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Abstract: A consistent variational derivation of the Majorana 4-spinor field equations coupled to Einstein’s
theory of gravitation is given. The equivalence of the first and the second order variational field equations
is explicitly demonstrated. The Lagrange multiplier 2-forms we use turn out to be precisely the Belinfante-
Rosenfeld 2-forms that are needed to symmetrize the canonical energy-momentum tensor of the Majorana
spinor.
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1. Introduction

E. Majorana considered in a historic paper in 1937, a derivation of the Dirac equation where the
electrons and the positrons are treated in a symmetric way [1]. He made use of a self-conjugate
representation of the «y-matrices that we now call the Majorana realization. Furthermore he treated
the fermion fields in terms of anticommuting variables. Such a theory has no conventional classical
interpretation. However, it makes it possible to derive the Dirac equation by a variational principle.
In a particular Majorana realization of y-matrices as generators of the real part of the Clifford algebra
Clif(1,3) over space-time, all components of the 4-spinors turn out to be real. As such they correspond
to electrically neutral fermion fields whose quantization may be achieved on a real Hilbert space [2—4].

A candidate constituent particle for a Majorana spinor is a neutrino [5]. It should be noted in
the present approach that there is no need to distinguish a separate antineutrino of opposite chirality:
a neutrino coming out together with an electron in -decay would have a negative helicity while that
coming out together with a positron in inverse (-decay would have a positive helicity. In fact, as
already noted by Majorana himself, the Majorana nature of neutrino can be tested in neutrino-less
double [3-decays [6]. Such processes violate the lepton number conservation by terms proportional to
the Majorana mass of the neutrino. Thus, the Majorana nature of a neutrino emerges as the most
natural explanation for the surprisingly small observed value of neutrino masses. Furthermore, the
nonconservation of the lepton number L leads to speculations that the decay of supermassive Majorana
neutrinos in the very early Universe may have given a rise to an asymmetry in L that transforms
to the present-day observed baryon number B asymmetry by virtue of the B — L conservation [7].
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Several laboratories around the world support experiments to detect neutrino-less double [S-decay,
with no success up till now. A new generation of experiments called CUORE is on its way in Italy to
resolve this question. A possible discovery would also provide a natural answer to the dominance of
matter over antimatter in our universe [8].

Our main goal in this paper is to provide a consistent derivation of the coupled field equations
of a Majorana neutrino and Einstein’s theory of gravitation. We make essential use in our calculations
of the anticommuting nature of the spinor components. Einstein’s theory of general relativity is a
theory of gravitation determined by the semi-Riemannian geometry of a 4-dimensional spacetime.
The coupled field equations of the theory may be obtained by field variational principle from an
action. It is well known that the second order principle where the metric variations of the Levi-Civita
connections are taken into account; and the first order (Palatini) where independent variations of the
action relative to the metric and connection yield, in these cases, the same set of field equations. The
fact that the connection is Levi-Civita may be imposed by the method of Lagrange multipliers. In the
following, both the first and the second order variational approaches are given and the resulting field
equations are derived and then compared.

2. The action

The field equations will be derived from the action
Ile,w,, A = / L, (2.1)
M
where the Lagrangian density 4-form is given by
1 - _
L= SRay Ax(e" Ae') + %¢ £y AV + %m(w) %1, (2.2)

where m is the Majorana mass. The basic field variables are the g-orthonormal basis 1-forms
{e%la =0,1,2,3} in terms of which the spacetime metric reads

g=nape’ @’ =@l +el@e tel@e? +ed®ed (2.3)
the metric-compatible connection 1-forms {w? } so that we, = —wp,. The Cartan structure equations
T = de® + w A €, (2.4)

and
R = dw®, + w®, A wS, (2.5)

determine the torsion 2-forms {7} and the curvature 2-forms {R%}, respectively. The Hodge x-
map that takes p-forms to (4 — p)-forms, 0 < p < 4, is fixed for a particular choice of the space-time
orientation by the invariant volume 4-form

1
xl=c"Nel Ae? Ae® = —eupeqg € A el A el A el 2.6
4!
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We are going to employ a Majorana (real) realization of the y-matrices {v,} and let v = v,e%. We

set
(0 -0y (1 0 (0 —ioy (0T
0=V 0 )M o -1 )P T\ miee 0 )BT T 0 )
so that
. . 0 o3
V5 = 70717273 = ( oy 0 ) (2.7)

The charge conjugation matrix C should satisfy
cl=ct, c?=—1, Cv.C ' =1,L. (2.8)

We made the choice C = 7 in our Majorana realization. Given a 4-spinor v, its charge conjugated
spinor is defined to be

Yo =CP, (2.9)
where 1) = 1TC. A Majorana 4-spinor is by definition a self-charge conjugate 4-spinor:
Yo = 1. (2.10)
In the Majorana realization of «-matrices above, a Majorana spinor is a real spinor:

V1
Q;Z)Majoroma = zﬁi € R4- (211)
(O

We also note that in a coordinate patch {z*}, the spinor components {¢,|a = 1,2,3,4} are odd-
Grassmann valued, real functions of all coordinates. That is they are each nilpotent and anticommute
among themselves:

Yap + Ypiha = 0. (2.12)

The covariant exterior derivative of a Majorana 4-spinor is given by
1 ab
Vi = dip + 5w oy, (2.13)

where o, = % [V, V5] are the Lie algebra generators of the spin cover Spin(1,3) of the local Lorentz

group SO(1,3). In particular,
x (Y AxV) = (v-V) (2.14)

is the Dirac operator on the real spin bundle over space-time.
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3. Variational field equations
3.1. Zero-torsion constrained, second-order variations

We impose the zero-torsion condition by the method of Lagrange multipliers so that the connection
1-forms are going to be the Levi-Civita connection determined up to local Lorentz transformations by
the metric. To that end we introduce a set {\,} of Lagrange multiplier 2-forms upon whose variations
the zero-torsion constraint is imposed on the geometry of space-time. Then the connection becomes
the Levi-Civita connection {&%}. Let the constraint Lagrangian density 4-form be given by

Lo=TYN . (3.1)
Then, the variation of the total action density is given by
Lr=L+Le, (3.2)

reads up to a closed form as follows:
; -a 1 be L. ab ¢
L = é /\§R /\*(ea/\eb/\ec)+§w Ax(eg Ney Ne) NT
] - 1
+ A %m(w¢) % eq+ €% A DAy + 5@‘“’ A(ep AXg —€q A Np)

] - 1 -
+ A (P Neq) AV — =P Ah sy A opth

2 4
¥ %J;MAV@H%J}*Mvgﬂwmaﬂmwn. (3.3)

(1) The variations of \q impose the zero-torsion constraint
T =0, (3.4)

that implies that the connection is the unique Levi-Civita connection 1-forms &% and the remaining
variational equations should be solved under this constraint.
(2) Einstein field equations follow from the variations é* of co-frame 1-forms:

1 ~be - A - .
—§Rb Nx(eq Ney Nec) = %q/) 5 (" Aeq) NV + %m&bw) *eq + DAg. (3.5)

(3) The Dirac equation satisfied by the Majorana 4-spinor is determined from the variations of the
Lagrangian density 4-form with respect to ¥. The relevant terms subject to the zero-torsion constraint
are

i . _ .
5¢*7Av¢+¢*fwv¢. (3.6)
We open up the covariant derivative in the second term and use Majorana flip identities to write it as
Yxy AV = %d;ﬂ A xyth — %c&“b A QZaab * Y. (3.7)
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Then we differentiate the first term on the right by parts, use v-matrix identities and the zero-torsion

constraint to pass the covariant exterior derivative action on w at the left to the covariant derivative
action on 1 at the right. Then up to a closed form we get the variation

i %y A Vb (3.8)
Therefore, the massless Dirac equation satisfied by the Majorana 4-spinor field follows:
ixy AV +imipx1=0. (3.9)
(4) The variation of the connections {w?% } gives the field equations
ea N Xp—ep AN Ag = Zap, (3.10)
where

7 -
Eab = —51[) * 'YO'abw' (3.11)

This is a system of linear algebraic equations that can be solved uniquely for the Lagrange multiplier
2-forms A,. Let us hit both sides with the interior product operators (* = %, x, - Then

Aa + €a APy = P8, (3.12)

We hit this expression with (* once again so that

%N, = ibabbzba. (3.13)
Now we use the vy-matrix identity
2YcOab = TeaVb — NebVa + €abed V57" (3.14)
the Majorana flip identity
yath = 0, (3.15)

satisfied by any odd-Grassmann valued (real) Majorana 4-spinor, and after a series of simplifications
we arrive at the final expression

{

Ao = g€a N (Py5y). (3.16)

It is not difficult to verify that

Do = Zea A (0357 A V). (3.17)
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Finally the Einstein field equations become

Go = %15 (e’ Nea) AV + %ea A (Pysy A V) + %m(zﬁw) * €q, (3.18)

where the Einstein 3-forms

~bc

Gy = Gy € = _iR A x(eqg NepAee). (3.19)

Here the Einstein tensor G = Ggpe® @ €® is symmetric by construction. We look at the two terms
on the right hand side now. The first term gives the canonical energy-momentum tensor T[can] =

T.plcan]e® @ b of the Majorana 4-spinor ):

Talcan] = Tyy[can) * €® = %zﬁ s (€ Aeq) AV + %m(ww) * €q. (3.20)

The canonical energy-momentum tensor T'[can| is asymmetric in general. In fact, we calculate its
skew symmetric part as

i
eqa N\ Tp[can] — ey A Tplcan] = 51#(17@0% — NpeYa) P * €°. (3.21)

On the other hand, the skew symmetric part of the second term on the right hand side of the Einstein
field equations reads

ea N DNy — ey A DN\, = %ea A ep A ysy A @d). (3.22)
Thus, adding the last two equalities side by side and using the y-matrix identity

20abYe = NacYb — MbeYa — 6abcd757d7 (323)

we prove that the skew symmetric part of the total energy-momentum tensor of a Majorana 4-spinor
becomes

i X
ea NTp—€ep N Tp = §w0ab*’y/\v¢. (3.24)

Therefore, the total energy-momentum tensor of ¢ is symmetric on-shell. Since eaNDXp+esADN, = 0
by inspection, the symmetric part of the total energy-momentum tensor of 1 is read from the
symmetric part of the canonical energy-momentum tensor:

ea N Tplcan] + ey A Tp[can] = ing xy A @1& + imnap (1)) * 1

—S(renta + xears) A Vi (3.25)

Then noting that xe, A @@Z) = -V x,% * 1, and working on-shell, we determine

Tup[sym] = =(1aVx, + WV x, )0 + imnap(P)). (3.26)

N

as expected.
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3.2. Nonconstrained first-order variations

In this case the variations of the action density read
5 ca 1 bc 1 -.ab c
L = ¢ /\iR /\*(ea/\eb/\ec)+§w N*(eg Nepy Nec) AT
+ %é“ Apx (e Aeg) A yVip + %éa Am(i) * eq
i -.ab 7
— Zw ANy Ao
n %&*WAV¢+%¢*7AV¢+¢WZ¢*1. (3.27)
The coframe variations give the Einstein field equations

—%Rbc Ax(eq ANey Nee) = %z/_z 5 (€2 A eq) AV + im(nh) * eq (3.28)

while the variations of the connection 1-forms provide the field equations satisfied by the torsion
2-forms:

x(eqg Nep Nee) NTC = %zﬁ v N Oapi). (3.29)

These are linear algebraic equations that determine the torsion 2-forms uniquely as

a 3 a (,7.
T = x e (§759"). (3.30)
Then the contortion 1-forms will be
a 7; a s c
K% = g*e be(PY5Y). (3.31)

The simplification of the Dirac equation needs some further manipulations. Variation of the action
density gives

i~ i | .
SUxy AV + S xy A (d+ S0 oun). (3.32)
We use Majorana flip identities on the second term and get
i i~ i
SV FVAVY + Sdip Awyip = oy £y A w®. (3.33)

We now differentiate the second term by parts and use «-matrix identities on the third term and get
our expression simplified to (up to a closed form)

mZ vy AV + %1% s €%y AT + (closed form). (3.34)
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Therefore, our Majorana 4-spinor field 1) satisfies the variational (massless) Dirac equation
ixy AV + %T“ A *eab'ybw +ima x 1 = 0. (3.35)

We now note that connection 1-forms with torsion can be uniquely decomposed as the sum of the
Levi-Civita connection 1-forms, determined only by the metric and the contortion 1-forms determined
by our Majorana 4-spinor:

wab = C:)ab —+ Kab. (336)
Then the curvature 2-forms can be similarly decomposed

Rab == Rab + bKab + Kac /\ ch. (337)

Therefore, the Einstein field equations can be written as

B st = Lhe (€ hea) AN+ Sm(f0) * eut 5 DEP A weu
+ %E s (€% A eq) A K “oeqp + %Kbd A K% A segpe. (3.38)
It is not difficult to check that
%DKbC A *€gpe = iea A (P57 A @@Z)) (3.39)

Therefore, the first, second and third terms on the right hand side above add up to the symmetric
stress-energy-momentum 3-forms of the Majorana spinor. The sum of the fourth and fifth terms gives
a particular quartic self-coupling of the Majorana spinor. We explicitly work it out to be

6%(%5%@(%57%) * €q. (3.40)

In a similar way, the Dirac equation decomposes as
. - . 3 -
ixy AVY+imypx1+ E(zp’ygxyw) A5 kv = 0. (3.41)

4. Concluding comments

(A) As far as the coupled field equations are concerned the zero-torsion constrained variations of the
action density 4-form

L = %RabA*(e“/\eb)%— %1/3*7/\V¢+%m(1/3¢) * 1
+ S @7) A (B15 5 7) + T A Ao, (4.1)
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and the unconstrained (i.e. with nonvanishing torsion) variations of the action density 4-form

1 L - b (D
o= 5Rab/\>|<(ea/\€b)-l-%1/1*’}’/\V¢+%m(ww)*l

B - _
+5 (W1579) A (975 % 79) (4.2)
yield the same field equations provided their parameters are related by
— B+ (43)
o= 6 .

Of course, the coupling of spinning matter to space-time geometry in these two cases may differ and
needs further considerations.

(B) A short remark concerning the physical interpretation of our Lagrange multiplier 2-forms is in
order. Consider a generic matter Lagrangian density 4-form

Ematte'r("/}a €, @)7 (44)

whose gravitational couplings are described through its dependence on both the coframe and the
connection. The coupling of Dirac, Weyl or Majorana spinors to gravity provide familiar examples of
such couplings. On the other hand, nonminimal couplings of electromagnetic fields to gravity described

by generic terms of the type REF? in the Lagrangian density 4-form provide rather unfamiliar examples.
Then the variational derivatives

5‘Cmatter

=T, 4.
Sea 7o (matter) (4.5)

give the energy-momentum 3-forms of matter for which the corresponding canonical energy-momentum
tensor is non-symmetric in general. Similarly

5£matter

St = Yap(matter) (4.6)

gives the angular momentum 3-forms of matter. We construct the 2-forms
Ao = 084, — iea AP, (4.7)
so that
Da = D(Sha) + %ea A (0 00). (4.8)
Then the energy-momentum tensor corresponding to the sum

To(matter) + Dq, (4.9)

is symmetric. This is the Belinfante-Rosenfeld procedure [9, 10] for the construction of a symmetric
energy-momentum tensor when the matter Lagrangian density 4-form carries an explicit dependence
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on the connection 1-forms. We will not repeat the proof that the conservation laws associated with
both the canonical tensors and the symmetric tensors remain the same [11]. Our main observation
here is that our Lagrange multiplier 2-forms A, are nothing but the well-known Belinfante-Rosenfeld
2-forms.

(C) Under local Pauli-Giirsey (chiral) rotations

P — 99, (4.10)

there exists an axial vector current density

i
J5 = 1 (dy579), (4.11)
such that

xd * J5 = im(Yyse)), (4.12)

on-shell. Js is conserved for a massless-neutrino. The generic quartic self-coupling of Majorana
neutrinos takes the form Js A xJ5.
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