xY); == ejp XIY*. (4.6)

Obviously, the resulting vector is also a spatial one. Furthermore, for any Z;, we define a generalized
curl by

(curl 2)" := €9%9; 7, (4.7)
which is also a spatial object. On the other hand, a derivative along the timelike 4-velocity is a proper
generalization of the time derivative

ARSI WA (4.8)
A specific example is the 4-acceleration a® = 7°.
For a material continuum moving in (and interacting with) the electromagnetic field Fj;, it is
then convenient to describe the latter by its projections on that local 3-plane [93]:
k j 1

E; = Fyu®, B = §€iijjk;- (4.9)

The field strength is uniquely reconstructed from these 4-vectors as
1
Fij = 2 (Eiuj — Eju;) — EijkBk- (4.10)

In the rest frame comoving with the fluid, u’ = &}, the 4-vectors & and B! reduce to the three-
dimensional electric and magnetic fields, E and B, respectively. Analogously, we can construct the
decomposition of the excitation tensor

HY = DIyl — Dl 4 €77, (4.11)
in terms of its projections
A 1 . 1 ;
Dl = 0—2H]”uk, H; = — ieiijﬂk. (4.12)

They reduce in the rest-frame to the three-dimensional electric and magnetic excitations, D and H
respectively.

Substituting (4.12) and (4.9) into the Maxwell equations (2.8), and making use of u’ and Pj
to project the result into “time” and “space”, we find the electrodynamics of moving media in a
“three-dimensional” disguise:

. 1 1 4
D = Jy — —a; D+ — (curlu)'H;, 41
0, Jj 24D+ 5 (curlu)H (4.13)
i i i 1 i1 i iy 4 2qyig ok
=D+ (cwrlH)' = J| + 5(H xa)' - E(D x curlu)' — h';D? + gD Oku”, (4.14)
c
i Lo 1 i
o;B' = — C—QaiB + C—2(curl u)'E;, (4.15)
5 i 1 i 1 i pipi_ Zpig .k
B' + (curl£)" = 0—2(8 X a) + 5(8 x curlu)’ + h';B7 — gB Opu”. (4.16)
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Here J = C%uiJi and J! = P;Jj are the “time” (= longitudinal) and “space” (= transversal)
projections of the electric current. The additional terms on the right-hand sides depend on the
i

acceleration a' = 4!, vorticity (curlu)?, as well as the shear hij = PikP;O(kul) - %Pi]@kuk and

the volume expansion Opu¥ of the 4-velocity congruence, manifesting the non-inertial character of
observer’s reference frame comoving with matter in an arbitrary way.
To make the electromagnetic theory completed, we need the constitutive relation. Decomposing

the constitutive tensor y“* into “space” and “time” parts, we find the three projections
L i ikjl -1 ._ 1 ) . klmn J . L . jkmn 4
er = MOC2UkUZX ) i = H04€zkl€jmnx ) Vit = 262€zmnukx . ( '17)

The following properties are obvious: ¥ = /7, ui_jl = uj_il, aijuj =0, ,ui_jluj =0, %juj = 0, and

v7u* = 0. One can check that the constitutive tensor is uniquely reconstructed from these three pieces
[93, 94]:

Xzykl = — g (uzukeﬂ . ujukszl . uzul{_:]k + u]ulezk) + :U’alM;:}LEUmekln

+ € (u ! — ™) + € (Ul — wl ). (4.18)

It is worthwhile to notice that the constitutive tensor has exactly the same algebraic properties as
the Riemann curvature tensor in general relativity theory. A similar to (4.18) representation of the
curvature is known as the Bel decomposition [95, 96], and it plays important role in the analysis of
various gravitational effects [97, 98].

Substituting (4.18), (4.9) and (4.12) into (2.9), we recast the constitutive relation into a familiar
“three-dimensional” disguise:

D = 508ij5j + ’)/jiBj, (4.19)
Hi = pgy g, B — i E;. (4.20)

When the material medium is at rest, one recovers (2.4)-(2.5). As a result, for the electromagnetic
Lagrangian (2.11), we derive

Lf == (D& — BH,) = % (c0s7i8; = 13 115" BB ) + 7 B'E;. (4.21)

N |

We are now in a position to clarify the structure of the energy-momentum tensors. Substituting
(4.9) and (4.12) into (3.3), we find for the Minkowski energy-momentum tensor:

M . , 1. ‘ . , . 1 A
Sl = D+ HLB 4+ (55,1 - P,g) (DIE; + BHy) +u' (D x B)y + —ur (€ x H)' (4.22)
whereas using (4.9) and (4.12) in (3.11), we derive the Abraham energy-momentum tensor:
Ay _ 1 i i o i Lo pi) (i j L 1 i
Yr' = 5(SkD +HB' +E Dp+H Bk)+(§5k_Pk) (D’Ej+B Hj)+c—2u (5><H)k+c—2uk(5><7-z) . (4.23)
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Therefrom, we have the longitudinal projections

1 M 1 A 1 . .

guiukzk = guiukﬁk = 5 (ngj + B]Hj), (4.24)
1 M. 1 A, 1 . . 1 ,
?’U,kal = gukzkl = @ (D]gj + BJH]) ’U,Z + 07(8 X H)Z, (425)
1 M. 1 ) .
Uiy = 5 (DIE; + BIHy) ug + (B x D (4.26)
LA, 1
?uiZk = 22 ('ngj + B]Hj) Uk + 0*2(5 X H)g- (4.27)

This is completely consistent with (3.4)-(3.6) and (3.12)-(3.13). Finally, the components of the stress
tensors arise as transversal projections, cf. (3.7) and (3.14):

YiE = PI?LPTZL Yot = ED + Hp B — 5 PkZ; ('ngj + BJH]'), (4.28)
A A 1 A o . 1 .
i =PP Yy = i(c‘kaZ + Hp B + E'Dy, + ’Hsz) -3 P ('ngj + B]Hj). (4-29)

5. Relativistic spinning fluid model

In order to analyse the Abraham-Minkowski issue for the case of complex moving media, we need an
appropriate description of matter, and the field-theoretic variational formalism appears to provide the
most convenient framework. A simple medium is usually modeled as an ideal fluid, the elements of
which are structureless particles (i.e. no spin or other internal degrees of freedom are present). Such
a continuous medium (e.g., see [99-102] for the relevant earlier work, as for the general discussion
of the relativistic ideal fluids readers should refer to [103, 104]) is characterized in the Eulerian
approach by the fluid 4-velocity !, the internal energy density p = p(v,s), the particle density
v, the entropy s, and the identity (Lin) coordinate X [105]. Furthermore, we assume that the motion
of a fluid is such that the number of particles is constant and that the entropy and the identity of the
elements is conserved. Due to the conservation of the entropy, only reversible processes are allowed.
In mathematical terms, this means that the following constraints are imposed on the variables:

di(vu') =0, u'o;X =0, u'd;s = 0. (5.1)

Continuous media with microstructure [33, 106-111] are characterized by additional variables
describing internal properties of fluid’s elements. As a first fundamental examples of matter with
microstructure, we now consider the spinning fluid [112-116].

5.1. Lagrangian of the spinning fluid

Following the Cosserat approach [108], matter with microstructure is described as a continuous medium
the elements of which are characterized by the 4-velocity u’ and the material triad b%, A = 1,2,3.

The latter is assumed to be rigid, which means that angles between triad’s legs and the velocity are
constant and subject to the orthogonality and normalization conditions:

giju'e’ =, gz-juibfg =0, gz‘jbfaxbjé = gAB = —04B- (5.2)
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Taken together, these variables comprise the material frame attached to elements of the fluid,

= {u ,b’l,b;,b’} (5.3)
The inverse coframe is constructed as
€9 = {—ul,b},bf,bf’} : (5.4)
c2

where we introduced the cotriad by biA = gingB b%. By definition, we have from (5.2)

‘ 4 1
WP = 68, Wbt = Pl =gl — Su uj, (5.5)

and one can verify that e el = 5] Here we recover the projector (4.1) on the local three-dimensional
hyperplane, spanned by the triad bA, orthogonal to the 4-velocity.

The evolution of the material frame is encoded in the generalized acceleration tensor:
N = e?ukﬁkeiﬁ. (5.6)

Its components encompass fluid’s acceleration Q94 = — bf4 uFOpu; and an angular velocity

QAB = gijbfguk&cbj s (57)

measured by an observer comoving with the fluid.
After these preliminaries, we can formulate the spinning fluid model as follows. The physical
properties of matter are characterized by the internal energy density p(v, s, u?), particle number

density v, specific spin density p? = —uB4 | the entropy s, and the identity Lin coordinate X . As
usual, we assume the standard thermodynamics encoded in the Gibbs law

1 1
Tds=d(2) +pd (V) — Swapdu”, (5.8)

with T temperature, p pressure, and wap conjugate to uB
The Lagrangian then reads

1 1 L
L™ =—p— —vpBQap — 3 Cop APy b Fyj + LE. (5.9)

2
Here the first two terms describe the potential and kinetic (spin-rotation) energy contributions, whereas
the third term is responsible for the Pauli type interaction of the magnetic dipole moment density with

__ [electric charge]

the electromagnetic field. The corresponding coupling constant has the dimension [(] = Frmass] ,

so that [(uP] has the dimension of the magnetic dipole moment, since [u4P] = [h]. Finally, the last
term collects all the constraints imposed on fluid’s variables by means of the Lagrange multipliers:

L= — Vuiai)\l + )\QuiaiX + Agui&-s + )\o(gijuiuj — 62) + )\Agijuibi‘ + )\AB(gij %b% - gAB)- (5.10)
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5.2. Euler-Lagrange equations

Variation with respect to the Lagrange multipliers A5, A4, Ao, A1, A2, A3 yields (5.1) and (5.2), in other
words, we recover the orthogonality and normalization constrains, together with the conservation of
the entropy, number and identity of particles during fluid’s motion.

Variations with respect to the fluid variables X, s, v yield, respectively:

sLm .
TX = — 82()\2u ) = 0, (5'11)
oL™ ,
=—0;(\su') —vT =0, (5.12)
0s
oL™ i ptr 1 4 Lo AByi

In addition, varying the action with respect to the fluid velocity u?, we find

oLm™
dut

; 1
= )\Agijbi‘ + 2Xou; — vO; A1 + X0; X + A30;8 — il/uAngleaiblB. (5.14)
Finally, the variation with respect to the fluid triad bf4 yields
. . 1 . .
2)\ABgijb33 + Mu; — l/uABgijukakbe — il/b%gijukak,uAB — CVMABb%Ej =0, (5.15)

whereas the variation with respect to the fluid spin 42 results in

waB + Qap + CHybLF; = 0. (5.16)

Contracting (5.14) with u’ and using (5.13), we derive

1 . oL™ OL™
2 AB
2 " =—p—p— ECVM bAZAbJBFU —I/W-i-ul Su (5.17)
Similarly, contracting (5.15) with u’:
M= C%;LABuiukakbiB + CVMABuib%Fij. (5.18)
Next, contracting (5.15) with b.,, we obtain
1
2ANAB B — iyukﬁk,u,AB —CvpCFBL = 0. (5.19)
Here Fyup = bgbgFij and the indices A, B, ... are raised and lowered with the help of gap = —d B,
in particular, FA¢ = gA8Fpe. The symmetric part determines the Lagrange multiplier
MB L, aicigp 4 Lo, acips (5.20)
2 2
The antisymmetric part yields the equation of motion of spin
WP pP + pCBOAC + 0P o + CuCBFAc + CuAYFB e = 0. (5.21)
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5.3. Canonical Noether currents of spin and energy-momentum

We now define the tensor of spin density
1
S ::iubgbguAB. (5.22)

Contracting (5.21) with %ybi‘b%, we find the covariant equation of motion of spin

uiuk s ujuk
2 S — 2
C C

S _

Sty ¢ (S““Plj _ Sjkpli) Fle =o. (5.23)

Here S¥ = 9, (ukSij).
As a result, making use of the standard Euler-Lagrange machinery [117-119] for the spinning
fluid Lagrangian (5.9), we derive the canonical energy-momentum and spin tensors:

. . . i ..
ol =u'py, — pft <5,’€ - Uc;tk> — 2CFy,;S8", (5.24)
Sijk :ukSZ-j. (5.25)

Here we denoted

1 g . . . SL™
Pr = ? [Uk (p + CSUFij) — QUlSkl — QC’U,ZFZ']'S]C]} + PéW, (526)
where the effective pressure picks up an additional term
oL™
eff
= —_ 5.27
P =ptv— (5.27)
It is important to verify the angular momentum balance law:
oL™
o) + OSii* = S (5.28)

Indeed, by using (5.24)-(5.26), we can explicitly demonstrate that (5.28) is a consequence of the
equations of motion of spin (5.23).
In a similar way, we can verify that the canonical energy-momentum satisfies the balance law
L™ 9 L™
v— —
su " out

@'Uki = — 8kui, (5.29)

in view of the Euler-Lagrange equations.

5.4. Electromagnetic Lagrangian
The structure of the energy and momentum of matter, as well as the corresponding balance laws of
the angular momentum and the energy-momentum currents, is still incomplete since the equations

above contain variational derivatives with respect to fluid’s particle density v and velocity u'. In
order to fix this deficiency, we have to recall that the spinning fluid is an open system that interacts
with the electromagnetic field. In technical terms, this means that we need to consider the total action
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1= % [ d*ax (L™ + L°) for the sum of the matter Lagrangian (5.9) and the electromagnetic Lagrangian
(2.11), and to use the field equations for the closed system,

oL™ 6L oL™  SL°
57"1‘ 50 =0, S0 + S = 0. (5.30)

In order to demonstrate how this works, we now specialize to the case of a moving isotropic medium
which is described by the Lagrangian

1 1 o on?-1 ,
Lf=———g0 g™ FyFy=—— |FF9+2 Fypub F 5.31
4/1/0/1/ gopt gopt ik ]l 4/-1[0'“ ) + 02 Zk:u Ul ) ( )
where the so-called optical metric was first introduced by Gordon [20]:
. o 1=n2 . .
gf)]pt =g — c2n utu’. (5.32)

Here n = /e is the refractive index of the medium. The corresponding constitutive tensor thus
reads

g 1 o o
kl kgl l k
X= (9200 — 9o ) - (5.33)

Computing the electromagnetic excitation (2.10) for the Lagrangian (5.31), we find

y 1 . . 1 . 2 1 . . . .
HY = o gl G P = {F” + o (P - ijuku>] . (5.34)

The Lagrangian (5.31) depends on fluid’s velocity u’ via the Gordon metric (5.32), and it also
depends on v when we take into account the possible electrostriction and magnetostriction effects,
and allow for the permittivity € and the permeability p to be the functions of the particle density,

e =¢(v), = p(v). (5.35)

In terms of the electric and magnetic 4-vectors (4.9), the Lagrangian (5.31) can be recast into a
nice and compact form

1
Lf=—3 (56052 — ) , (5.36)

with the obvious abbreviations £2 = &&* and B? = B;B*. Since both vectors are by construction
orthogonal to the 4-velocity, &u’ = 0 and B'u; = 0, we have £2 < 0 and B? < 0. Moreover, the
constitutive relation (5.34) assumes a clear structure in terms of the excitation 4-vectors (4.12):

. . 1 .
D= — EE()gZJEj, ’Hl = — —gijB]. (5.37)
Ko

For the medium at rest, this reduces to (2.3).
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The variational derivatives of the electromagnetic Lagrangian with respect to the material
variables are easily computed:

6L° 21
- T g Ry, (5.38)
ou? [0 c?
0L° 1 s o 1 Oup o
= —= — — B* . 5.39
ov 2 <€0 ov + pop? dv (5.39)

Using the equations of motion (5.30), we can find the explicit form of the canonical energy-momentum
of medium, too. In particular, combining (5.30) with (5.38) and (5.39), we have

1 ij 16 i ot =1 il Uk n mjl
Pe = = [uslp+CSTFy) — 20 — 200 FiySi + (PP - o Fju" P ur) [ (5.40)
1 Oe 1 0
off 2, M2
= = — — . A1
P p+2V<€oa & M0M23VB) (5.41)

Quite remarkably, the effective pressure describes the electro- and magnetostriction effects. Substi-
tuting (5.40) into (5.24), we obtain the final expression for the energy-momentum tensor of matter

2 i
. . . —1/ . .
ol = %ukuZ —p° <5k Ukt > + (kal + r 5 <uankF"lul — % anu"Fﬂul) , (5.42)
¢ HHoC c
where all the spin contributions are collected in
- i .. . . - ..
5 = ZCLQ [guk:s”Fij ol — ZCUlFZ-jSkJ] — 9 F},; SV, (5.43)

It is worthwhile to notice that this energy-momentum tensor satisfies the angular momentum conser-
vation law, as if the fluid is a closed system

S’[U] + 8kSUk =0. (5.44)

5.5. Minkowski and Abraham energy-momentum tensors

Substituting the excitation (5.34) into (3.3), we find the explicit form of the canonical (=Minkowski)
energy-momentum of the electromagnetic field:
M . 1

. 1 n2—1 1 o
3, = |- FY Fyj + ZF” 0L+ ——— <FknF"lulu — Ful Finu, + 2FnlulF"]uj5fc> } .(5.45)

This tensor is not symmetric, and its antisymmetric part reads explicitly

SR it S (5.46)
lik] = T o U )i - :

On the other hand, substituting (5.34) into (3.11), we obtain the Abraham energy-momentum tensor

A, 1 g 1. . 2_1 ,
el R U0+ : 2 <_FklulF’"un -

upU’

072 F}‘nunFlel + 2FnlUanjUj6};) :| .

(5.47)
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The total canonical energy-momentum tensor of the coupled system (spinning fluid + elec-
tromagnetic field) is the sum of the electromagnetic (Minkowski) tensor (5.45) and of the energy-
momentum of the fluid (5.42). After some simple algebra, by comparing the formula (5.47) with
(5.45), we establish a remarkable relation between the energy-momentum tensors:

o+ X' = C%ukuz —ptt (5}2 - 02k> + o+ T (5.48)

As we see, the Abraham tensor arises as a peculiar patchwork from the Minkowski canonical tensor
of the electromagnetic field and from the canonical energy-momentum of the matter by “absorbing”
all the terms which explicitly contain the electromagnetic field, except for the electrostriction and
magnetostriction terms. It is reasonable to identify the first three terms on the right-hand side of
(5.48) as a kinetic energy-momentum tensor of matter:

ri' = Fupu’ = p° <52 - Cg) + 0%’ (5.49)

It is not symmetric, due to a nontrivial spin, with the angular momentum conserved in a usual way

Klij) + 6kSijk = 0. (5.50)

6. Relativistic liquid crystal model

Let us now turn to the discussion of a second physically important example of a complex matter with
microstructure: the liquid crystal medium [120-123]. In contrast to the spinning fluid, miscrostructural
properties of which are encoded in the Cosserat triad biu the microstructure of a liquid crystal, as

a medium with uniaxial anisotropic properties, is described by the director 4-vector N° which is
orthogonal to the 4-velocity

N'u; = 0. (6.1)

In other words, N* is a spacelike 4-vector. In addition, it is normalized

N'N; = —1. (6.2)

Geometrically, this object can be viewed as an elastic 1-bein, which represents an important example
of elastic vielbeins [124].

The nonrelativistic liquid crystal theory is a well established subject; see, for instance, [122, 123,
125-132]. On the other hand, the Lagrangian approach for the study of the dynamics of this medium
with microstructure was developed only recently in [133, 134] (although the variational methods were
used in [135] for the analysis of the equilibrium problems for the liquid crystals).

In order to construct the kinetic energy of liquid crystal, we define the angular 4-velocity of the
director by

w'i= (N x N)' = 78 N; Ny, (6.3)
where the convective “time” derivative is naturally

N =4/9;N°*. (6.4)
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A liquid crystal medium gives an example of a fluid with microstructure, represented by the
director field attached to each element of the fluid. A relativistic variational model for this system can
be constructed by extending the variational model of an ideal fluid described in [68] with an account
of the four-dimensional generalization of the liquid crystal elastic potential energy [136]:

V= %Kl (81‘Ni)2 + %Kb (N*(curl N)i)2 - %Kﬁi (N x (curl N))*. (6:5)

Here the three constant parameters K;, Ko, and K3 are known as Frank’s elastic constants (elastic
moduli), which are all independent from each other and also positive. One usually calls K; splay, Ks
twist, and K3 bend constants. The so-called saddle-splay boundary term can be omitted, since it is
a total derivative that does not contribute to the equations of motion. For a typical nematic crystal,

one has K1 =23 x 10712 N, Ky = 1.5 x 10712 N, K3 = 4.8 x 10712 N, see [122, 135]. A different sign
of the K3 term in (6.6) is explained by the fact that the 4-vector (N x (curl N)), = €, N7e""9,N,,
is spacelike; hence, the square of its 4-length is negative.

Then, together with the internal energy and the kinetic energy of the medium, the Lagrangian
reads [136]

L™ =—p(v,s) — % wiw; =V + L. (6.6)

As before, v is the particle number density of the liquid crystal viewed as the relativistic fluid, and
p(v, s) is the internal energy density as a function of v and the entropy s, whereas J is the moment
of inertia of a material element of this medium. The last term imposes a set of constraints by means
of the Lagrange multipliers A\;, I =0,...,5:

L= — uui@-)\l + )\QuZ@ZX + Agui&s + )\Q(UZ’UJZ — 62) + )\4(NZN1 + 1) + )\5uiNi, (67)

cf. eq. (5.10), which ensures the fulfillment of the conditions (6.1), (6.2) and the normalization
gijuiuj = ¢? throughout all the dynamics of the nematic liquid crystal, in addition to the particle

number continuity law, the conservation of entropy and identity of particles along each streamline of
the fluid (5.1).

6.1. Field equations

Variation of the action with respect to the Lagrange multipliers and the variables s, X yield the set of
equations (6.1), (6.2), (5.1), and (5.11), (5.12). In addition, the variations with respect to the essential

field variables v, u’, and N* now give

L™ _ T o bt

S, = g v T OiA1, (6.8)
™ } 1 . N

0 - :jl/<—ijaiNk + —NiuJ)Nj — al + 2 ou; — VO + X0; X + A30;s + As N, (6.9)
out c? out

ot =0 (jyu P N]> — o+ 2 + dsi (6.10)

Importantly, these expressions are not zero since one still has to take into account the dependence
of the electromagnetic Lagrangian L° on these variables, and ultimately one should use the field
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equations for the closed “matter+field” system:

SL™  OL® SL™  OL® SL™  SL®
—_— =0 : - = : - = 0. 6.11
v v 0 e Taw T BN TGN (6.11)
Contracting (6.10) with ! and N?, we find the Lagrange multipliers
_ut [6L™ k pj % B ;o™ k i x 2%
)\5—62 SN h(Jvu PZN])Jr(SNZ.], 2M4=—-N [5]\” h(JTvu PZNJ)+5N¢ ,
(6.12)
and substituting these back into (6.10), we obtain the field equation for the director field:
» . oV SOL™
J k pl. _ —
s [ﬁk (juu P'; Nl> 5Nj] (5NJ (6.13)

Here we introduced the projector on the 2-dimensional space orthogonal to both N* and u?’,

; 1
o= 5{ - —ulu] + N;NY. (6.14)
c?

It obviously has the properties 7 ]7r3 =T, 7r] =0, m N* = 0, and det 79 = 0. Note that we
cannot yet put equal zero the right-hand side of (6.13); it stlll should be evaluated later from the
variation of the electromagnetic part of the total Lagrangian.

Contracting (6.9) with u’, we find another Lagrange multiplier:
SoL™ oL™

22oc? = u —v— = —p+ju(1w2—<lui]\'7->2>—l—ui
0 o v 2t

150%
out’

(6.15)

Here again we cannot put equal zero the first two terms on the right-hand side of (6.15); they also
should be inserted from (6.11). Finally, let us notice that the material Lagrangian “on-shell” (i.e.,
after making use of the field equations) reads:

5 m

L™ = —_ = 1
p+1/5V V. (6.16)

6.2. Canonical Noether currents for matter

For the relativistic liquid crystal Lagrangian (6.6), we derive the canonical energy-momentum tensors
(by making use of the above findings):

. P - s uiu jOL™ 6Lm ul SL™
Here the microstructural part of the energy-momentum reads
ot = Py + oyl (6.18)
with the generalized 4-momentum density
T j Jl/ % u? ol oV
Pr=— 5.2 up — P} N UNZ_W 4—Nkc—2 on(Jvu Ple)_W , (6.19)
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and the last term in (6.18) is the Frank elastic stress tensor

Vi _ OV o Ak J 9
o’ 90, NF O;N"+ 0]V (6.20)
= — K1(0xN®)(0;N7) — K2(0;Ny,) PIPF (0P N — 9IN?) — (K3 — K3)(0; N )N’ PF(N?9,N")

1 1. 1
+ 5Klag(a,fjv’f)Q + 5Kzéj.(ek“”“z\fka,z\fm)2 — §K35g(epmkNme“"aan)2. (6.21)

As before, the effective pressure picks up an additional term (5.27).

The canonical spin density tensor of matter is also straightforwardly derived from (6.6):
Si* = — NP}y | Tvu* Ny + Ko PY"(0, N, — OiNy,) + (K2 — K3)N*N"9,N;| — K1N;; 650iN". (6.22)

We can verify the balance laws of the canonical energy-momentum and the angular momentum:

; oL™ oL™ . oL™ ,
aiO']g = — W 8kl/ — W 6kUZ — W 6kNZ, (623)
oL™ oLm™
I(ij) + Ok Sij suli ) + SN Nj- (6.24)

6.3. Electromagnetic Lagrangian

The nematic liquid crystal is a uniaxial dielectric and diamagnetic anisotropic medium which deter-
mines a nontrivial structure of the constitutive tensor x“*'. The director N determines the optical
axis in the medium, so that the permittivity and permeability tensors are anisotropic: for matter at

rest with the optical axis along z,

g 00 Mﬁ 0 0
e={1 0 e 0 |, py=| 0 ut o |, (6.25)
0 0 ey 0 0 puit

where the relative permittivity €, in the plane perpendicular the optical axis is different from the
relative permittivity € in the direction along the optical axis, and the same is the case for the

perpendicular and parallel relative permeability functions p; and p. The dielectric and magnetic

anisotropies are conveniently described by

Ae:=¢| —¢l, Ap~t= ,ur — ull. (6.26)

The latter notation should not be misunderstood as the inverse of the difference p — p, that is,

Ap~t # (Ap)~!. Strictly speaking, one should write (6.26) as A(x~!), but we omit the parentheses
to simplify the formulas.

Like in the isotropic fluid, we assume that the permittivities €(v),e,(v) and permeabilities
) (¥), po(v) may depend on the matter density v, giving rise to the possible eletro- and magneto-
striction effects.
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The explicit form of the constitutive tensor, which takes into account all the necessary symme-
tries and which reproduces (6.25) in the rest frame of the medium, is given by

. 1 o o 1 _ _ o o o o
ikl _ (gzkgjl . gzlg]k) + 2(n2ML1 _ M” 1) (gzku]ul _ gzlujuk +g]luzuk _ gjkuzul)
HOH| Hoc

+ 7A/J,_1 (ngN]Nl . gllN]Nk + g]lNlNk' . gjk’NZNl)
Mo

- — (Ae + Apt) (uuNIN' — 0! NINF 4wl u! NEN? — wdu" NN, (6.27)
Koc
Here the refractive index n? = p e, . One can check that in the isotropic case, with E| = €L =&,

p = pL = p, we recover (5.33).

With the help of the constitutive tensor (6.27), we can use (2.9) to obtain an explicit expression
for the electromagnetic excitation:

1 2
Hkl - (/1111 + A/J,il) Fkl + 7AM71 F[anl]Nn
Ho Ho

2
+—— (er — it = Apt) Pl — (Ae + Ap~t) NI By NP2, (6.28)

Hoc poc?

and it is straightforward to write down the corresponding electromagnetic Lagrangian (2.11):

1 g 1
= — (u YO A WE.FI -~ Ay~ Y (F,NYH2
40 (MJ‘ tAau ) Y 2410 H ( kl )
1 -1 —1 \2 1 1 2
T D (eL —pl' —Ap™") (Fyu')® + 20 (Ac+ Apt) (FpgNPu®)2, (6.29)

This Lagrangian looks especially clear when we rewrite it in terms of the electric and magnetic 4-
vectors (4.9):

1 » y
= (c0s"7i8; = 115 ' BB ) (6.30)

where € is the 4-permittivity tensor and ;Li_jl the inverse of the 4-permeability tensor, given by

e9:= —e199 + AeN'NY, (6.31)
po = = pl g + AT NN (6.32)
The corresponding constitutive relation then reads, recall (4.12):
D' =08, Hi=py pg B (6.33)
=

In the isotropic limit (e = e, = ¢, g = pL = ), one recovers (5.37). We can now compute the
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variations of L® in (6.29) with respect to the material variables:

0L* 1 1

= - - A Fy, FM - — (Ae+ A F. NPu?) F.,.N* 34
out u002 (EJ' 'UJ- " ) ik w LoC ( et ) ( pgdVU ) ik ’ (6 3 )
= A BN 5 (e + Ap7") (FpgNPu?) Fiu®, (6.35)
(SN’L /,LO t N )
oLc 1 Oe 1 Opr 1 0Ae 1 9Au™! .

2 ) N N ) ). .

ov < 0 ov ol Oy B ) +5 e - 5 (EiN")? - o o (B;N") (6.36)

Now, using the expression (6.28), we find explicitly the canonical energy-momentum tensor:

M. 1, B . 1.
il = A [— FIkFy, + 4(5§F’“Fkl}

1 , 1 . ,
+ 10C? (er —pi' —Ap™) [— FoFy Fyu' + 555(Fklul)2 + u]Ekalul]
1 . 1 4
- %A,ﬂ [— FIFN Fy N + §5g (FuNY? + NjFikF“Nl}
1 1. 4 4
T (Ac+ Ap™") (FpgNPu) [— 50 (FuN*ul) — w? FyN™ + Nﬂqu”] : (6.37)
0

which is the Minkowski tensor of the electromagnetic field inside the liquid crystal medium.
Comparing (6.34) and (6.35) with (6.37), we immediately verify the correct balance equation
for the electromagnetic angular momentum part of the system,

o0L* 0L°

E[U] Suli ] 5N[iNj]'

(6.38)
This is in perfect agreement with the Noether theorem.

Substituting (6.28) into (3.11), and making use of (6.34)-(6.37), we derive for the Abraham
energy-momentum tensor:

Sk = Sk — e0Ae(EGNNERNT + pg A (B;NT) By N — ' | P}

A M. A A . A SLe ul §L°
[ N e ] (639)

As a result of the field equations (6.11), we then compute the total canonical energy-momentum tensor
of the coupled system “matter+field”:

o'+ Xk = C%Ukul -p° <5k - k> oyt - [k g NZ] + E (6.40)

where, with the help of (6.36), we find an explicit effective pressure (5.27)

1 Oe 1 9 1 OAe : 1 0Au~! ,
off L HL o) 1 2 H ATEY2
P =p+ 5V <€0 81/8 + o B B ) 5V (so 5 (ENY) o v (B;N*) ) ,  (6.41)

that accounts for the electro- and magnetostriction effects, cf. (5.41).
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Similarly to the spinning fluid case (5.48) and (5.49), we can introduce the kinetic energy-
momentum tensor of the liquid crystal medium

ki = C—QukuZ —p° (5}C — c2> + o' — P[kWN’ , (6.42)

) A
so that the right-hand side of (6.40) becomes the sum of the kinetic and Abraham tensors xi' + X" .
Just like (5.49), the energy-momentum (6.42) is not symmetric due to a nontrivial spin of the liquid
crystal (6.22); however, the angular momentum of matter is conserved

K[ij] + 8k5ijk =0. (6.43)

7. General model of closed system of interacting matter and electromagnetic field

In Section 5 and Section 6, we have analysed the spinning fluid and the liquid crystal medium as the
two special examples of the complex matter. The results obtained can be further extended to the
general case of a closed system of complex medium coupled to the electromagnetic field.

7.1. Relativistic Lagrangian for general linear medium

When dealing with the electromagnetic field as an open system, the properties of light propagating
in a material medium can be consistently understood by treating the components of the constitutive
tensor x“* = ¥k (t x) as a background external field in the electromagnetic Lagrangian (2.11).

To deal with an arbitrary closed system of interacting matter and field, we do not view the con-
stitutive tensor as a dynamical variable by itself, but rather consider it a function of the fundamental
matter fields

XM = X (v, o). (7.1)

Quite generally, we assume that the constitutive tensor depends on the set of material variables: the
matter velocity field u®, the particle number density v, and some additional fields \I/A(t, x) that
describe the internal degrees of freedom of a medium. For example, in the spinning fluid model
U4 = {pAB b}, whereas for the liquid crystal ¥4 = {N?} (and in both cases, one should also
include here the Lagrange multipliers that impose the appropriate constraints). The total Lagrangian
of the closed system of interacting matter and the electromagnetic field reads

L=1IL"+1L° (7.2)

where the electromagnetic field Lagrangian is given by (2.11) with the constitutive tensor (7.1), whereas
the matter Lagrangian is a sum

L™ = — p(v, s) + L™ (v, Ojv, ut, 8jui, T4 9,04). (7.3)
of the internal energy density p(v,s) of an ideal fluid, and the second term L®" accounting for
the intrinsic dynamics of the medium responsible for its anisotropic properties. For the particular

examples, see (5.9) and (6.6) above.
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The dynamics of the closed “matter+field” system, described by the set of variables ®4 =
(A;,ut,v,s,¥4), is then determined by the Euler-Lagrange equations of motion §L/§®4 = 0. The
standard Lagrange-Noether analysis of the general model (7.3) gives rise to the canonical energy-
momentum tensor of matter [80]

it = u'Py — <5k Ukt > + ak , (7.4)

where (speaking qualitatively) the structure of the elastic stress oyt = 3#(\1/) is determined by the
U fields and the Lagrangian L®", the 4-momentum P} = C%puk + electromagnetic field contribution,
and the effective pressure p°f = p+ electric and magnetic striction terms.

On the other hand, from first principles in the framework of the Lagrange-Noether formalism, we
find the Minkowski tensor (3.3) as the canonical energy-momentum current of the electromagnetic field.

. M .
In general, both canonical tensors of matter o' and of the electromagnetic field ¥;" (=Minkowski

tensor) are not symmetric, when the material spin density Sijk is nontrivial, so that the total energy-

momentum tensor Ti' = o;* + Xi' is also not symmetric. However, the total energy-momentum
current and the total angular momentum are perfectly conserved:

0T =0, T+ 0Sis" =0. (7.5)

No forces and torques appear on the right-hand sides, because the “matter+field” system is closed.

7.2. Kinetic tensor: key to Abraham
The Minkowski energy-momentum tensor arises from first principles as a Noether canonical current.
What can be said of the Abraham tensor — how physically relevant is it? Can one recover it in a
certain natural way?

Let us define the kinetic material energy-momentum tensor:

;kin URU a , oL
Iik =u' P — <6k K > + o' — (5‘11‘4 (Ek )B\I/B (76)
Kin p uk 5Lani AeB
Pi= i+ Cﬁm(&k)g‘l’ : (7.7)

Here (fik)g are the generators of the Lorentz algebra in the corresponding (reducible) representation
of the matter fields ¥4,

The explanation of the physical relevance of the Abraham energy-momentum tensor is as follows
[80]: The total energy-momentum tensor of the closed “matter+field” system

Ti_Mi i_Ai 1
=3k ok =3+ ki (7.8)

admits two alternative decompositions either into a sum of the canonical energy-momentum tensor
of matter plus the Minkowski tensor (“Minkowski decomposition”), or into a sum of the kinetic
energy-momentum tensor of matter plus the Abraham tensor (“Abraham decomposition”). Both
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decompositions yield the correct total energy-momentum tensor of the closed system. For simple
media without microstructure we find the remarkable structure [68], see also [69],

. . kin . ukui kin P
k' =Py, — pt (% - Cg> ; Pr = Uk (7.9)
where the first term on the right-hand side reproduces the usual kinetic “mass x velocity” momentum.

7.3. Resolving Minkowski-Abraham controversy
Comparing the two energy-momentum tensors, we observe a solid status of the Minkowski tensor as
a canonical Noether current derived from first principles. In contrast, the Abraham tensor is (a) ad
hoc construct, (b) derived from the Minkowski tensor.

Nevertheless, both objects are physically relevant if one carefully distinguishes the two physical
situations for open and closed systems.

(I) When the matter is a non-dynamical background, the electromagnetic field is consistently
treated as an open system with the constitutive tensor x“* as a fixed external field. Then the
Minkowski tensor gives the correct energy and momentum for the light in matter.

(IT) A dynamical matter (especially, a moving one) forms a closed system together with the
coupled electromagnetic field. Then only the total energy-momentum tensor has the physical meaning.

Finally, whence Abraham? In the decomposition of the total energy-momentum (7.8), the
Abraham tensor precisely absorbs all the electromagnetic terms, whereas the rest of T, turns out to
be the kinetic energy-momentum tensor ;' that depends on matter only.

8. Conclusions and outlook

One can develop a consistent relativistic Lagrangian model for the general linear complex medium
coupled to the electromagnetic field on the basis of the covariant approach [80, 92]. The experiments
with light in matter can be correctly analysed by using the Minkowski momentum when the wave
field is treated as an open system on a fixed matter background. For the case of a closed system,
when both matter and electromagnetic field are dynamical, one can use any of the energy-momentum
tensors — both Minkowski and Abraham momenta provide equally correct theoretical explanations.
The kinetic material energy-momentum tensor x;' is a convenient object that underlies the
fundamental decomposition (7.8). Summarizing, we conclude that both Minkowski and Abraham
tensor can be consistently used, provided one carefully addresses the dynamics of matter. It is

M
impossible to select a unique “correct” electromagnetic momentum: the Minkowski tensor Y;* is

A .
the fundamental canonical current, whereas Abraham’s ¥;" is a useful effective construct — a “purely

electromagnetic” piece of total energy-momentum tensor, complemented by a “purely kinetic” j® of
the medium.

It is important to stress that the symmetry of the energy-momentum tensor is not a fundamental
property. In this sense, the main argument which often underlies the choice of the Abraham tensor
is invalid, in general, and at most it applies to simple media. As soon as we deal with a complex

matter that has microstructure, the canonical tensor of spin Sijk is nontrivial; hence, the canonical

energy-momentum tensor is not symmetric, oy;;) + 8kSijk = 0, and the same of course applies to the
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total energy-momentum tensor of the closed system (7.5). However, one can relocalize the canonical
tensor of energy-momentum and spin [117], and a particular relocalization of Belinfante and Rosenfeld
[137-139] introduces the symmetrized energy-momentum

BR - . .. . .
o' =0 —0; (SZJkJrSkJ’—Sk”) . (8.1)
By means of this procedure, the total energy-momentum (7.8) is replaced by the corresponding
symmetric and conserved energy-momentum tensor

BR . BR
0; T =0, T 5 = 0. (8.2)

The construction of the symmetric kinetic energy momentum tensor x° via the Belinfante-Rosenfeld
relocalization is discussed in detail in [80].

In this relation, a remark is in order about the extension of the special-relativistic formalism,
which we considered here, to the general-relativistic framework in which the spacetime metric is no
longer fixed g;; = diag(c?, —1,—1,—1) but becomes a dynamical variable g;;(t,«) that describes the
gravitational field. Quite remarkably, the Abraham energy-momentum tensor can be recovered then
from the variational derivative of the matter Lagrangian with respect to the metric, see [140-142] for
the case of simple media and [143-145] for the complex media.

For the sake of clarity, our discussion was confined here to the media without dissipation
and dispersion. The corresponding analysis of electrodynamics in dispersive matter can be found
in [42, 46, 59, 61, 146-152], mostly for the simple media though, and it would interesting to generalize
the treatment to the case of arbitrarily moving complex media.

References

1] J. C. Maxwell, A Treatise on Electricity and Magnetism, Clarendon Press: Oxford, 1873.

2] P. Lebedew, “Untersuchungen iiber die Druckkrafte des Lichtes,” Annalen der Physik 311 (1901) 433-458.

1]

2]

[3] I. V. Lindell, Differential Forms in Electromagnetics, Wiley, Hoboken, N.J, 2004.

[4] 1. V. Lindell, Multiforms, Dyadics, and Electromagnetic Media, Wiley, Hoboken, NJ, 2015.
[5]

5] Y. N. Obukhov and F. W. Hehl, “Electromagnetic energy-momentum and forces in matter,” Phys. Lett.
A 311 (2003) 277-284.

[6] P. Penfield and H. A. Haus, FElectrodynamics of Moving Media, MIT, Cambridge, MA, 1967.

[7] H. Minkowski, “Die Grundgleichungen fiir die elektromagnetischen Vorgénge in bewegten Korpern,”
Nachr. Ges.Wiss.Gott. (1908) 53-111; reprinted in: Math. Ann. 68 (1910) 472-525 and in: Zwei Ab-
handlungen dber die Grundgleichungen der Elektrodynamik (B.G. Teubner Verlag, Leipzig und Berlin,
1910).

[8] M. Abraham, “Zur Elektrodynamik bewegter Korper,” Rend. Circ. Mat. Palermo 28 (1909) 1-28.
[9] M. Abraham, “Sull’elettrodinamica di Minkowski,” Rend. Circ. Mat. Palermo 30 (1910) 33-46.
[10] P. Milonni and R. Boyd, “Momentum of light in a dielectric medium,” Adv. Opt. Phot. 2 (2010) 519-553.

147


https://doi.org/10.1017/CBO9780511709333
https://doi.org/10.1002/andp.19013111102
https://dx.doi.org/10.1002/0471723096
https://dx.doi.org/10.1002/9781119052388
https://dx.doi.org/10.1016/S0375-9601(03)00503-6
https://dx.doi.org/10.1016/S0375-9601(03)00503-6
https://mitpress.mit.edu/9780262160193/
https://doi.org/10.1007/BF01455871
https://doi.org/10.1007/BF03018208
https://doi.org/10.1007/BF03014862
https://doi.org/10.1364/AOP.2.000519

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]
[22]

L)

148

Yuri N. OBUKHOV /Turk J Phys

T. Ramos, G. F. Rubilar, and Y. N. Obukhov, “Relativistic analysis of the dielectric Einstein box:
Abraham, Minkowski and total energy-momentum tensors,” Phys. Lett. A 375 (2011) 1703-1709.

A. F. Gibson, M. F. Kimmitt, A. O. Koohian, D. E. Evans, and G. F. D. Levy, “A study of radiation
pressure in a refractive medium by the photon drag effect,” Proc. Roy. Soc. Lond. A 370 (1980) 303-311.

R. V. Jones and J. C. S. Richards, “Pressure of radiation in a refracting medium,” Proc. Roy. Soc. Lond.
A 221 (1954) 480-498.

R. V. Jones and B. Leslie, “The measurement of optical radiation pressure in dispersive media,” Proc.
Roy. Soc. Lond. A 360 (1978) 347-363.

R. P. James, Force on permeable matter in time-varying fields, Ph.D. thesis, Dept. of Electrical Engineer-
ing, Stanford University, 1968.

G. B. Walker, D. G. Lahoz, and G. Walker, “Measurement of the Abraham force in a barium titanate
specimen,” Can. J. Phys. 53 (1975) 2577-2586.

G. B. Walker and G. Walker, “Mechanical forces in a dielectric due to electromagnetic fields,” Can. J.
Phys. 55 (1977) 2121-2127.

N. L. Balazs, “The energy-momentum tensor of the electromagnetic field inside matter,” Phys. Rev. 91
(1953) 408-411.

I. Brevik, “Experiments in phenomenological electrodynamics and the electromagnetic energy-momentum
tensor,” Phys. Rep. 52 (1979) 133-201.

W. Gordon, “Zur Lichtfortpflanzung nach der Relativitdtstheorie,” Ann. Phys. (Leipzig) 72 (1923) 421-
456.

J. P. Gordon, “Radiation forces and momenta in dielectric media,” Phys. Rev. A 8 (1973) 14-21.

W. Israel, “Relativistic effects in dielectrics: An experimental decision between Abraham and
Minkowski?,” Phys. Lett. B 67 (1977) 125-128.

M. von Laue, “Zur Minkowskischen Elektrodynamik der bewegten Korper,” Z. Phys. 128 (1950) 387-394.
C. Mgller, The Theory of Relativity, 1st ed. Clarendon Press: Oxford, 1952, pages 202-211.

W. Pauli, Relativitdtstheorie, in: Encyklopéddie der mathematischen Wissenschaften, Bd. V, Heft IV, Art.
19 (Teubner: Leipzig, 1921); W. Pauli, Theory of Relativity, 2nd Edition, Pergamon Press, London, 1958.

E. Schmutzer, “Zur relativistischen Elektrodynamik in beliebigen Medien,” Ann. Phys. (Leipzig) 18
(1956) 171-180.

E. Schmutzer, “Minkowski-Elektrodynamik als Ergebnis einer feldtheoretischen Untersuchung,” Ann.
Phys. (Leipzig) 20 (1957) 349-354.

I. E. Tamm, “Radiation emitted by uniformly moving electrons,” J. Phys. (Moscow) 1, n. 5-6 (1939)
439-454.

A. Ashkin and J. Dziedzic, “Radiation pressure on a free liquid surface,” Phys. Rev. Lett. 30 (1973)
139-142.

M. Kristensen and J. P. Woerdman, “Is photon angular momentum conserved in a dielectric medium?,”
Phys. Rev. Lett. 72 (1994) 2171-2174.

P. Penfield and H. A. Haus, “Hamilton’s principle for electromagnetic fluids,” Phys. Fluids 9 (1966)
1195-1204.


http://dx.doi.org/10.1016/j.physleta.2011.03.015
https://doi.org/10.1098/rspa.1980.0035
https://doi.org/10.1098/rspa.1954.0043
https://doi.org/10.1098/rspa.1954.0043
https://doi.org/10.1098/rspa.1978.0072
https://doi.org/10.1098/rspa.1978.0072
https://www.proquest.com/openview/29f6581239a70a208eba7002f1a0440f/1?pq-origsite=gscholar&cbl=18750&diss=y
https://www.proquest.com/openview/29f6581239a70a208eba7002f1a0440f/1?pq-origsite=gscholar&cbl=18750&diss=y
https://doi.org/10.1139/p75-313
https://doi.org/10.1139/p77-255
https://doi.org/10.1139/p77-255
https://doi.org/10.1103/PhysRev.91.408
https://doi.org/10.1103/PhysRev.91.408
https://doi.org/10.1016/0370-1573(79)90074-7
https://doi.org/10.1002/andp.19233772202
https://doi.org/10.1002/andp.19233772202
https://doi.org/10.1103/PhysRevA.8.14
https://doi.org/10.1016/0370-2693(77)90824-3
https://doi.org/10.1007/BF01339439
https://doi.org/10.1119/1.1933386
https://www.amazon.com/Relativit%C3%A4tstheorie-German-Wolfgang-Pauli/dp/3540673121
https://doi.org/10.1002/andp.19564530306
https://doi.org/10.1002/andp.19564530306
https://doi.org/10.1002/andp.19574550703
https://doi.org/10.1002/andp.19574550703
https://doi.org/10.1007/978-3-642-74626-0_3
https://doi.org/10.1007/978-3-642-74626-0_3
https://doi.org/10.1103/PhysRevLett.30.139
https://doi.org/10.1103/PhysRevLett.30.139
https://doi.org/10.1103/PhysRevLett.72.2171
http://dx.doi.org/10.1063/1.1761820
http://dx.doi.org/10.1063/1.1761820

Yuri N. OBUKHOV /Turk J Phys

[32] M. Kranys, “The Minkowski and Abraham tensors, and the non-uniqueness of non-closed systems,” Int.
J. Engng. Sci. 20 (1982) 1193-1213.

[33] G. A. Maugin, “On the covariant equations of the relativistic electrodynamics of continua. I. General
Equations,” J. Math. Phys. 19 (1978) 1198-1205.

[34] Z. Mikura, “Variational formulation of the electrodynamics of fluids and its application to the radiation
pressure problem,” Phys. Rev. A 13 (1976) 2265-2275.

[35] F. N. H. Robinson, “Electromagnetic stress and momentum in matter,” Phys. Rep. 16 (1975) 313-354.

[36] A. Ashkin, J. M. Dziedzic, J. E. Bjorkholm, and S. Chu, “Observation of a single-beam gradient force
optical trap for dielectric particles,” Opt. Lett. 11 (1986) 288-290.

[37] K. Dholakia and P. Zemdnek, “Gripped by light: Optical binding,” Rev. Mod. Phys. 82 (2010) 1767-1791.
[38] D. G. Grier, “A revolution in optical manipulation,” Nature 424 (2003) 810-816.
[39] X. Chen, Y. Luo, J. Zhang, K. Jiang, J. B. Pendry, and S. Zhang, “Macroscopic invisibility cloaking of

visible light,” Nature Commun. 2 (2011) 176.

[40] A. Greenleaf, Y. Kurylev, M. Lassas, U. Leonhardt, and G. Uhlmann, “Cloaked electromagnetic, acoustic,
and quantum amplifiers via transformation optics,” Proc. Nat. Acad. Sci. 109 (2012) 10169-10174.

[41] B. A. Kemp, “Momentum in metamaterials,” Nature Photon. 10 (2016) 291-293.

[42] D. H. Bradshaw, S. Shi, R. W. Boyd, and P. W. Milonni, “Electromagnetic momenta and forces in
dispersive media,” Opt. Comm. 283 (2010) 650-656.

[43] 1. Brevik and S. A. Ellingsen, “Possibility of measuring the Abraham force using whispering gallery
modes,” Phys. Rev. A 81 (2010) 063830.

[44] 1. Brevik and S. A. Ellingsen, “Detection of the Abraham force with a succession of short optical pulses,”
Phys. Rev. A 86 (2012) 025801; Erratum.

[45] M. E. Crenshaw and T. B. Bahder, “Energy-momentum tensor of the electromagnetic field in a dielectric,”
Opt. Comm. 284 (2011) 2460-2465.

[46] J. C. Garrison and R. Y. Chiao, “Canonical and kinetic forms of the electromagnetic momentum in an
ad hoc quantization scheme for a dispersive dielectric,” Phys. Rev. A 70 (2004) 053826.

[47] E. A. Hinds and S. M. Barnett, “Momentum exchange between light and a single atom: Abraham or
Minkowski?,” Phys. Rev. Lett. 102 (2009) 050403.

[48] B. A. Kemp and T. M. Grzegorczyk, “The observable pressure of light in dielectric fluids,” Opt. Lett. 36
(2011) 493-495.

©

P. Kinsler, A. Favaro and M. W. McCall, “Four Poynting theorems,” Fur. J. Phys. 30 (2009) 983-993.

ot
=)

L = O O

U. Leonhardt, “Energy-momentum balance in quantum dielectrics,” Phys. Rev. A 73 (2006) 032108.
R. Loudon, “Theory of the radiation pressure on dielectric surfaces,” J. Mod. Opt. 49 (2002) 821-838.

(S5
[\

R. Loudon, “Radiation pressure and momentum in dielectrics,” Fortschr. Phys. 52 (2004) 1134-1140.

o T o o

M. Mansuripur and A. R. Zakharian, “Theoretical analysis of the force on the end face of a nanofilament
exerted by an outgoing light pulse,” Phys. Rev. A 80 (2009) 023823.

[64] M. Mansuripur, “Resolution of the Abraham-Minkowski controversy,” Opt. Comm. 283 (2010) 1997-2005.

149


https://doi.org/10.1016/0020-7225(82)90041-6
https://doi.org/10.1016/0020-7225(82)90041-6
https://doi.org/10.1063/1.523785
https://doi.org/10.1103/PhysRevA.13.2265
https://doi.org/10.1016/0370-1573(75)90057-5
https://doi.org/10.1364/OL.11.000288
http://dx.doi.org/10.1103/RevModPhys.82.1767
http://dx.doi.org/10.1038/nature01935
http://dx.doi.org/10.1038/ncomms1176
http://dx.doi.org/10.1073/pnas.1116864109
https://doi.org/10.1038/nphoton.2016.81
http://dx.doi.org/10.1016/j.optcom.2009.10.056
http://dx.doi.org/10.1103/PhysRevA.81.063830
https://doi.org/10.1103/PhysRevA.86.025801
https://doi.org/10.1103/PhysRevA.88.069903
https://doi.org/10.1364/FIO.2010.FThS4
https://doi.org/10.1103/PhysRevA.70.053826
https://doi.org/10.1103/PhysRevLett.102.050403
https://doi.org/10.1364/OL.36.000493
https://doi.org/10.1364/OL.36.000493
https://doi.org/10.1088/0143-0807/30/5/007
https://doi.org/10.1103/PhysRevA.73.032108
https://doi.org/10.1080/09500340110111752
https://doi.org/10.1002/prop.200410183
https://doi.org/10.1103/PhysRevA.80.023823
https://doi.org/10.1016/j.optcom.2010.01.010

[55]

[56]

[57]

[58]

[59]

[60]

150

Yuri N. OBUKHOV /Turk J Phys

P. W. Milonni and R. W. Boyd, “Recoil and photon momentum in a dielectric,” Laser Physics 15 (2005)
1432-1438.

V. V. Nesterenko and A. V. Nesterenko, “Symmetric energy-momentum tensor: The Abraham form and

the explicitly covariant formula,” J. Math. Phys. 57 (2016) 032901.

V. V. Nesterenko and A. V. Nesterenko, “Ponderomotive forces in electrodynamics of moving media: The
Minkowski and Abraham approaches,” J. Math. Phys. 57 (2016) 092902.

M. Padgett, S. Barnett, and R. Loudon, “The angular momentum of light inside a dielectric,” J. Mod.
Opt. 50 (2003) 1555-1562.

A. Shevchenko and M. Kaivola, “Electromagnetic force density in dissipative isotropic media,” J. Phys.
B 44 (2011) 065403.

N. G. C. Astrath, G. A. S. Flizikowski, B. Anghinoni, L. C. Malacarne, M. L. Baesso, T. Pozar, M.
Partanen, I. Brevik, D. Razansky, and S. E. Bialkowski, “Unveiling bulk and surface radiation forces in
a dielectric liquid,” Light Sci. Appl. 11 (2022) 103.

G. K. Campbell, A. E. Leanhardt, J. Mun, M. Boyd, E. W. Streed, W. Ketterle, and D. E. Pritchard,
“Photon recoil momentum in dispersive media,” Phys. Rev. Lett. 94 (2005) 170403.

A. Kundu, R. Rani, and K. Hazra, “Graphene oxide demonstrates experimental confirmation of Abraham
pressure on solid surface,” Sci. Rep. 7 (2017) 42538.

G. L.. J. A. Rikken and B. A. van Tiggelen, “Measurement of the Abraham force and its predicted QED
corrections in crossed electric and magnetic fields,” Phys. Rev. Lett. 107 (2011) 170401.

G. L. J. A. Rikken and B. A. van Tiggelen, “Observation of the intrinsic Abraham force in time-varying
magnetic and electric fields,” Phys. Rev. Lett. 108 (2012) 230402.

W. She, R. Yu, and R. Feng, “Observation of a push force on the end face of a nanometer silica filament
exerted by outgoing light,” Phys. Rev. Lett. 101 (2008) 243601.

L. Zhang, W. She, N. Peng, and U. Leonhardt, “Experimental evidence for Abraham pressure of light,”
New J. Phys. 17 (2015) 053035.

W.-Z. Zhang, P. Zhang, R.-Q. Wang, and W.-M. Liu, “Testing the equivalence between the canonical
and Minkowski momentum of light with ultracold atoms,” Phys. Rev. A 85 (2012) 053604.

Y. N. Obukhov, “Electromagnetic energy and momentum in moving media,” Ann. Phys. (Berlin) 17
(2008) 830-851.

M. Partanen and J. Tulkki, “Lagrangian dynamics of the coupled field-medium state of light,” New J.
Phys. 21 (2019) 073062.

R. N. C. Pfeifer, T. A. Nieminen, N. R. Heckenberg, and H. Rubinsztein-Dunlop, “Momentum of an
electromagnetic wave in dielectric media,” Rev. Mod. Phys. 79 (2007) 830-851.

C. J. Sheppard and B. A. Kemp, “Optical pressure deduced from energy relations within relativistic
formulations of electrodynamics,” Phys. Rev. A 89 (2014) 013825.

C. J. Sheppard and B. A. Kemp, “Kinetic-energy-momentum tensor in electrodynamics,” Phys. Rev. A
93 (2016) 013855).

C. J. Sheppard and B. A. Kemp, “Relativistic analysis of field-kinetic and canonical electromagnetic
systems,” Phys. Rev. A 93 (2016) 053832.


http://www.hajim.rochester.edu/optics/sites/boyd/archive/papers/Milonni_2005.pdf
http://www.hajim.rochester.edu/optics/sites/boyd/archive/papers/Milonni_2005.pdf
http://dx.doi.org/10.1063/1.4944584
http://dx.doi.org/10.1063/1.4963241
http://dx.doi.org/10.1080/09500340308235229
http://dx.doi.org/10.1080/09500340308235229
http://dx.doi.org/10.1088/0953-4075/44/6/065403
http://dx.doi.org/10.1088/0953-4075/44/6/065403
https://doi.org/10.1038/s41377-022-00788-7
https://doi.org/10.1103/PhysRevLett.94.170403
https://doi.org/10.1038/srep42538
https://doi.org/10.1103/PhysRevLett.107.170401
https://doi.org/10.1103/PhysRevLett.108.230402
https://doi.org/10.1103/PhysRevLett.101.243601
http://dx.doi.org/10.1088/1367-2630/17/5/053035
http://dx.doi.org/10.1103/PhysRevA.85.053604
http://dx.doi.org/10.1002/andp.200810313
http://dx.doi.org/10.1002/andp.200810313
https://doi.org/10.1088/1367-2630/ab3069
https://doi.org/10.1088/1367-2630/ab3069
https://doi.org/10.1103/RevModPhys.79.1197
https://doi.org/10.1103/PhysRevA.89.013825
https://doi.org/10.1103/PhysRevA.93.013855
https://doi.org/10.1103/PhysRevA.93.013855
https://doi.org/10.1103/PhysRevA.93.053832

[74]
[75]

Yuri N. OBUKHOV /Turk J Phys

S. Barnett, “Resolution of the Abraham-Minkowski dilemma,” Phys. Rev. Lett. 104 (2010) 070401.

S. Barnett and R. Loudon, “The enigma of optical momentum in a medium,” Phil. Trans. R. Soc. A 368
(2010) 927-939.

I. Brevik, “Minkowski momentum resulting from a vacuum-medium mapping procedure, and a brief
review of Minkowski momentum experiments,” Ann. Phys. (USA) 377 (2017) 10-21.

I. Brevik, “Analysis of recent interpretations of the Abraham-Minkowski problem,” Phys. Rev. A 98
(2018) 04384.

I. Brevik, “Radiation forces and the Abraham-Minkowski problem,” Mod. Phys. Lett. A 33 (2018)
1830006.

I. Brevik, “Remarks on the Abraham—Minkowski problem, in relation to recent radiation pressure exper-
iments,” Int. J. Mod. Phys. A 34 (2019) 1941003.

T. Ramos, G. F. Rubilar and Yu. N. Obukhov, “First principles approach to the Abraham-Minkowski
controversy for the momentum of light in general linear non-dispersive media,” J. Opt. 17 (2015) 025611.

C. Baxter and R. Loudon, “Tutorial review: Radiation pressure and the photon momentum in dielectrics,”
J. Mod. Opt. 57 (2010) 830-842.

M. E. Crenshaw, “Decomposition of the total momentum in a linear dielectric into field and matter
components,” Ann. Phys. (N.Y.) 338 (2013) 97-106.

M. E. Crenshaw, “Electromagnetic momentum and the energy-momentum tensor in a linear medium
with magnetic and dielectric properties,” J. Math. Phys. 55 (2014) 042901.

I. Y. Dodin and N. J. Fisch, “Axiomatic geometrical optics, Abraham-Minkowski controversy, and photon
properties derived classically,” Phys. Rev. A 86 (2012) 053834.

D. J. Griffiths, “Resource letter EM-1: Electromagnetic momentum,” Am. J. Phys. 80 (2012) 7-18.

B. A. Kemp, “Resolution of the Abraham-Minkowski debate: Implications for the electromagnetic wave
theory of light in matter,” J. Appl. Phys. 109 (2011) 111101.

P. L. Saldanha, “Division of the momentum of electromagnetic waves in linear media into electromagnetic
and material parts,” Optics Fxpress 18 (2010) 2258-2268.

P. L. Saldanha and J. S. Oliveira Filho, “Hidden momentum and the Abraham-Minkowski debate,” Phys.
Rev. A 95 (2017) 043804.

K. J. Webb, “Dependence of the radiation pressure on the background refractive index,” Phys. Rev. Lett.
111 (2013) 043602.

B. Anghinoni, G. A. S. Flizikowski, L. C. Malacarne, M. Partanen, S. E. Bialkowski, and N. G. C. Astrath,
“On the formulations of the electromagnetic stress-energy tensor,” Ann. Phys. (USA) 443 (2022) 169004.

B. A. Kemp, “Macroscopic theory of optical momentum,” Progress in Optics 60 (2015) 437-488.

F. W. Hehl and Y. N. Obukhov, Foundations of Classical Electrodynamics: Charge, flur, and metric,
Birkhauser: Boston, 2003.

A. Lichnerowicz, Relativistic Hydrodynamics and Magnetohydrodynamics, W.A. Benjamin, New York,
1967.

A. B. Balakin and W. Zimdahl, “Optical metrics and birefringence of anisotropic media,” Gen. Relat.
Grav. 37 (2005) 1731-1751.

151


http://dx.doi.org/10.1103/PhysRevLett.104.070401
http://dx.doi.org/10.1098/rsta.2009.0207
http://dx.doi.org/10.1098/rsta.2009.0207
https://doi.org/10.1016/j.aop.2017.01.009
https://doi.org/10.1103/PhysRevA.98.043847
https://doi.org/10.1103/PhysRevA.98.043847
https://doi.org/10.1142/S0217732318300069
https://doi.org/10.1142/S0217732318300069
https://doi.org/10.1142/S0217751X19410033
http://dx.doi.org/10.1088/2040-8978/17/2/025611
https://doi.org/10.1080/09500340.2010.487948
http://dx.doi.org/10.1016/j.aop.2013.07.005
http://dx.doi.org/10.1063/1.4869746
http://dx.doi.org/10.1103/PhysRevA.86.053834
http://dx.doi.org/10.1119/1.3641979
http://dx.doi.org/10.1063/1.3582151
https://doi.org/10.1364/OE.18.002258
https://doi.org/10.1103/PhysRevA.95.043804
https://doi.org/10.1103/PhysRevA.95.043804
https://doi.org/10.1103/PhysRevLett.111.043602
https://doi.org/10.1103/PhysRevLett.111.043602
https://doi.org/10.1016/j.aop.2022.169004
https://doi.org/10.1016/bs.po.2015.02.005
https://dx.doi.org/10.1007/978-1-4612-0051-2
https://books.google.com.tr/books/about/Relativistic_Hydrodynamics_and_Magnetohy.html?id=_gRFAAAAIAAJ&redir_esc=y
https://books.google.com.tr/books/about/Relativistic_Hydrodynamics_and_Magnetohy.html?id=_gRFAAAAIAAJ&redir_esc=y
https://doi.org/10.1007/s10714-005-0155-3
https://doi.org/10.1007/s10714-005-0155-3

[95]

©
N2}

=)
f

©
0

[100]

[101]

[102]
[103]

[104]
[105]

[106]

[107]

[108]

[109]
[110]

[111]

[112]

[113]

[114]

[115]

152

Yuri N. OBUKHOV /Turk J Phys

L. Bel, “Définition d’une densité d’énergie et d'un état de radiation totale généralisee,” Comptes Rend.
Acad. Sci. 246 (1958) 3015-3018.

L. F. O. Costa and J. Natério, “Gravito-electromagnetic analogies,” Gen. Relat. Grav. 46 (2014) 1792.
S. W. Hawking, “Perturbations of an expanding universe,” Astrophys. J. 145 (1966) 544-554.

P. Jordan, J. Ehlers, and W. Kundt, “Strenge Losungen der Feldgleichungender Allgemeinen Relativitéts-
theorie,” Akad. Wiss. Lit., Abhandl. Math.-naturwiss. Klasse Nr. 2 (1960) 21-105, English republication:
“Exact solutions of the field equations of the general theory of relativity,” Gen. Relat. Grav. 41 (2009)
2191-2280.

M. Bailyn, “Variational principle for perfect and imperfect fluids in general relativity,” Phys. Rev. D 22
(1980) 267-279.

B. F. Schutz, “Perfect fluids in general relativity: Velocity potentials and a variational principle,” Phys.
Rev. D 2 (1970) 2762-2773.

B. F. Schutz and R. Sorkin, “Variational aspects of relativistic field theories, with application to perfect
fluids,” Ann. Phys. (USA) 107 (1977) 1-43.

A. H. Taub, “General relativistic variational principle for perfect fluids,” Phys. Rev. 94 (1954) 1468-1470.

A. Anile and Y. Choquet-Bruhat, eds., Relativistic fluid dynamics, Lect. Notes Math. 1385, Springer,
Berlin, 1987.

L. Rezzolla and O. Zanotti, Relativistic Hydrodynamics, Oxford University Press, Oxford, 2013.

C.C. Lin, “Hydrodynamics of Helium II,” in: Liquid Helium, Proc. of XXI Int.. School of Physics “Enrico
Fermi”, Varenna 3-15 July 1961, ed. G. Careri, Academinc Press: New York, 1963, 93-164.

G. Capriz, Continua with microstructure, Springer Tracts in Natural Philosophy 35 (Springer, Berlin,
1989).

H. C. Corben, Classical and quantum theories of spinning particles, Holden-Day, Inc: San Francisco,
1968.

E. Cosserat and F. Cosserat, Théorie des corps déformables (Paris: Hermann, 1909); English translation
by D.H. Delphenich is available at http://www.uni-due.de/~hm0014/Cosserat_files/Cosserat09_
eng.pdf.

A. C. Eringen, Microcontinuum field theories: I. Foundations and solids, Springer, New York, 1999.

F. Halbwachs, “Lagrangian formalism for a classical relativistic particle endowed with internal structure,”
Progr. Theor. Phys. 24 (1960) 291-307.

C. Truesdell and R.A. Toupin, The classical field theories. Encyclopedia of Physics, Vol. III/1 (Berlin-
Gottingen-Heidelberg: Springer, 1960).

W. Kopczynski, “Lagrangian dynamics of particles and fluids with intrinsic spin in Einstein-Cartan
space-time,” Phys. Rev. D 34 (1986) 352-356.

Y. N. Obukhov and V. A. Korotky, “The Weyssenhoff fluid in Einstein-Cartan theory,” Class. Quantum
Grav. 4 (1987) 1633-1657.

Y. N. Obukhov and O. B. Piskareva, “Spinning fluid in general relativity,” Class. Quantum Grav. 6
(1989) L15-L19.

J. R. Ray, “Lagrangian density for perfect fluids in general relativity,” J. Math Phys. 13 (1972) 1451-1453.


https://doi.org/10.1007/s10714-014-1792-1
https://doi.org/10.1007/s10714-009-0869-8
https://doi.org/10.1007/s10714-009-0869-8
https://doi.org/10.1103/PhysRevD.22.267
https://doi.org/10.1103/PhysRevD.22.267
https://doi.org/10.1103/PhysRevD.2.2762
https://doi.org/10.1103/PhysRevD.2.2762
https://doi.org/10.1016/0003-4916(77)90200-7
https://doi.org/10.1103/PhysRev.94.1468
https://doi.org/10.1007/BFb0084027
https://doi.org/10.1007/BFb0084027
https://doi.org/10.1093/acprof:oso/9780198528906.001.0001
https://doi.org/10.1007/978-1-4612-3584-2
https://doi.org/10.1007/978-1-4612-3584-2
http://www.uni-due.de/~hm0014/Cosserat_files/Cosserat09_eng.pdf
http://www.uni-due.de/~hm0014/Cosserat_files/Cosserat09_eng.pdf
https://doi.org/10.1007/978-1-4612-0555-5
https://doi.org/10.1143/PTP.24.291
https://doi.org/10.1007/978-3-642-45943-6_2
https://doi.org/10.1007/978-3-642-45943-6_2
https://doi.org/10.1103/PhysRevD.34.352
http://dx.doi.org/10.1088/0264-9381/4/6/021
http://dx.doi.org/10.1088/0264-9381/4/6/021
http://dx.doi.org/10.1088/0264-9381/6/2/002
http://dx.doi.org/10.1088/0264-9381/6/2/002
http://dx.doi.org/10.1063/1.1665861

[116]

[117]

[118]

[131]

[132]

[133]

[134]

[135]
[136]

[137]
[138]

[139]

Yuri N. OBUKHOV /Turk J Phys

J. Weyssenhoff and A. Raabe, “Relativistic dynamics of spin-fluids and spin-particles,” Acta Phys. Pol.
9 (1947) 7-18.

F. W. Hehl, “On the energy tensor of spinning massive matter in classical field theory,” Rept. Math.
Phys. 9 (1976) 55-82.

Y. N. Obukhov and G. F. Rubilar, “Invariant conserved currents in gravity theories with local Lorentz
and diffeomorphism symmetry,” Phys. Rev. D 74 (2006) 064002.

Y. N. Obukhov and G. F. Rubilar, “Invariant conserved currents for gravity,” Phys. Lett. B 660 (2008)
240-246.

L. M. Blinov, Structure and properties of liquid crystals, Springer, Dordrecht, 2011.

S. Chandrasekhar, Liquid crystals, 2nd ed., Cambridge University Press, Cambridge, 1992.

P. G. De Gennes and J. Prost, The physics of liquid crystals, 2nd ed., Clanderon Press, Oxford, 1993.
W. H. De Jeu, Physical properties of liquid crystalline materials, Gordon and Breach, New York, 1980.
G. E. Volovik, “From elasticity tetrads to rectangular vielbein,” Ann. Phys. (USA) (2022) 168998.

J. L. Ericksen, “Anisotropic fluids,” Arch. Rational Mech. Anal. 4 (1960) 231-237.

J. L. Ericksen, “Theory of anisotropic fluids,” Trans. Soci. Rheology 4 (1960) 29-39.

J. L. Ericksen, “Hydrostatic theory of liquid crystals,” Arch. Rational Mech. Anal. 9 (1962) 379-394.
J. L. Ericksen, “Kinematics of macromolecules,” Arch. Rational Mech. Anal. 9 (1962) 1-8.

J. L. Ericksen, “Twisting of liquid crystals”, J. Fluid Mech. 27 (1967) 59-64.

F. M. Leslie, “Some constitutive equations for anisotropic fluids,” Quart. J. Mech. Appl. Math. 19 (1966)
357-370.

F. M. Leslie, “Some constitutive equations for liquid crystals,” Arch. Rational Mech. Anal. 28 (1968)
265-283.

I. W. Stewart, The static and dynamic continuum theory of liquid crystals: A mathematical introduction,
Taylor and Francis, London, 2004.

V. B. Lisin and A. I. Potapov, “Variational principle in the mechanics of liquid crystals,” Int. J. Non-
Linear Mechanics 32 (1997) 55-62.

V. B. Lisin and A. I. Potapov, “A variational method of deriving the equations of the non-linear mechanics
of liquid crystals,” J. Appl. Maths Mechs 63 (1999) 327-332.

E. P. Virga, Variational theories for liquid crystals, Chapman & Hall, London, 1994.

Y. N. Obukhov, T. Ramos, and G. F. Rubilar, “Relativistic Lagrangian model of a nematic liquid crystal
interacting with an electromagnetic field,” Phys. Rev. E 86 (2012) 031703.

F. J. Belinfante, “On the spin angular momentum of mesons,” Physica 6 (1939) 887-898.

F. J. Belinfante, “On the current and the density of the electric charge, the energy, the linear momentum
and the angular momentum of arbitrary fields,” Physica 7 (1940) 449-474.

L. Rosenfeld, “Sur le tenseur d’impulsion-énergie,” Mém. Acad. Roy. Belgique, cl. sc. 18, fasc. 6 (1940)
1-30; English translation: L. Rosenfeld, “On the energy-momentum tensor”, in: “Selected Papers of Léon
Rosenfeld”, Eds. R. S. Cohen and J. J. Stachel (D. Reidel Publishing Company, Dordrecht, 1979) pp.
711-735.

153


https://doi.org/10.1016/0034-4877(76)90016-1
https://doi.org/10.1016/0034-4877(76)90016-1
http://dx.doi.org/10.1103/PhysRevD.74.064002
http://dx.doi.org/10.1016/j.physletb.2007.12.042
http://dx.doi.org/10.1016/j.physletb.2007.12.042
https://doi.org/10.1007/978-90-481-8829-1
https://doi.org/10.1017/CBO9780511622496
https://books.google.com.tr/books/about/The_Physics_of_Liquid_Crystals.html?id=0Nw-dzWz5agC&redir_esc=y
https://books.google.com.tr/books/about/Physical_Properties_of_Liquid_Crystallin.html?id=_HwPFBIT3MYC&redir_esc=y
https://doi.org/10.1016/j.aop.2022.168998
https://doi.org/10.1007/BF00281389
https://doi.org/10.1122/1.548864
https://doi.org/10.1007/BF00253358
https://doi.org/10.1007/BF00253329
https://doi.org/10.1017/S0022112067000047
https://doi.org/10.1093/qjmam/19.3.357
https://doi.org/10.1093/qjmam/19.3.357
https://doi.org/10.1007/BF00251810
https://doi.org/10.1007/BF00251810
https://doi.org/10.1201/9781315272580
https://doi.org/10.1016/S0020-7462(96)00011-X
https://doi.org/10.1016/S0020-7462(96)00011-X
https://doi.org/10.1016/S0021-8928(99)00043-X
https://doi.org/10.1201/9780203734421
http://dx.doi.org/10.1103/PhysRevE.86.031703
https://doi.org/10.1016/S0031-8914(39)90090-X
https://doi.org/10.1016/S0031-8914(40)90091-X

[140]

[141]

[142]

[143]

[144]

[145]

[146]

[147]

[148]

[149]

[150]

[151]
[152]

154

Yuri N. OBUKHOV /Turk J Phys

S. Antoci and L. Mihich, “Detecting Abraham’s force of light by the Fresnel-Fizeau effect,” Eur. Phys.
J. D 3 (1998) 205-210.
S. Antoci and L. Mihich, “A forgotten argument by Gordon uniquely selects Abraham’s tensor as the

energy-momentum tensor for the electromagnetic field in homogeneous, isotropic matter,” Nuovo Cim.
B 112 (1997) 991-1001.

S. Antoci and L. Mihich, “Electrodynamic forces in elastic matter,” Nuovo Cim. B 115 (2000) 77-88.

T. Dereli, J. Gratus, and R. W. Tucker, “The covariant description of electromagnetically polarizable
media,” Phys. Lett. A 361 (2006) 190-193.

T. Dereli, J. Gratus, and R. W. Tucker, “New perspectives on the relevance of gravitation for the covariant
description of electromagnetically polarizable media,” J. Phys. A: Math. Theor. 40 (2007) 5695-5715.

J. Gratus, Y. N. Obukhov, and R. W. Tucker, “Conservation laws and stress-energy-momentum tensors
for systems with background fields,” Ann. Phys. (N.Y.) 327 (2012) 2560-2590.

K. Y. Bliokh, A. Y. Bekshaev, and F. Nori, “Extraordinary momentum and spin in evanescent waves,”
Nature Commun. 5 (2014) 3300.

K. Y. Bliokh, A. Y. Bekshaev, and F. Nori, “Optical momentum and angular momentum in complex
media: from the Abraham—Minkowski debate to unusual properties of surface plasmon-polaritons,” New
J. Phys. 19 (2017) 123014.

R. L. Dewar, “Energy-momentum tensors for dispersive electromagnetic waves,” Australian J. Phys. 30
(1977) 533-576.

K. Furutsu, “Energy-momentum tensor of electromagnetic field in moving dispersive media and instabil-
ity: relativistic formulation,” Phys. Rev. 185 (1969) 257-272.

M. Partanen and J. Tulkki, “Covariant theory of light in a dispersive medium,” Phys. Rev. A 104 (2021)
023510.
T. G. Philbin, “Electromagnetic energy momentum in dispersive media,” Phys. Rev. A 83 (2011) 013823.

T. G. Philbin and O. Allanson, “Optical angular momentum in dispersive media,” Phys. Rev. A 86 (2012)
055802.


https://doi.org/10.1007/s101059800d001
https://doi.org/10.1007/s101059800d001
https://arxiv.org/abs/gr-qc/9704055
https://arxiv.org/abs/gr-qc/9704055
https://doi.org/10.48550/arXiv.physics/9912010
https://doi.org/10.1016/j.physleta.2006.10.060
https://doi.org/10.1088/1751-8113/40/21/016
http://dx.doi.org/10.1016/j.aop.2012.07.006
http://dx.doi.org/10.1038/ncomms4300
https://doi.org/10.1088/1367-2630/aa8913
https://doi.org/10.1088/1367-2630/aa8913
https://doi.org/10.1071/PH770533
https://doi.org/10.1071/PH770533
https://doi.org/10.1103/PhysRev.185.257
https://doi.org/10.1103/PhysRevA.104.023510
https://doi.org/10.1103/PhysRevA.104.023510
http://dx.doi.org/10.1103/PhysRevA.83.013823
http://dx.doi.org/10.1103/PhysRevA.86.055802
http://dx.doi.org/10.1103/PhysRevA.86.055802

	Introduction
	Classical electrodynamics
	A tale of two tensors
	Minkowski tensor
	Abraham tensor

	Projector formalism in electrodynamics of moving media
	Relativistic spinning fluid model
	Lagrangian of the spinning fluid
	Euler-Lagrange equations
	Canonical Noether currents of spin and energy-momentum
	Electromagnetic Lagrangian
	Minkowski and Abraham energy-momentum tensors

	Relativistic liquid crystal model
	Field equations
	Canonical Noether currents for matter
	Electromagnetic Lagrangian

	General model of closed system of interacting matter and electromagnetic field
	Relativistic Lagrangian for general linear medium
	Kinetic tensor: key to Abraham
	Resolving Minkowski-Abraham controversy

	Conclusions and outlook

