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Abstract

The paper presents the analytical matrix elements of the kinetic hamiltonian
in the oscillator base. The Padé approximations for the potential part (Saxon -
Woods and alike) was used. From residue calculus the potential matrix elements
are analytical. Many parts of these expressions can be computed once for ever. In
this way the evaluation time can be reduced and the relations obtained are well
suited for parallel computation.

The theory of electromagnetic emission is well known. In this way the interaction of

radiation (y radiation) with nuclei was more easy to study [la, 1b, 2].

To obtain the reduced probability transition we need the wave functions. These can

be obtained by solving the radial Schrédinger equation with the hamiltonian :

H = —(h?/2m)d*/dr* 4+ 2/rd/dr — 0(0 +1)/r? + V(r)
V(?‘) = ‘/:,(7“) + ‘/ES(T) + V:;oulomb (T)
Ve(r) = Vg7 /1 + exp(B(r — Ro))

Vis(r) = =R/r*(dV/dr)*T's, T*s=[j(j+1) =11+ 1) —s(s +1)]/?
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The coulombian part for a uniform charged sphere is

Veoutombian (1) = (Z — 1)62/7“*[(3/2)(7“/R0) - 1/2(T/R0)3] Jor r<R, (5)

VCoulombian(r) = (Z - 1)62/7“ fO?“ r> R, (6)

The nuclear potential like inter-atomic potentials [3-5] can be evaluated by Padé
approximants and minimax method. The sum of the central saxon-Woods (SW) potential
and the coulombian part was evaluated by Padé approximants (unified potential) [6]. The
harmonic oscillator wave functions [7] are:

Ru(r) = [2°®?xT(n+1)/T(n+1+3/2)]" 2 (axr?) 2« LHY2 (a*r)exp(—a*r?/2) (7)

n

L2 (ar?) = Y (=)™ [L(n—m+1)*T(n+1+3/2)/(D(m+1+3/2)T(m+1))]* (ar®)™,

m=0
(8)
Where 6 is the Heaviside operator. The substitution u =/axr and the following relations
were used [8]:

o0
/ t*"exp(—at?)dt = T'(n + 1/2)/(2a"+1/2) a>0 n=0,1,2,-- (9)
0
o0
/ 2 erp(—at®)dt = D(n+1)/(2a")  a>0  n=012--- (10)
0

Then the matrix elements for the hamiltonian kinetic part (3-components) were ob-
tained:

/ o (1) (d?/dr?) Ry (r) R2dr = o*2% A%, A% Z Buim Z Bt

#{[0(0 —2) % 0/ % (0 = 1)« I(0, 0 ,;m,m’,0) — (0(0' — 1)« 0 + ({' +1))
*I(f,@' m,m’,2) — I(6,0',m,m',4)] +

+HOW —1)«0(n' — 1)« +0(n" — 1)« )% (2m)« I[({,{';m,m',0)] +
+[O(n" —2) * (2m' « (2m’ — 1))« [(£,¢';m,m’,0)]} (11)

o0
/ Ry (2/r*d/dr) Ry (r)rdr = o®*4* Ay Ay
0
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* Z Bnl'm Z Bn‘l"m‘ * {9([‘ - 1)*l‘*l(la l‘a m, m‘O)

m=0 m’'=0

—I(L,I'ym,m, 2) 4+ 0(nt — 1)*(2m)*I(1, I, m, m,0)}
/ R (r)(IX (14 1) /r?) Ry (r)r2dr = a*2* Apy Ay
0

* i Bnl'm i Bn‘l"m‘l(l; l‘; m, m‘; 0)

m=0 m’=0

(12)

(13)

A = [D(n+ 1)/T(n+1+3/2)]"/2 = 272 /2 4/l (n + 1)1/ (25 (n + 1) + 1))

=(-nm for m=n
Boim = (=1)"[C(n+1+3/2)/(C(n —m + D)T(m + 1+ 3/2)['(m + 1))]
= (=1)"™(2"(n 4+ 1) + D!(m+ D/ (2*(m + 1) + 1)1/ (n + )12 (m=n))

(o)
I I m,m k) :/ ul TEFRFZmE2m o () du
0

(14)

(15)

(16)

In tables (1,2) some values of A,; and By, are given. The matrix element for SW

central part (neutrons) is

Table 1 . The coefficients Ap;(nl=00 etc.)

nl=00 01 02 10 03
V2 ml/ 2y/3/x1/4 2,/(2/15)/x'/4 2y/3/w1/4 4//105/x1/4
nl=11 04 12 20 05

2,/(2/15)/x"/* 4,/(2/105)/x'/4 | 41V105/x*/* 4y/15/mt/4 8/3/+/11565/m/4

nl=13 21 06 14 22

4/3,/(2/105)/x'/* | 4y/(2/105)/7'/* | 8/3,/(2/15015) | 8/3v/1T55/x'/* | 8/3/v/105/x/*

/71—1 4

’

/Rn‘l‘(T)‘/c(T)Rnl(T)RQdT - 2*AnlAn‘l‘ Z Bnl'm Z B;‘[‘lm‘

m=0 m’=0

[
*a(ﬂ—f—é +3)/24+m+m * / u(—f—ﬂ +242%m—+2xm VC(T)*exp(—oz*uQ)du

0
and for the spin-orbit part we have:

(17)
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/OOO Ry (r) (=R*(1*8) /r*(dV /dr) Ry (r)rdr = —X*(1*s)*2* A
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n n'
04+043) /24+m~+m'
) Z Brim Z Bn‘l‘m‘OZ( +6+3)/2+m+m

m=0

m‘=0

*/ w2 QY (4) Jdu) *exp(—aru? ) du.
0

nl

* * (18)

n‘lt

(19)

The integrals from eq. (18,19) can be evaluated analytically by residue theorem with
Padé approximants for SW and unified potentials. The method is potential and type
particle free. The rational functions approximations of the potential have only complex
poles in the right half plane. A circle sector (C) with 7/4 angle for integration contour
[9] was choosed. From relations (18,19) we note that the integrants are of the following

type:

Table 2 . The coefficients Bpim (nlm=000 etc.)

nlm=000 | 010 | 020 | 100 | 101 | 030 | 110 | 111
1 1 1 3 -1 1 ) -1
nlm=400 | 120 | 121 | 200 | 201 | 202 | 050 | 130
1 7 -1 15 -5 1 1 9
nlm=131 | 210 | 211 | 212 | 060 | 140 | 141 | 220
-1 35 -7 1 1 11 -1 63
nlm=221 | 222 | 300 | 301 | 302 | 303 | 070 | 150
-9 1 105 | -35 7 -1 1 13
nlm=151 | 230 | 231 | 232 | 310 | 311 | 312 | 313
-1 99 -11 1 315 | -63 9 -1
nlm=080 | 160 | 161 | 240 | 241 | 242 | 320 | 321
1 15 -1 143 | -13 1 693 -99
nlm=322 | 323 | 400 | 401 | 402 | 403 | 404 | 090
11 -1 945 | -315 | 63 -9 1 1
nlm=170 | 171 | 250 | 251 | 252 | 330 | 331 | 332
17 -1 195 | -15 1 1287 | -143 13
nlm=333 | 410 | 411 | 412 | 413 | 414 | 0100 | 180
-1 3465 | -693 | 99 -11 1 1 19

2) = 2N % (ag + alz + a%2?)/(bo + bz + ak2® + b52® + bizt + bE2°)exp(—a*2?), (20
1 3 5

where N is an integer. Then by residue theorem we have:

P
/f(z)dz = 2mi* Z Ry,
¢ k=1
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where z1,-- -, z5 are f(z)‘s poles, Ry residues respectively. It can be shown that f c f(z)
dz on real axis is fooo f(x)dx. Because the poles in (0,00) are simple complex ones, the
residues are computed by the formula : Ry = lim[(z — zx)* f(2)] for z — 2z

We choose those poles z1,- -, 25 which belong to the interior of contour C. So we
obtained analytical expressions. Taking into account relations (14, 15, 26) for the A
multipole reduced transition probability we have:

¢
Nmax Nmax

o0
/ Rnnln(r)r)‘Rnl(r)Ter =2"a M2 % Z an1Ani Z A A
0 N=0 N‘=0
n n'
* Z Bnlm Z Bn‘l‘m‘l(la l‘a m, m‘a A + 2) (22)

m=0 m‘=0
where a,;, anq are developments’ coefficients for oscillator harmonic base and Np,q,
Nmaz (Nmaz = Nmaz) are the number of shells taken into account. The same procedure
can be also applied to the following core Saxon-Woods potentials [10]:

V(r) = =Vyo(r/re)*Heaviside(r. —r) — Vo /(1 + exp(a(r — Ry)))* Heaviside(r — r.)
V(r) = —[r*r?/(Vo — Va) + Va]* Heaviside(r. — 1) — Vo /(1 + exp(a*r — 1)) x  (23)
Heaviside(r —r.), (24)

where r. is in the region where the potential V(r) don‘t vary significantly and Vj is
the neck potential at r=0

The paper presents the analytical matrix elements of the hamiltonian in the oscillator
base. The Padé approximation of the potential part (Saxon - Woods and alike) was used.
By residue calculus the potential matrix elements obtained are analytical. Also many
parts of the expressions need only be computed once. The expressions was computed
by Maple. The evaluation time can be reduced and the relations obtained are suited for
parallel computation.

Akcnowledgments

The work was done under the contract of the Romanian Ministry of Science and
Technology. Also we acknowledge the support of the Université Libre de Bruxelles, CSO
and Dr. Marc Hou.

References

[1] a) M.L.P. Antunes, M.N.Martins, Phys. Rev.C52 (3) (1995) 1484.
b) Lojeweski, B. Nerlo-Pomorska, K. Pomorski, J. Dudek, Phys. Rev. C51 (1995) 601.

[2] V.L. Soloviev, Teoria Atmnova Iadra, Iadernie Modeli, Moskva, Ienergoizgam (1981).
[3] V.L.R. Niculescu, A.O.R. Cavaleru, Optoelectronica, 1 (1994) 129; 2 (1994) 33.

981



NICULESCU, CATANA

[4] V.LR. Niculescu, D. Catana, Rom.J.Phys., 39 (1994) 173.

[5] V.LR. Niculescu, D. Catana, “Padé Approximation of the Differential Electron-Atom Elas-

tic Scattering Cross-Section, 4-th European Conf. on Accelerators in Appl. Res. and Tech.,
Aug. 29-Sept.2 (1995) B36.

[6] V.L.R. Niculescu, D. Catana, Romanian J.Phys., 40 (8) (1995) (in print).
[7] G.Arfken, Mathematical Methods for Physicists, Academic Press, New York (1968).

[8] M. Abramovitz, I.A. Stegun, Handbook of Mathematical Functions, National Bureau of
Standards, Applied Mathematics, Series 55 (1967).

[9] I.L. Popescu, I. Armeanu, D. Blidaru, N. Cotfas, I. Sandru, Problems of complezx analysis,
Editura Tehnica, Bucuresti (1995) (in romanian).

[10] V.L.R. Niculescu, D. Catana, “Padé approximants of the Saxon-Woods Core Potential
(SWC), (internal report).

982



