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Abstract

The new Salpeter equation for vector mesons is proposed and the representation
for their leptonic decay constants is obtained.

1. Introduction

At present, spectroscopy of pseudoscalar and vector mesons is mainly described in
the framework of phenomenological models based on the ideas of the quantum chromo-
dynamics (QCD). The bilocal relativistic potential model (BRPM) [1], on the basis of
which there are two principles - the minimal quantization of gauge fields and a choice of
the quantization axis [2], also belongs to these of models.

In papers [3, 4, 5], within the BRPM, the description of spectroscopy of pseu-
doscalar mesons, including pion, had been obtained on a satisfactorily level with their
experimental values. However, the estimates for the leptonic decay constant of pion fπ
were considerably smaller than its experimental value [4, 5]. In paper [6] the value of
constant fπ also could be reproduced by means of modification of the Schwinger-Dyson
equation (SDE) in this model.

Using decomposition of the vector meson wave function over its structure compo-
nents and considering that its polarization vectors ελµ (λ = 1, 2, 3 are the polarization
indices) depend on relative momentum q in papers [1, 3] the Salpeter equation (SE) for
vector mesons had been obtained. However, it is known that vector particles with nonzero
mass having internal structure is described by three orthogonal spacelike vector ελµ , which
depend on total momentum Pµ and obey the orthogonality condition Pµελµ = 0. Hence
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it follows that Pµ plays role of vector giving some direction to which the vector fields are
referred [7].

In the present paper we proceed from the idea that ελµ are functions of Pµ and
propose a new SE which describes a mass spectrum and wave functions of vector mesons.
The τ → ρν decay is considered and the representation for leptonic decay constant of ρ
meson fρ is given. Choosing the interquark interaction potential as sum of the oscillator
and Coulomb type potentials and using solutions of the SDE and SE proposed, we obtain
the ρ meson mass and constant fρ , together with masses of other charge vector mesons
consisting of “up” and “down” quarks with different flavours as well on a qualitative level.
The values for their leptonic decay constants are also predicted.

2. The New Salpeter Equation for Vector Mesons

In order to calculate the matrix elements of the processes with presence of a vector
meson as a qq -bound state, which is described by the effective QCD action for the bilocal
meson field M(x, y) proposed in Refs. [1, 3], we decompose M(x, y) over the creation and
annihilation operators of mesons a±i (P), with eigenvalues

√
P2 = M, ω = (~P2 +M2)1/2

and

M(x, y) = M(z|X) =
∫

d3 ~P
(2π)3/2

√
2ω

∫
d4q

(2π)4
exp(iqz)

× [exp(iPX)Γi(q|P)a+
i (P) + exp(−iPX)Γi(q|P)a−i (P)] (1)

where
z = x− y, X =

x+ y

2
.

Here, M is the mass of the qq -bound state (meson), and Γi(q|P) and Γi(q|P) are vertex
functions of the vector meson, which are defined from Bethe-Salpeter equation

Γi(a,b)(p|P) = −i
∫

d4q

(2π)4
V (p⊥ − q⊥) 6 ηGΣa

(
q +
P
2

)
Γi(a,b)(q|P)GΣa

(
q − P

2

)
6 η, (2)

where
p⊥ = p− p||, p|| =6 η(pη), 6 η = ηµγ

µ, ηµ = Pµ/
√
P

2
.

Here, V (p⊥ − q⊥) is the phenomenological interquark interaction potential, GΣa,b is the
quark Green function and a, b are the quark and antiquark flavours.

After integrating of Eq. (2) over the longitudinal momentum q|| and introducing
the “dressed” vector meson wave function Ψi(a,b)(q⊥|P), we have

Ψi(a,b)(q⊥|P) = Sa(q⊥)Ψ0
i(a,b)(q

⊥|P)Sb(q⊥)

= i

∫
dq||

2π
GΣa

(
q +
P
2

)
Γi(a,b)(q⊥|P)GΣb

(
q − P

2

)
, (3)
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where

Sa,b(q⊥) = exp
[
6 q⊥
|q⊥|ϑa,b(q

⊥)
]

(4)

is the Foldy-Vauthoysen type transformation matrix [1], and

Ψ0
i(a,b)(q

⊥|P) =6 εi(P)(N1(q⊥)− 6 ηN2(q⊥)) (5)

is the “undressed” vector meson wave function.
We obtain the SE for vector mesons:

MN
(

2
1

)

(p⊥) = Et(p⊥)N
(

1
2

)

(p⊥)− 1
3

∫
d3q⊥

(2π)3
V (p⊥ − q⊥)[c∓p c

∓
q + c+p c

−
q + c−p c

+
q

−ξ(2s∓p s∓q + s±p s
±
q ) + ξ2(c−p c

−
q + c+p c

−
q + c−p c

+
q + c+p c

+
q )]

N
(

2
1

)

(q⊥), (6)

where

c±p = cos[ϑa(p⊥)± ϑa(p⊥) ± ϑb(p⊥)], s±p = sin[ϑa(p⊥)± ϑb(p⊥)], ξ =
p⊥q⊥

|p⊥||q⊥| ,

Et(p⊥) = Ea(p⊥) +Eb(p⊥).

Here, ϑa,b(p⊥) and Ea,b(p⊥) are the single-particle phase functions and energies of quark
and antiquark inside the meson, which are found by solving the SDE [1, 3].

In Exp. (5) N1(q⊥) and N2(q⊥) are the structure form factors of “undressed” me-
son and εµλ(P) are polarization vectors which satisfy the following respective conditions,

4Nc
M

∫
d3q⊥

(2π)3
N1(q⊥)N2(q⊥) = 1,

εαλ(P)εβλ(P) = −
(
gαβ − P

αPβ
M2

)
.

It is to be noted that unlike works [1, 3], where N1 and N2 are the vector
quantities, in our scheme they are divided to the polarization vectors matrix and structure
scalar formfactors (5), which are decomposed over spherical functions. This circumstance
simplifies to find the masses spectrum and wave functions of vector mesons, and leads to
the only leptonic decay constant.
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3. τ → ρν -Decay

Now we consider τ → ρν decay, the study of which gives information about the
hadronization of the intermediate charge weak vector W boson to the vector meson,
allowing calculation of the constant fp .

For the matrix elements of the decay we have

〈ρν |W int
i |τ 〉 =

(2π)4δ4(kr − kν − P)
[(2π)9 · 2ωτ · 2ων · 2ω]1/2

Lµ(kr, kν)Hµi (P), (7)

where Lµ(kr, kν) is the leptonic part of the matrix elements [8], Hµi (P) is its hadronic
part, which in the BRPM has form

Hµi (P) = Nc

∫
d3q⊥

(2π)3
tr[Su(q⊥)Ψ0

i (q
⊥|P)Sd(q⊥)γµ(1− γ5)]. (8)

Hence taking into accout Exps. (4) and (5) we obtain

Hµi (P) = fρε
µ
i (P), (9)

where

fρ =
4Nc

3

∫
d3q⊥

(2π)3
N1(q⊥){2 cos[ϑu(q⊥) − ϑd(q⊥)] + cos[ϑu(q⊥) + ϑd(q⊥)]} (10)

is the leptonic decay constant of ρ meson.
It is seen from (10) that the constant fp is expressed in terms of solutions of the

SDE for the single-particle phase functions of u and d quarks inside ρ meson and the
SE for the wave function itself.

It should be noted that representation (10) can also be used to define leptonic
decay constants of other charge vector mesons consisting of “up” and “down” quarks.

4. Numerical Results and Conclusion

Proceeding from the fact that the oscillator potential leads to spontaneous break-
down of the chiral symmetry, which describes on a qualitative level the large difference of
masses between π and ρ mesons [9], to combine Coulomb asymptotic freedom contribu-
tions [10], we use the interquark interaction potential

V (r) =
4
3

(
V0r

2 − αs
r

)
, (11)

where V0 and αs are the parameters of their potentials.
In order to remove ultraviolet divergences in the SDE, arising due to the Coulomb

part of the potential, the standard renormalization scheme [11] is used.
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Using the continuous analogy of the Newton method [12] and fitting values of the
input parameters of model by masses of π, ρ,K,D and B mesons, we obtain:

(4V0/3)1/3 = 299MeV, αs = 0.2, m0
u,d = 2.3MeV,

m0
s = 68MeV, m0

c = 1273MeV, m0
b = 4720MeV.

When taking into account these parameters, the masses and leptonic decay con-
stants of charge vector mesons can be calculated and are given in Table, from which it is
seen that the BRPM with potential (11) describes the constant fρ as well as masses of
other vector mesons on a satisfactory level.

Table 1. Values of the masses of vector mesons and their leptonic decay constants.

Vector Masses, MeV fV ,×105 MeV2

meson model exp. [13] model exp.
ρ 770 770 1.03 1.57 ± 0.09 [14]
K∗ 807 892 1.17
D∗ 1880 2010 3.21
D∗s 1894 2110 3.51
B∗ 5281 5325 6.61
B∗c 6203 15.28
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